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ABSTRACT

Over the past few decades, the study of flexural wave propagation through metamaterials

has garnered significant attention due to their remarkable wave manipulation capabilities.

Depending on the characteristics of the representative unit cell, metamaterials can either

facilitate or inhibit wave propagation within certain frequency bands, making them highly

applicable in fields such as vibration isolation, energy harvesting, wave filtering, and sound

insulation. Despite these advances, substantial research opportunities remain in the analyt-

ical solutions of wave dispersion in metamaterials with various mechanisms and configura-

tions.

This study presents analytical solutions for wave dispersion characteristics in one di-

mensional metamaterial systems, ranging from simple to complex configurations, including

discrete monocoupled systems, discrete multicoupled systems, continuous multicoupled sys-

tems, and continuous nonlinear systems.

First, a generalized monocoupled system is introduced, combining elements with inertial

amplification, negative mass, and negative stiffness. A hierarchical stiffness system is con-

ceptualized to produce multiple attenuation peaks. A general framework employing rational

polynomials is developed, from which closed-form expressions for the positions of attenua-

tion peaks and bounding frequencies of propagation bands can be derived for any undamped

monocoupled system.

The study also explores wave dispersion in a discrete bicoupled system formed by cou-

pling two spring-mass chains, analyzed for both straight and zigzag couplings. The analytical

dispersion relation is derived using the dynamic stiffness matrix and the Bloch-Floquet the-

orem, with invariants characterizing the band structure. Mechanisms of band veering and

locking are examined, identifying a maxon at wave locking and a roton at unlocking in the

zigzag coupling. Sensitivity analysis on the invariant plane reveals how various parameters

influence wave propagation characteristics.
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For continuous systems, the study investigates flexural wave propagation through a rigid

elastic combined metabeam (RECM) considering the finite dimensions of the rigid mass. The

rotary inertia of the rigid body introduces a local resonance (LR) band, which can bridge

the gap between two Bragg scattering (BS) bands, resulting in an ultra-wide stop band for

specific combinations of governing non-dimensional parameters. Additionally, a vibration

isolator device based on the rigid elastic combined beam is developed, exhibiting a wide

bandgap due to double antiresonance peaks, with experimental validation of the isolator

conducted. A parametric study varying the geometric properties of the rigid elastic isolator

system enhances the understanding of bandgap and attenuation characteristics within the

attenuation band. Furthermore, wave dispersion in a chain of masses connected with a

designed rigid elastic isolator is studied and validated, with analytical solutions obtained

through the transmittance study of the representative unit cell.

Lastly, for continuous nonlinear systems, the amplitude-dependent dispersion relation of

a damped beam supported by nonlinear springs is studied, considering both softening and

hardening cubic nonlinearities along with viscous and strain rate damping. Using a mul-

tiscale method, the wave dispersion equation is analytically derived and validated against

numerical results. The research provides closed-form equations for frequency shifts in un-

damped systems due to nonlinearities and time-dependent dispersion in damped systems.
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सार 
िपछले कुछ दशको ंमŐ, मेटामटेįरयल के माȯम से ɢेƛुरल तरंग Ůसार के अȯयन ने उनकी उʟेखनीय 

तरंग हेरफेर Ɨमताओ ंके कारण महȕपूणŊ ȯान आकिषŊत िकया है। Ůितिनिध इकाई सेल की िवशेषताओ ं

के आधार पर, मेटामटेįरयल कुछ आवृिȅ बœड के भीतर तरंग िवƗेपण को सुिवधाजनक या बािधत कर 

सकते हœ, िजससे वे कंपन पृथſरण, ऊजाŊ संचयन, तरंग िफ़ʐįरंग और Ȱिन पृथſरण जैसे Ɨेũो ंमŐ 
अȑिधक लागू होते हœ। इन Ůगित के बावजूद, िविभɄ तंũो ंऔर िवɊासो ंके साथ मेटामटेįरयल मŐ तरंग 

िवƗेपण के िवʶेषणाȏक समाधानो ंमŐ पयाŊɑ शोध के अवसर बने Šए हœ। 

 

यह अȯयन एक-आयामी मेटामटेįरयल Ůणािलयो ंमŐ तरंग िवƗेपण िवशेषताओ ंके िलए िवʶेषणाȏक 
समाधान Ůˑुत करता है, जो सरल से जिटल िवɊासो ंतक फैले Šए हœ, िजनमŐ िविवƅ मोनो-कपʒ 
Ůणािलयाँ, िविवƅ मʐी-कपʒ Ůणािलयाँ, सतत मʐी-कपʒ Ůणािलयाँ और सतत गैर-रैİखक 
Ůणािलयाँ शािमल हœ। 

 

पहले, एक सामाɊीकृत मोनो-कपʒ Ůणाली Ůˑुत की गई है, िजसमŐ जड़ȕीय ŮवधŊन, नकाराȏक 
ūʩमान और नकाराȏक कठोरता वाले तȕो ंको संयोिजत िकया गया है। बŠ-Ɨीणन िशखरो ंको उȋɄ 
करने के िलए एक ŵेणीबȠ कठोरता Ůणाली की कʙना की गई है। एक सामाɊ ŝपरेखा िवकिसत 
की गई है, िजसमŐ युİƅसंगत बŠपदो ं(रैशनल पॉिलनोिमयʤ) का उपयोग िकया गया है, िजससे िकसी 
भी अनडै̱̪ड मोनो-कपʒ Ůणाली के िलए Ɨीणन िशखरो ंकी İ˕ितयो ंऔर िवƗेपण बœड की सीिमत 
आवृिȅयो ंके िलए बंद-ŝप अिभʩİƅयाँ Ůाɑ की जा सकती हœ। 

 

