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ABSTRACT

Over the past few decades, the study of flexural wave propagation through metamaterials
has garnered significant attention due to their remarkable wave manipulation capabilities.
Depending on the characteristics of the representative unit cell, metamaterials can either
facilitate or inhibit wave propagation within certain frequency bands, making them highly
applicable in fields such as vibration isolation, energy harvesting, wave filtering, and sound
insulation. Despite these advances, substantial research opportunities remain in the analyt-
ical solutions of wave dispersion in metamaterials with various mechanisms and configura-

tions.

This study presents analytical solutions for wave dispersion characteristics in one di-
mensional metamaterial systems, ranging from simple to complex configurations, including
discrete monocoupled systems, discrete multicoupled systems, continuous multicoupled sys-

tems, and continuous nonlinear systems.

First, a generalized monocoupled system is introduced, combining elements with inertial
amplification, negative mass, and negative stiffness. A hierarchical stiffness system is con-
ceptualized to produce multiple attenuation peaks. A general framework employing rational
polynomials is developed, from which closed-form expressions for the positions of attenua-
tion peaks and bounding frequencies of propagation bands can be derived for any undamped

monocoupled system.

The study also explores wave dispersion in a discrete bicoupled system formed by cou-
pling two spring-mass chains, analyzed for both straight and zigzag couplings. The analytical
dispersion relation is derived using the dynamic stiffness matrix and the Bloch-Floquet the-
orem, with invariants characterizing the band structure. Mechanisms of band veering and
locking are examined, identifying a maxon at wave locking and a roton at unlocking in the
zigzag coupling. Sensitivity analysis on the invariant plane reveals how various parameters

influence wave propagation characteristics.
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For continuous systems, the study investigates flexural wave propagation through a rigid
elastic combined metabeam (RECM) considering the finite dimensions of the rigid mass. The
rotary inertia of the rigid body introduces a local resonance (LR) band, which can bridge
the gap between two Bragg scattering (BS) bands, resulting in an ultra-wide stop band for
specific combinations of governing non-dimensional parameters. Additionally, a vibration
isolator device based on the rigid elastic combined beam is developed, exhibiting a wide
bandgap due to double antiresonance peaks, with experimental validation of the isolator
conducted. A parametric study varying the geometric properties of the rigid elastic isolator
system enhances the understanding of bandgap and attenuation characteristics within the
attenuation band. Furthermore, wave dispersion in a chain of masses connected with a
designed rigid elastic isolator is studied and validated, with analytical solutions obtained

through the transmittance study of the representative unit cell.

Lastly, for continuous nonlinear systems, the amplitude-dependent dispersion relation of
a damped beam supported by nonlinear springs is studied, considering both softening and
hardening cubic nonlinearities along with viscous and strain rate damping. Using a mul-
tiscale method, the wave dispersion equation is analytically derived and validated against
numerical results. The research provides closed-form equations for frequency shifts in un-

damped systems due to nonlinearities and time-dependent dispersion in damped systems.
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1,e = 0.1, (b) Displacement contour of the middle portion of the beam shown
by the dashed box, (c) Displacement versus distance plot at different instances
of time shown in horizontal dashed lines with orange shades in (b), (d) Dis-
placement versus time plot at different locations shown in vertical dashed
lines with violet shades in (b), (e) FFT plots corresponding to displacement
profiles shown in (c), (f) FET plots corresponding to time histories shown in

(a) Displacement contour of the Euler Bernoulli beam with ¢; = ¢ = 0.05, k3 =
1,k; =1,A=0.1,e = 1; (b) Displacement versus time plot at different loca-
tions shown in vertical dashed lines with violet shades in (a) where the solid
lines depict numerical solution and the dashed lines depict analytical solu-
tion, moreover the magnified plots are shown inside to showcase the better
validation in the initial time window and degraded validation in later time
window; (c) Displacement versus distance plot at different instances of time
shown in horizontal dashed lines with orange shades in (a); (d) FFT plots
corresponding to displacement profiles shown in (¢). . . . . . . . . ... ..

