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Abstract

Non-compact variational elliptic problems are an intriguing and demanding domain of re-
search within the realm of PDESs, where standard approaches often encounter substantial
challenges. The study of equations involving critical nonlinearities, singularities, or un-
bounded domains may give rise to such noncompactness. In this thesis, we aim to study
the Brezis-Nirenberg type problem in the hyperbolic space with suitable perturbations.

The lack of compactness in such problems stems from either the infinite volume of the

2N
N-2

(2.3) established by Mancini-Sandeep [118].

Understanding the behaviour of solutions to these equations with Sobolev critical ex-

domain or the critical exponent (2* = ) in sense of the Poincaré-Sobolev inequality

ponent is crucial because they arise in many different areas of physics and engineering,
including nonlinear optics, Bose-Einstein condensates, fluid mechanics, and more. In ad-
dition, studying these equations is an active area of research in mathematics, with many
challenging open problems remaining.

The principle of concentration compactness (see [111, 112]) categorizes the failure of
compactness into three main categories: concentration, where mass gathers onto a small
set; vanishing, where mass dissipates to infinity; and dichotomy, where mass splits into
two diverging masses. Thus unlike compact settings, where sequences of functions ex-
hibit well-behaved convergence properties, non-compactness introduces subtleties that
demand novel approaches and sophisticated techniques for analysis such as concentration-
compactness principles, mountain pass theorems, and Palais-Smale condition (see [152]).
In the esteemed work authored by Mancini and Sandeep [118], they demonstrated that
the equation (1.8) possesses a unique positive weak solution U := Uy, (upto to hyper-
bolic isometries), which also serves as an extremal of the Poincaré-Sobolev inequality
(2.3). Motivated by this, we delved into the examination of the perturbations of the
problem (1.8) in the subcritical case, handling the cases when f = 0, and when f # 0.
Furthermore, in our pursuit of exploring critical exponent problems, we initiated our
study with an analysis of the critical perturbations problem. In the subcritical case, the

variational problem lacks compactness because of the hyperbolic translations (refer [143]).



However, for critical exponent problems in the hyperbolic space, loss of compactness can
also happen along concentration of Aubin-Talenti bubble (locally). To address the crit-
ical exponent problem, we established the Palais-Smale decomposition. Leveraging this
global compactness result, we derived several existence and multiplicity results when
f # 0. Subsequently, we explored the purely critical exponent problem, that is, f = 0,
utilizing the concept of critical points at infinity introduced by A. Bahri. This approach
is more intricate and necessitated the development of several delicate estimates. Finally,
in view of the Hardy-Littlewood-Sobolev inequality in the hyperbolic space, we investi-
gated the existence and qualitative properties of ground state solutions to a nonlinear

Choquard equation.
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HIX

IR-TdEAT Tafderd TR & Tfcifes TaEam 3w 3rashe TGHIHIIN & &9 H Th
3cdel Trereh 3R eAtelTqoT aver fawr €, STeT TRUReh aliehl & HHEATT &l el hideT &l
SITAT § | ST THIHIUT H hifeh IWhATT [AYAATE , T IIG1388 S ATFATId 81T &,
e Y IR-drser RATaT 3cdeet 8 Hehcll €| 58 M F1 H, §HA 3UYF HIUTEA
T ISR ol TATH H Soil-[ANT3T TehTT hT THTIT &bl 3TeTTT foham § | U g3
H gdseT T et T HIROT T A AT 1 31d AT 8T & IT T disshR-Aieiod
AT & 3TN AT G@RT Hfenfee shiferes aneias (2 = ) S g
[118]1

TieTeld sifdeh BTdieh dTell HHIHUI & gell & STIgR ! HHSAT Hchd HAgcaqul ¢ Fifeh
& gATeRoT AT 3R 3TRTT0T & 3 8331 H Tl g1t 8, S o AlATaiara 3iifceary,
-3 EENT HeeleT, ARl JTTAehr 311S | 3T 3fARed, 37 THRUN &1 31T AfOTT &
Teh HIsh AMET &7 §aAT G317 & STE1 37 &1 g ST IR Yol Tt [aega T & | . Ter.
A= @RI SiduTied Tehrarar-adss [111,112] [feid & 318N, Fdise S faterdr
oY it ATOTAT # Fafiehet TohaT ST §: TehTATeTT (ST61 GedHTeT Ueh BIC &7 # Hehfoel 81 STl
g), W (STET GeTHTeT 3eAd H faellel & ST 8), 3R ST (STal GedHTe &I 3TelaT-31eTe
fewat # faenfoia g Sirar 8) | 31T, HNSHIT AT & Jofell H, FgT fa2eIvor & forw it
3oold dehailenl ohl HTARIHAT &Icll &, S [ ThTIT-HUISe [AeHid, AT3S U1 9, 3R
Sol-TATer 21T [152] |

AT 3R TET & FF T IR g1, T 3egiel I8 fg@m i qiser-ardiea
HHATAT o [T ISR Toleh TUT H FFIC JoR-ATaTsl HHIHIUT &7 Ueh G fdcird
(BTSIREIToleh THRIAT oh HTUET) HHRIcHS HHSIR &l BIdT &, 8HT Ugel 3U-shiTdeh aAT
H 57 THIa0T H IqT=AT T eI fohaT| f3dw §T F, g YW@ewdr & ug 7 IR-
SATcHS ST & AT TAMTDT THIHIOT &7 eI T ThAT, S1AT AT JAT
TSI (f = 0, f % 0)IRIET | 3Tk IRTATd, FHiTcieh GTciieh I GHTITT oh 3ETTA #,
§Hol Ugel ST STl HEAT &bl [a2evuT [T | 39-shifae Ut 7, gIsweifois
TUTATeAR T [143] o HIROT HUIST I heAl W@ SITcl &, STATh shiTceh BTdIeh I HEATIT H
JTTA-ATeld! Saed Sl TATHIT THTIAAT o HIROT 3T FUIST fathel 8T ThaT ¢ |




S GHEIT & FHTHT 8], §HA Uol-EATe Taeree [Aetiic & TU19=1 7| 38 dRaeh adis
IROTH ST 3TN I §T, §HA AT TG dTel hifdeh Bl AA (f # 0)HFs
31T edca 3-ﬁTd§c4dl IRUTH YTed ST | S8 d1e, §H Y & A hifcieh Tcdieh THET
(i.e., f = 0) T IEIYIA T. STELN @R FTAIIE 3eTcl I oI hifeh foig h 3rqerom &
ATETH O fohaT| Ig faeeivor 3iftieh sifeer a1 3R 58 T 3 gea ATt & faerg
3TaRThT AT

37ccT:, GTSUREIToIeh ATl H gTSi-foleeIgs-Alaleld TATAT & TRYET H, gH Teh IR-
Ve ThTS FHIRRUT & MRS el hT 3UTRTUT 3R J[0TTeeeh fARAVCATHT T 3reaget
R
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