अȯयन मŐ तरंग िवƗेपण का िवʶेषण एक िविवƅ बाइ-कपʒ Ůणाली मŐ भी िकया गया है, िजसे दो 
İ˚ंग-ūʩमान Şंखलाओ ं को संयोिजत करके बनाया गया है। इस Ůणाली का िवʶेषण सीधा और 
िज़गज़ैग दोनो ंŮकार के संयोजनो ंके िलए िकया गया है। िवʶेषणाȏक िवƗेपण संबंध को गितशील 
कठोरता मैिटŌ ƛ और ɰोच-ɢॉके Țोरम का उपयोग करके ʩुȋɄ िकया गया है, िजसमŐ बœड संरचना 
को िवशेषता Ůदान करने वाले अपįरवतŊनीय (इनवेįरएंट्स) शािमल हœ। बœड वीयįरंग और लॉिकंग की 
ŮिŢयाओ ंकी जांच की गई है, िजसमŐ िज़गज़ैग कपिलंग मŐ वेव लॉिकंग के दौरान एक मैƛॉन और 
अनलॉिकंग के दौरान एक रॉटॉन की पहचान की गई है। अपįरवतŊनीय तल (इनवेįरएंट ɘेन) पर की गई 
संवेदी िवʶेषण (सŐिसिटिवटी एनािलिसस) यह Ůकट करती है िक िविभɄ मापदंड तरंग िवƗेपण 
िवशेषताओ ंको कैसे Ůभािवत करते हœ। 

 

सतत Ůणािलयो ंके संदभŊ मŐ, यह अȯयन एक कठोर-लोचदार संयुƅ मेटाबीम (RECM) के माȯम से 
ɢेƛरल तरंग िवƗेपण की जांच करता है, िजसमŐ कठोर ūʩमान के सीिमत आयामो ंको ȯान मŐ रखा 
गया है। कठोर िपंड का घूणŎ जड़ȕ (रोटरी इनिशŊया) एक ˕ानीय अनुनाद (LR) बœड को उȋɄ करता 
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है, जो दो Űैग ŮकीणŊन (BS) बœड के बीच की दूरी को पाट सकता है, िजससे ग़ैर-आयामी (नॉन-
डाइमŐशनल) मापदंडो ंके िविशʼ संयोजनो ंके िलए एक अȑिधक िवˑृत ːॉप बœड बनता है। इसके 
अितįरƅ, कठोर-लोचदार संयुƅ बीम पर आधाįरत एक कंपन पृथſरण उपकरण िवकिसत िकया 
गया है, जो दोहरे Ůȑानुनाद (एंटीरेज़ोनŐस) िशखरो ंके कारण एक िवˑृत बœडगैप ŮदिशŊत करता है, और 
इस पृथſरण Ůणाली का Ůायोिगक सȑापन िकया गया है। कठोर-लोचदार पृथſरण Ůणाली के 
Ǜािमतीय गुणो ंको पįरवितŊत करके िकए गए पैरामीिटŌ क अȯयन से बœडगैप और Ɨीणन बœड के भीतर 
Ɨीणन िवशेषताओ ंकी समझ को बेहतर बनाया गया है। इसके अितįरƅ, एक ŵंृखला मŐ संयोिजत 
कठोर-लोचदार पृथſरण Ůणाली के माȯम से ūʩमानो ं के बीच तरंग िवƗेपण का अȯयन और 
सȑापन िकया गया है, जहाँ िवʶेषणाȏक समाधान Ůितिनिध इकाई सेल के Ůसारण अȯयन 
(टŌ ांसिमटŐस ːडी) के माȯम से Ůाɑ िकए गए हœ। 

 

अंततः , सतत गैर-रैİखक Ůणािलयो ंके िलए, एक अवमंिदत (डै̱̪ड) बीम, िजसे गैर-रैİखक İ˚ंƺ Ȫारा 
समिथŊत िकया गया है, की आयाम-िनभŊर िवƗेपण संबंध का अȯयन िकया गया है। इसमŐ कोमलन 
(सॉ͆टिनंग) और कठोरन (हाडŊिनंग) Ůकार की घनाȏक (Ɛूिबक) गैर-रैİखकताओ ंके साथ-साथ ʴान 
(िवˋस) और तनाव-दर ( Ōː ेन रेट) अवमंदन को भी शािमल िकया गया है। बŠ-ˋेल िविध का उपयोग 
करके, तरंग िवƗेपण समीकरण का िवʶेषणाȏक ŝप से ʩुȋादन िकया गया है और इसे संƥाȏक 
पįरणामो ंके साथ सȑािपत िकया गया है। यह शोध अनडै̱̪ड Ůणािलयो ंमŐ गैर-रैİखकताओ ंके कारण 
आवृिȅ पįरवतŊनो ंऔर डै̱̪ड Ůणािलयो ंमŐ समय-आिŵत िवƗेपण के िलए बंद-ŝप समीकरण Ůदान 
करता है। 

 



Contents

CERTIFICATE i

ACKNOWLEDGEMENTS ii

ABSTRACT iv

List of figures xx

List of tables xxi

Abbreviations xxii

List of symbols xxiii

1 Introduction 1

1.1 Metamaterials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Aim . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.4 Thesis organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Literature review 5

2.1 Waves in 1D metamaterials . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 History of wave dispersion in metamaterials . . . . . . . . . . . . . 5

2.1.2 Classification of representative unit cell . . . . . . . . . . . . . . . . 7

2.2 Dispersion phenomena based on types of unit cells . . . . . . . . . . . . . . 9

2.2.1 Linear monocoupled metamaterials . . . . . . . . . . . . . . . . . . 9

2.2.2 Linear discrete multicoupled metamaterials . . . . . . . . . . . . . . 14

2.2.3 Linear continuous multicoupled metamaterials . . . . . . . . . . . . 18

viii



CONTENTS ix

2.2.4 Nonlinear metamaterials . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Motivation and Research Gap . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Wave characteristics in monocoupled systems 27

3.1 The generalised mono-coupled system: Conceptualization . . . . . . . . . . 27

3.1.1 Equation of motion of each mass . . . . . . . . . . . . . . . . . . . 28

3.1.2 Compatibility equation . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.1.3 Construction of Dynamic Stiffness Matrix . . . . . . . . . . . . . . 31

3.1.4 A general theory of attenuation characteristics in monocoupled system 33

3.1.5 Non-Dimensional form and various mono coupled systems . . . . . 36

3.1.6 Peak in attenuation level and bounds of propagation band . . . . . 36

3.1.7 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.1.8 Results and Discussions . . . . . . . . . . . . . . . . . . . . . . . . 42

3.1.9 Inertial amplifier negative mass negative stiffness (IANMNS) . . . . 42

3.1.10 Inertial amplifier negative mass negative stiffness (IANMNS) special
case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.1.11 Negative mass negative stiffness (NMNS) . . . . . . . . . . . . . . . 44

3.1.12 Inertial amplifier negative mass (IANM) . . . . . . . . . . . . . . . 45

3.1.13 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.1.14 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 Hierarchical stiffness metamaterial . . . . . . . . . . . . . . . . . . . . . . . 50

3.2.1 Conceptualization of the hierarchical stiffness metamaterial . . . . . 50

3.2.2 Mathematical modelling for N level hierarchical stiffness metamaterial
(HSM) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2.3 Identification of the attenuation characteristics (attenuation peaks and
bounds) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.2.4 Results and discussions . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4 Wave characteristics in multicoupled discrete systems 64

4.1 A discrete bicoupled system: Conceptualization . . . . . . . . . . . . . . . 64

4.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2.1 The general wave dispersion equation . . . . . . . . . . . . . . . . . 67



CONTENTS x

4.2.2 Characteristics of wave dispersion in Bicoupled system . . . . . . . 69

4.3 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.4 Results and Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5 Wave characteristics in multicoupled systems 86

5.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.1.1 Governing equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.1.2 Spectral element formulation . . . . . . . . . . . . . . . . . . . . . . 88

5.1.3 Dispersion relation . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.1.4 Frequency domain response of Finite RECM system . . . . . . . . . 92

5.1.5 Visualisation of wave propagation in space and time . . . . . . . . . 92

5.2 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.3.1 Study of the dispersion characteristics and natural frequencies . . . 96

5.3.2 Visualization of wave propagation . . . . . . . . . . . . . . . . . . . 99

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

6 Vibration control system using RECM 110

6.1 Analysis of unit cell of rigid elastic vibration isolator . . . . . . . . . . . . 111

6.1.1 Theoretical analysis and design of REVI . . . . . . . . . . . . . . . 112

6.1.2 Estimation of rotational stiffness . . . . . . . . . . . . . . . . . . . 123

6.1.3 Estimation of vibration isolation performance . . . . . . . . . . . . 128

6.1.4 Results and discussions . . . . . . . . . . . . . . . . . . . . . . . . . 131

6.2 Wave dispersion study in periodically connected REVI . . . . . . . . . . . 137

6.2.1 Results and Discussions . . . . . . . . . . . . . . . . . . . . . . . . 138

6.2.2 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

7 Wave characteristics in nonlinear metamaterials 145

7.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.1.1 Governing equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

7.1.2 Multiple scales Method . . . . . . . . . . . . . . . . . . . . . . . . . 146

7.1.3 Finite element modelling . . . . . . . . . . . . . . . . . . . . . . . . 150



7.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.2.1 Numerical validation . . . . . . . . . . . . . . . . . . . . . . . . . . 152

7.2.2 Undamped system . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

7.2.3 Damped system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.3 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

8 Conclusions and suggestions for future research 166

8.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

8.2 Future scope of work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

References 187

Publications 188

Curriculum Vitae 190



List of Figures

2.1 Classification of representative unit cell. . . . . . . . . . . . . . . . . . . . 8

2.2 Comparing dispersion relation plot of monoatomic monocoupled chain in (a)
with different established mechanisms such as (b) Basic spring mass system,
(c) Inertial amplification mechanism, (d) negative mass mechanism, and (e)
negative stiffness mechanism. . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Comparing dispersion relation plot of monocoupled chain with combined
mechanisms mechanisms such as (a) Inertial amplification with negative mass
mechanism [1], (b) negative mass with negative stiffness mechanism [2] and
(c) illustrates the dispersion plots. . . . . . . . . . . . . . . . . . . . . . . 13

2.4 (a) Monocoupled chain with hierarchical mass in mass system (b) dispersion
plot of mass in mass hierarchical chain [3]. . . . . . . . . . . . . . . . . . . 14

2.5 Roton-like acoustic dispersion in 1D acoustic metamaterials with third and
second-nearest-neighbor interactions, (a) 1D model illustrates third-nearest-
neighbor interactions K3 (purple lines), second nearest neighbour interactions
k2 (blue lines) and with nearest-neighbor interactions K1 represented by red
springs, (b) The dispersion relation is plotted as propagation constant (κ)
versus excitation frequency (ω), and (c) the corresponding group velocity of
the studied metamaterials are presented [4]. . . . . . . . . . . . . . . . . . 16

2.6 One-dimensional isomer models: (a) A monocoupled meta chain with hierar-
chical resonators, (c) a discrete multicoupled resonant metachain with straight
connections, and (e) a discrete multicoupled resonant metachain with zigzag
connections. (b, d, f) show the band structures corresponding to the isomers
in (a, c, e), respectively [5]. The pink shaded region illustrates the attenuation
band. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.7 (a) Euler Bernoulli beam, (c) Beam with alternating material properties,
(e) Beam with alternating geometric properties, (g) Beam with spring sup-
ports, (i) Beam with resonators, and (b,d,f,h,i) shows their respective band
structures.[6]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.8 (a) Monoatomic nonlinear spring mass system, (b) Amplitude dependant dis-
persion plot for different nonlinear stiffness [7],(c) Nonlinear spring mass sys-
tem on nonlinear foundation, and (d) quasi-static band gap with amplitude
based tunability [8]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

xii



LIST OF FIGURES xiii

3.1 (a) Periodically connected infinitely long chain of IANMNS system, (b) Nodal
degrees of freedom of IANMNS system. . . . . . . . . . . . . . . . . . . . . 28

3.2 (a) Generalised monocoupled system Inertial Amplifier Negative Mass Neg-
ative Stiffness (IANMNS) (b) Inertial Amplifier Negative Stiffness (IANS)
system obtained by considering m1 = 0, (c) Negative Mass Negative Stiffness
(NMNS) system obtained by considering ma = 0, (d) Negative Stiffness (NS)
system obtained by considering ma = 0 and m1 = 0, (e) Inertial Amplifier
Negative Mass (IANM) system obtained by considering m2 = 0, (f) Iner-
tial Amplifier (IA) system obtained by considering m1 = 0 and m2 = 0, (g)
Negative Mass (NM) system obtained by considering ma = 0 and m2 = 0,
(h) basic monoatomic system obtained by considering ma = 0, m1 = 0 and
m2 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.3 Displacement patterns for different types of responses (a) pure propagation
(b) pure attenuation (c) fluctuating attenuation. . . . . . . . . . . . . . . . 35

3.4 The figure corresponds to IANMNS system (given in Figure 3.2-(a)), with
values of governing parameters θ = 1; θr1 = 3, θr2 = 0.25, ηr2 = 2, γ = 1 and
varying ηr1 from 0 to 5. The contour plot for frequency ratio η varying from
0 to 5 versus ηr1 is shown in (e). In this figure (e) the silver, blue and green
dashed lines depicts the roots of equations Q(η2) = 0, R(η2) = 0, and R(η2)+
2Q(η2) = 0 respectively. The (a), (b), (c) and (d) figures demonstrates the
dispersion relation for the IANMNS system at sections drawn by pink lines
at ηr1 = 0.5, 1.5, 2 and 3.5 respectively. . . . . . . . . . . . . . . . . . . . 44

3.5 IANMNS special case(with both the resonators with same frequencies (ηr1 =
ηr2)). system (given in Figure 3.2-(a)), with values of governing parameters
θ = 1; θr1 = 3, θr2 = 0.25, γ = 1 and varying ηr1 = ηr2 from 0 to 5. The
contour plot for frequency ratio η varying from 0 to 5 versus ηr1 is shown in
(e). In this figure (e) the silver, blue and green dashed lines depicts the roots
of equations Q(η2) = 0, R(η2) = 0, and R(η2) + 2Q(η2) = 0 respectively.
The (a), (b), (c) and (d) figures demonstrates the dispersion relation for
the IANMNS special case system at sections drawn by pink lines at ηr1 =
0.5, 1.5, 2 and 3.5 respectively. . . . . . . . . . . . . . . . . . . . . . . . . 45

3.6 NMNS system (given in Figure 3.2-(c)), with values of governing parameters
θr1 = 3, θr2 = 0.25, ηr2 = 2, γ = 1 and varying ηr1 from 0 to 5. The contour
plot for frequency ratio η varying from 0 to 5 versus ηr1 is shown in (e). In this
figure (e) the silver, blue and green dashed lines depicts the roots of equations
Q(η2) = 0, R(η2) = 0, and R(η2)+2Q(η2) = 0 respectively. The (a), (b), (c)
and (d) figures demonstrates the dispersion relation for the NMNS system at
sections drawn by pink lines at ηr1 = 0.5, 1.5, 2 and 3.5 respectively. . . . 46

3.7 IANM system (given in Figure 3.2-(e)), with values of governing parameters
θ = 1, θr1 = 3, γ = 1 and varying ηr1 from 0 to 5. The contour plot for
frequency ratio η varying from 0 to 5 versus ηr1 is shown in (e). In this figure
(e) the silver, blue and green dashed lines depicts the roots of equations
Q(η2) = 0, R(η2) = 0, and R(η2)+2Q(η2) = 0 respectively. The (a), (b), (c)
and (d) figures demonstrates the dispersion relation for the IANM system at
sections drawn by pink lines at ηr1 = 0.5, 1.5, 2 and 2.75 respectively. . . . 47



LIST OF FIGURES xiv

3.8 (a): System -IANS (given in Figure 3.2-(b)), (b): System -NS (given in Fig-
ure 3.2-(d)), (c): System -IA (given in Figure 3.2-(f)), (d): System -NM
(given in Figure 3.2-(g)), Here silver, blue and green dashed lines are roots of
equations Q(η2) = 0, R(η2) = 0, and R(η2) + 2Q(η2) = 0 respectively. . . . 48

3.9 (a) Proposed hierarchical stiffness metamaterial comprising of hierarchical
level resonators. (b) Demonstration of Koch curve construction started from
level 1 (top), a straight line, to level 5 (bottom), a complex fractal shape from
hierarchical triangles. (c) In similar manner, the evolution of the hierarchical
stiffness metamaterial (HSM) is perceived. Level 1 of HSM (top) is same as a
monoatomic chain which has a spring between two main masses. To construct
a higher level HSM, a spring-mass-spring resonator is attached in parallel to
the spring of the previous level. Both Koch curve and proposed HSM can be
further extended to any level following the logic of the construction. . . . . 51

3.10 The nonzero values of stiffness matrix (K) is shown for level two to five in
respectively (a), (b), (c) and (d). . . . . . . . . . . . . . . . . . . . . . . . 54

3.11 (a), (b) and (e) Dispersion diagram real and imaginary part of the propagation
constant (κ) with respect to free wave frequency for k2 = 1, k2 = 2 and k2 = 3
respectively. (c), (d) and (g) illustrate the variation of effective mass and
stiffness with respect to free wave frequency. (f) the contour of attenuation
level with the variation of stiffness k2. For all the plots m1 = 1, m2 = 2
and k1 = 1. Blue, green and silver dashed lines are for bounds of band gaps
obtained by roots of equations R = 0 and 2Q+R = 0; and attenuation peaks
obtained by equation Q = 0 respectively. . . . . . . . . . . . . . . . . . . . 58

3.12 The stiffness and masses of level 6 are assumed to be k = [k1 k2 k3 k4 k5 k6] =
[0.001 0.25 0.5 0.5 0.6 0.8] andm = [m1 m2 m3 m4 m5 m6] = [1 1.5 2 0.8 0.5 0.25];
(a) Dispersion relation plot where, ℜ(κ) is phase angle of wave and ℑ(κ) is
attenuation level of wave. BG1, BG2 and BG3 are considered band gaps
with multiple peaks. (b),(c) and (d) are enlarged dispersion plot of three
considered bandgaps which shows phenomenon of four attenuation peaks in
all three bands. (e), (f) and (g) Effective mass (Meff ) is plotted for all three
bandgaps. (h), (i) and (j) Effective stiffness (Keff ) is plotted for all three
bandgaps and it has zero values at the exact location of attenuation peaks
shown by green dashed lines. . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1 (a) Monoatomic monocoupled chain, (b) Bicoupled chain with straight cou-
pling, (c), Bicoupled chain with zigzag coupling, (d) Bicoupled chain with
hybrid (straight and zigzag coupling, (e) Second order BNN type chain with
additional mass, (f) Second order BNN type chain. . . . . . . . . . . . . . 65

4.2 (a) Bicoupled chain with hybrid (straight and zigzag coupling, (b) Free body
diagram of the representative unit cell. . . . . . . . . . . . . . . . . . . . . 66

4.3 The invariant plane ζ2 versus ζ1. r and s lines are dotted lines which shows
the boundaries of band structure. Moreover, p is dashed parabolic line depicts
the complex band boundaries. PP, PA, AA and C are four regions for all four
types of bands possible in any bicoupled system[9]. . . . . . . . . . . . . . 71



LIST OF FIGURES xv

4.4 Input parameters: k1 = 10000, k2 = 2500, ka = 500, kc = 2500. (A) Dis-
persion relation plot showing veering phenomenon, (B) Group velocity of
propagating waves, (a-d) Mode of wave dispersion shown at frequencies given
in (A) from different bands. . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.5 Input parameters: k1 = 10000, k2 = 2500, ka = 500, kc = 10000. (A) Disper-
sion relation plot showing wave locking-unlocking phenomenon, (B) Group
velocity of propagating waves, (a-f) Mode of wave dispersion shown at fre-
quencies given in (A) from different bands. . . . . . . . . . . . . . . . . . . 73

4.6 (A) symmetric representative unit cell of the metamaterial with three coupling
degrees of freedom. a.1 and b.1 are respectively plots of real and imaginary
values of propagation constant with respect to normalised frequency Ω for
straight interconnection. Similarly, a.2 and b.2 are plots for zigzag intercon-
nections. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.7 Dispersion plot of multilayered spring mass chain of type A multicoupled
system with ka variation ka = γ k2, where γ = [0, 0.1, 0.5, 1, 2, 2.5, 3.5, 4]. . . 77

4.8 Dispersion plot of multilayered spring mass chain of type A multicoupled
system with kc variation kc = γ k2, where γ = [0, 0.5, 1.0, 1.9, 2.1, 4.7, 7.4, 10]. 78

4.9 Dispersion plot of multilayered spring mass chain of type A multicoupled
system with ka variation keeping kc nonzero ka = γ k2, where γ = [0, 1.7143,
3.4286, 5.1429, 6.8571, 8.5714, 10.2857, 12.0000] and kc = 6k2. . . . . . . . 80

4.10 Dispersion plot of multilayered spring mass chain of type A multicoupled
system with kc variation keeping kc nonzero kc = γ k2, where γ = [0.2, 0.6,
1.0, 1.4, 1.8, 2.2, 2.6, 3.0]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.11 Dispersion plot of multilayered spring mass chain of type A multicoupled
system with k2 = 0, ka = 0 variation keeping kc nonzero kc = γ k1, where γ =
[0.05, 0.1, 0.25, 0.5, 1.0, 2.0, 3.0, 4.0]. . . . . . . . . . . . . . . . . . . . . . 83

5.1 (a) The Infinite Rigid Elastic combined meta(RECM) beam, (b) The repre-
sentative unit cell of RECM beam (where, EI is flexural rigidity, A is area of
cross section, l1 and l2 are lengths of elastic and rigid part of beam respec-
tively, M is mass and J is rotary inertia of rigid body and L is total length
of a unit cell)and (c) Free body diagram of unit cell of RECM beam (where,
Mi and Vi are moment and shear force at ith node, θc and yc are slope and
displacement at the center of rigid body). . . . . . . . . . . . . . . . . . . . 87

5.2 Finite RECM beam chain. . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.3 Procedure for obtaining band characteristics and response in space-time do-
main for RECM beam. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.4 (a) The representative unit cell of RECM beam for validation purpose and
(b) Free body diagram of unit cell of RECM beam. . . . . . . . . . . . . . 95

5.9 (a)Input excitation wave burst in time domain (b)Input excitation wave burst
in frequency domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100



LIST OF FIGURES xvi

5.5 (a)Attenuation-profile for varying length ratio ξ having rotary inertia ratio
ψ = 0 and mass ratio µ = 0.25. For the system parameters corresponds to
ψ = 0, µ = 0.25 and ξ = 1 - (b) concise dispersion diagram illustrating the
attenuation and propagation bands and (c) plot of the cross frequency re-
sponse function evidenced the reduction of response in the attenuation band.
The normalised band width of first and second band is 92.56% and 67.56%
respectively. (d) Plot of logarithmic determinant of global Spectral element
Matrix, where downward peak corresponds to the natural frequency of the
system. The thin blue lines connecting resonance peaks in (c) and downward
peak in (d) illustrate occurrence of resonance peaks in the stop band. The
vertical black center line indicates the mid frequency ratio (12.5) for the wave
burst for visualization of displacement in space time. . . . . . . . . . . . . 103

5.6 (a)Attenuation-profile for varying length ratio ξ having rotary inertia ratio
ψ = 5 and mass ratio µ = 0.25. For the system parameters corresponds to
ψ = 5, µ = 0.25 and ξ = 0.56 - (b) concise dispersion diagram illustrating
the attenuation and propagation bands and (c) plot of the cross frequency re-
sponse function evidenced the reduction of response in the attenuation band.
The normalised band width of first merged band is 164.06% (d) Plot of log-
arithmic determinant of global Spectral element Matrix, where downward
peak corresponds to the natural frequency of the system. The thin blue lines
connecting resonance peaks in (c) and downward peak in (d) illustrate oc-
currence of resonance peaks in the stop band. The vertical black center line
indicates the mid frequency ratio (12.5) for the wave burst for visualization
of displacement in space time. . . . . . . . . . . . . . . . . . . . . . . . . . 104

5.7 (a)Attenuation-profile for varying mass ratio µ having rotary inertia ratio
ψ = 5 and length ratio ξ = 0.5. For the system parameters corresponds to
ψ = 5, µ = 0.32 and ξ = 0.5 - (b) concise dispersion diagram illustrating
the attenuation and propagation bands and (c) plot of the cross frequency re-
sponse function evidenced the reduction of response in the attenuation band.
The normalised band width of first merged band is 163.41% (d) Plot of loga-
rithmic determinant of global Spectral element Matrix, where downward peak
corresponds to the natural frequency of the system. The thin blue lines con-
necting resonance peaks in (c) and downward peak in (d) illustrate occurrence
of resonance peaks in the stop band. . . . . . . . . . . . . . . . . . . . . . 105

5.8 (a)Attenuation-profile for varying rotary inertia ratio ψ having mass ratio
µ = 5 and length ratio ξ = 0.5. For the system parameters corresponds to
ψ = 1.71, µ = 0.25 and ξ = 0.5 - (b) concise dispersion diagram illustrating
the attenuation and propagation bands and (c) plot of the cross frequency re-
sponse function evidenced the reduction of response in the attenuation band.
The normalised band width of second merged band is 136.14% (d) Plot of
logarithmic determinant of global Spectral element Matrix, where downward
peak corresponds to the natural frequency of the system. The thin blue lines
connecting resonance peaks in (c) and downward peak in (d) illustrate occur-
rence of resonance peaks in the stop band. . . . . . . . . . . . . . . . . . . 106



LIST OF FIGURES xvii

5.10 (a)Wave propagation in space and time (b)snap shot of beam before the wave
reaches connecting element (c) snap shot of beam after the wave propagates
through connecting element; the red band shows the elastic(same material as
of beam) connecting two elastic beams. . . . . . . . . . . . . . . . . . . . . 107

5.11 (a)Wave propagation in space and time (b) snap shot of beam before and (c)
after the wave propagates through connecting element; the red band shows
the RECM elements with zero rotary inertia- connecting two elastic beams. 108

5.12 (a)Wave propagation in space and time (b)snap shot of beam before the wave
reaches connecting element (c) snap shot of beam after the wave propagates
through connecting element; the red band shows the RECM elements with
nonzero rotary inertia- connecting two elastic beams. . . . . . . . . . . . . 109

6.1 (a) CAD model of the REVI ; (b) 3D printing device; (c) 3D printed pro-
posed REVI; (d) Analytically modeled REVI and (e) Degrees of freedom and
boundary conditions at each node. . . . . . . . . . . . . . . . . . . . . . . . 113

6.2 (a) Free vibration of REVI model for estimation of natural frequency; (b)
Time acceleration plot of the free vibration analysis; (c) Frequency domain
plots with the help of FFT algorithm (sensitivity of accelerometer = 4.98
mV/ms−2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

6.3 Plot of determinant of dynamic stiffness matrix for natural frequency ωn =
578.05 rad/s with rotational spring stiffness kr. The zero determinant is
shown by a circle marker at the rotational stiffness kr = 0.3591 Nm/rad. . 126

6.4 (a) First, (b) Second and (c) Third modal shapes of REVI and (d) Logarithm
of the determinant of spectral element matrix (Kbc) of REVI. . . . . . . . 127

6.5 (a) Power amplifier to vibrate the shaker system at desired gain and frequency;
(b) REVI connected to the dynamic shaker system; (c) DAQ device used to
collect the response of accelerometers and force transducers; (d) Simulation of
data acquisition system using LabView software; (e) to (j) Time and frequency
domain response of force transducers and accelerometers at a frequency of 92
Hz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

6.6 Transmittance of the proposed REVI system from experimental and analyt-
ical computation compared to an equivalent spring-mass system. The REVI
system’s bandwidth (shaded region) is 0.1767 for one-fourth amplitude trans-
mittance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6.7 Variation of Transmittance (Tr) with the excitation frequency for different
mass ratios. (a) The mass m2 = 0 and mass m3 = 2pmr, where p varies from
−1 to 3, (b) The mass m2 = 2qmr and mass m3 = mr, where q varies from
2 to 6, (c) The mass m2 = 2qmr and mass m3 = 2pmr, where where p varies
from −2 to 2 and q varies from 2 to 6. . . . . . . . . . . . . . . . . . . . . 134



LIST OF FIGURES xviii

6.8 Variation of transmittance (Tr) and relative transmittance’s (Tr1) and (Tr2)
with the excitation frequency for different mass ratios. The mass m1 =
2qma and mass m2 = mr, where q increases from 0 to 2 (a) Transmittance
Tr = log10(

u2

u1
), (b) Transmittance Tr1 = log10(

u3

u1
), (c) Transmittance Tr2

= log10(
u3

u2
) and transmittance Tr3 = log10(

v3
u2
). The resonance in relative

transmittance results in antiresonance in transmittance (Tr). . . . . . . . . 135

6.9 Effect of inclination angle on bandgap having node masses as 7.889x10−4

kg. (a) Transmittance plots for different values of inclination angle θ. (b)
Attenuation profile (represented by negative values of transmittance plot) as
a function of excitation frequency and inclination angle. In the attenuation
band, double attenuation peaks can be obtained for inclination angles up to
33.41o. For θ = 33.42o, the two attenuation peaks merge to form a single
attenuation peak. Further, an increment of the angle creates the resonance
cancellation phenomenon, completely vanishing the attenuation peaks and
further reducing the band gap. . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.10 Attenuation profile (represented by negative values of transmittance plot) as
a function of excitation frequency and several geometric parameters such as
(a) Length of the beam. (b) The thickness of the beam. (c) The mass ratio
(ratio of the rigid mass to the primary mass of the system). . . . . . . . . . 136

6.11 (a) Infinite chain of REVI, (b) Determinant of stiffness matrix with free-free
boundary condition and fix-fix boundary condition, (c) Effective stiffness and
Mass, and (d) Dispersion relation plot. vertical black dash dot lines connects
the band boundaries with natural frequencies of unit cell and attenuation
peaks with zero effective stiffness points. . . . . . . . . . . . . . . . . . . . 139

6.12 Schematic and experimental setup of the REVI chain. (a) Diagram of a finite
chain comprising nine REVI elements, (b) aluminum section used to fabri-
cate the primary mass, (c) 3D-printed negative stiffness element with ends
designed to fit into the aluminum section, (d) unit cell formed by combining
the aluminum mass and the negative stiffness element, (e) complete chain of
nine REVI units suspended from top rails, (f) close-up view of the ninth mass
with an accelerometer, (g) close-up view of the first mass connected to the
shaker via a stinger, with an accelerometer. . . . . . . . . . . . . . . . . . . 140

6.13 Steady-state vibration response of the REVI chain at 70 Hz. (aâĂŞc) Time
histories for base acceleration, acceleration at node 1 (A1), and acceleration
at node 9 (A9), respectively. (dâĂŞf) Corresponding FFT plots for the base,
node 1, and node 9 accelerations. . . . . . . . . . . . . . . . . . . . . . . . 141

6.14 Vibration transmittance across nodes of the REVI chain. (a) Transmittance
at node 1, (b) transmittance at node 5, and (c) transmittance at node 9.
Solid lines represent analytical predictions, while circular markers indicate
experimental measurements. . . . . . . . . . . . . . . . . . . . . . . . . . . 142

7.1 (a) The Euler Bernoulli beam periodically supported by nonlinear springs (b)
The representative unit cell . . . . . . . . . . . . . . . . . . . . . . . . . . 146



LIST OF FIGURES xix

7.2 (a) The long Euler Bernoulli beam with c1 = c2 = 0, k3 = −1, k1 = 1, A =
1, ϵ = 0.1, (b) Displacement contour of the middle portion of the beam shown
by the dashed box, (c) Displacement versus distance plot at different instances
of time shown in horizontal dashed lines with orange shades in (b), (d) Dis-
placement versus time plot at different locations shown in vertical dashed
lines with violet shades in (b), (e) FFT plots corresponding to displacement
profiles shown in (c), (f) FFT plots corresponding to time histories shown in
(d). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

7.3 (a) Displacement contour of the Euler Bernoulli beam with c1 = c2 = 0.05, k3 =
1, k1 = 1, A = 0.1, ϵ = 1; (b) Displacement versus time plot at different loca-
tions shown in vertical dashed lines with violet shades in (a) where the solid
lines depict numerical solution and the dashed lines depict analytical solu-
tion, moreover the magnified plots are shown inside to showcase the better
validation in the initial time window and degraded validation in later time
window; (c) Displacement versus distance plot at different instances of time
shown in horizontal dashed lines with orange shades in (a); (d) FFT plots
corresponding to displacement profiles shown in (c). . . . . . . . . . . . . . 154

7.4 (a) Dispersion relation plot for undamped system with c1 = c2 = 0, k1 = 1
and nonlinear stiffness parameter k3 = −1, 0 and 1; (b) Phase portrait for
propagation constant κ = 0.5; (c) displacement profile for κ = 0.5, k3 = −1;
(d) displacement profile for κ = 0.5, k3 = 0;(e) displacement profile for κ =
0.5, k3 = 1; (f) Displacement time history at middle node of the beam with
κ = 0.5, k3 = −1; (g) Displacement time history at the middle node of the
beam with κ = 0.5, k3 = 0; (h) Displacement time history at the middle node
of the beam with κ = 0.5, k3 = 1. . . . . . . . . . . . . . . . . . . . . . . . 155

7.5 (a) Dispersion relation plot for the undamped system with c1 = c2 = 0, k1 =
1, k3 = 1; (b) Phase portrait for propagation constant κ = 0.25, 1.00 and 1.75;
(c) displacement profile for κ = 0.25, k3 = 1; (d) displacement profile for
κ = 1.00, k3 = 1;(e) displacement profile for κ = 1.75, k3 = 1; (f) Displace-
ment time history at middle node of the beam with κ = 0.25, k3 = 1; (g) Dis-
placement time history at middle node of the beam with κ = 1.00, k3 = 10; (h)
Displacement time history at middle node of the beam with κ = 1.75, k3 = 1. 156

7.6 Dispersion relation plots at different time instances are illustrated for hard-
ening system with blue shades and softening system with shades of pink for
(a) only viscous damping c1 = 0.25 and c2 = 0, (b) only strain rate damp-
ing c1 = 0 and c2 = 0.25 and (c) viscous damping and strain rate damping
c1 = 0.25 and c2 = 0.25; Frequency shift versus propagation constant (κ)
plots at different time instances are illustrated for hardening system with blue
shades and softening system with shades of pink for (d) only viscous damping
c1 = 0.25 and c2 = 0, (e) only strain rate damping c1 = 0 and c2 = 0.25 and
(f) viscous damping and strain rate damping c1 = 0.25 and c2 = 0.25. . . . 157



LIST OF FIGURES xx

7.7 Damped nonlinear system with only viscous damping c1 = 0.25; c2 = 0 and
k1 = 1. (a), (b) and (c) shows a frequency shift (∆ω) versus time (t) prop-
agation constant κ = 0.50, 1.00 and 1.50 respectively; (d), (e) and (f) show
displacement (w0) versus time (t) at the middle node of beam for propaga-
tion constant κ = 0.50, 1.00 and 1.50 respectively and yellow dashed line is
for amplitude envelope; (g), (h) and (i) shows phase portraits for middle node
of beam for propagation constant κ = 0.50, 1.00 and 1.50 respectively. . . . 158

7.8 Damped nonlinear system with only viscous damping c1 = 0; c2 = 0.25 and
k1 = 1. (a), (b) and (c) shows a frequency shift (∆ω) versus time (t) prop-
agation constant κ = 0.50, 1.00 and 1.50 respectively; (d), (e) and (f) show
displacement (w0) versus time (t) at the middle node of beam for propagation
constant κ = 0.50, 1.00 and 1.50 respectively and the yellow dashed line is for
amplitude envelope; (g), (h) and (i) shows phase portraits for the middle node
of beam for propagation constant κ = 0.50, 1.00 and 1.50 respectively. . . . 159

7.9 Damped nonlinear system with only viscous and strain rate damping combine
c1 = 0.25; c2 = 0.25 and k1 = 1. (a), (b) and (c) shows a frequency shift (∆ω)
versus time (t) propagation constant κ = 0.50, 1.00 and 1.50 respectively;
(d), (e) and (f) show displacement (w0) versus time (t) at the middle node of
beam for propagation constant κ = 0.50, 1.00 and 1.50 respectively and yellow
dashed line is for amplitude envelope; (g), (h) and (i) shows phase portraits
for middle node of beam for propagation constant κ = 0.50, 1.00 and 1.50
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160



List of Tables

3.1 Closed form solution of the roots of the governing polynomials. The labels in
first column corresponds to the systems given in Figure 3.2(a-h) . . . . . . 40

3.2 Input data for validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3 Attenuation characteristics as per literature(lit*) and proposed(pro*) method 42

3.4 Systems and the values of their governing nondimensional parameters with
possibility of double peak phenomenon. The labels in first column corre-
sponds to the systems given in Figure 3.2(a-h) . . . . . . . . . . . . . . . . 43

3.5 The generalised degrees of rational polynomials of dispersion for N level HSM
hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.6 The value of the effective mass, effective stiffness and Q, R and 2Q + R
polynomial at the frequencies ψ1, ξ1 and ξ2 as evaluated in Eq 3.81 and 3.82 60

4.1 Types of dispersion bands in bicoupled system as per propagation constant
(κ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.1 Natural frequency ωn for combined elastic rigid beam with properties - l1 =
0.8L, l2 = 0.2L, l3 = 0.3L, ψ = 0, µ = 0.5 and ξ = 0.5 . . . . . . . . . . . . 96

6.1 Material and Geometrical properties . . . . . . . . . . . . . . . . . . . . . 112

xxi



ABBREVIATIONS

1D One Dimensional

BS Bragg Scattering

dof degrees of freedom

HSM Hierarchical Stiffness Metamaterial

IA Inertial Amplifier

NM Negative Mass

NS Negative Stiffness

IANM Inertial Amplifier Negative Mass

IANS Inertial Amplifier Negative Stiffness

IANMNS Inertial Amplifier Negative Mass Negative Stiffness

NMNS Negative Mass Negative Stiffness

LR Local Resonance

RECM Rigid Elastic Combined Metabeam

REVI Rigid Elastic Vibration Isolator

xxii



List of symbols

ω Excitation frequency

η Frequency ratio

κ Propagation constant

ℜ(κ) Real part of propagation constant

ℑ(κ) Imaginary part of propagation constant

EI Flexural rigidity

ρ Density

A Area of cross section

Meff Effective mass

Keff Effective stiffness

t Time

a0 amplitude

ϵ Book-keeping parameter

vg Group velocity

ι Influence vector

ξ Length ratio

µ Mass ratio

ψ Rotary inertia ratio

M Mass

K Stiffness

kg Global stiffness matrix

ζ Invariants

ka Stiffness of straight coupling

kc Stiffness of zigzag coupling

ma Mass of inertial amplifier mechanism

xxiii



xxiv

mr Rigid mass

Jr Rigid body polar moment of inertia

Ma Mass of accelerometer

Tr Transmittance

Dy Dynamic Stiffness matrix

Cs Strain rate dependent damping

Ca Velocity dependent viscous damping

x Distance

t Time

k̃1 Linear spring

k̃3 Nonlinear spring

l Length of beam

Π Nonlinearity factor

ψ Shape function

ωn Natural frequency