(a) Dispersion relation plot for undamped system with ¢; = ¢; = 0,k = 1
and nonlinear stiffness parameter k3 = —1,0 and 1; (b) Phase portrait for
propagation constant k£ = 0.5; (c) displacement profile for k = 0.5, k3 = —1;
(d) displacement profile for k = 0.5, k3 = 0;(e) displacement profile for k =
0.5, k3 = 1; (f) Displacement time history at middle node of the beam with
k = 0.5,k3 = —1; (g) Displacement time history at the middle node of the
beam with x = 0.5, k3 = 0; (h) Displacement time history at the middle node
of the beam with k =0.5,ks=1. . . . . . . . ... ... ... ... ....

(a) Dispersion relation plot for the undamped system with ¢; = ¢o = 0,k =
1, k3 = 1; (b) Phase portrait for propagation constant x = 0.25,1.00 and 1.75;
(c) displacement profile for k = 0.25,k3 = 1; (d) displacement profile for
k = 1.00, k3 = 1;(e) displacement profile for k = 1.75, k3 = 1; (f) Displace-
ment time history at middle node of the beam with k = 0.25, k3 = 1; (g) Dis-
placement time history at middle node of the beam with x = 1.00, k3 = 10; (h)
Displacement time history at middle node of the beam with x = 1.75, k3 = 1.

Dispersion relation plots at different time instances are illustrated for hard-
ening system with blue shades and softening system with shades of pink for
(a) only viscous damping ¢; = 0.25 and ¢ = 0, (b) only strain rate damp-
ing ¢; = 0 and ¢, = 0.25 and (c) viscous damping and strain rate damping
¢ = 0.25 and ¢; = 0.25; Frequency shift versus propagation constant (k)
plots at different time instances are illustrated for hardening system with blue
shades and softening system with shades of pink for (d) only viscous damping
¢ = 0.25 and ¢ = 0, (e) only strain rate damping ¢; = 0 and ¢y = 0.25 and
(f) viscous damping and strain rate damping ¢; = 0.25 and ¢y = 0.25.

154

155

156

157




LIST OF FIGURES

XX

7.7 Damped nonlinear system with only viscous damping ¢; = 0.25;¢c, = 0 and

7.8

7.9

k1 = 1. (a), (b) and (c) shows a frequency shift (Aw) versus time (¢) prop-
agation constant k£ = 0.50,1.00 and 1.50 respectively; (d), (e) and (f) show
displacement (wg) versus time (¢) at the middle node of beam for propaga-
tion constant x = 0.50,1.00 and 1.50 respectively and yellow dashed line is
for amplitude envelope; (g), (h) and (i) shows phase portraits for middle node
of beam for propagation constant x = 0.50, 1.00 and 1.50 respectively. . . .

Damped nonlinear system with only viscous damping ¢; = 0;c; = 0.25 and
k1 = 1. (a), (b) and (c) shows a frequency shift (Aw) versus time (¢) prop-
agation constant x = 0.50,1.00 and 1.50 respectively; (d), (e) and (f) show
displacement (wg) versus time (¢) at the middle node of beam for propagation
constant k = 0.50, 1.00 and 1.50 respectively and the yellow dashed line is for
amplitude envelope; (g), (h) and (i) shows phase portraits for the middle node
of beam for propagation constant x = 0.50, 1.00 and 1.50 respectively. . . .

Damped nonlinear system with only viscous and strain rate damping combine
¢ =0.25;¢c0 = 0.25 and k; = 1. (a), (b) and (c) shows a frequency shift (Aw)
versus time (t) propagation constant x = 0.50,1.00 and 1.50 respectively;
(d), (e) and (f) show displacement (wg) versus time () at the middle node of
beam for propagation constant x = 0.50, 1.00 and 1.50 respectively and yellow
dashed line is for amplitude envelope; (g), (h) and (i) shows phase portraits
for middle node of beam for propagation constant x = 0.50,1.00 and 1.50
respectively. . . . . . L

158

159

160




3.1

3.2
3.3
3.4

3.5

3.6

4.1

5.1

6.1

List of Tables

Closed form solution of the roots of the governing polynomials. The labels in
first column corresponds to the systems given in Figure 3.2(a-h) . . . . . .

Input data for validation . . . . . . .. ... ..o
Attenuation characteristics as per literature(lit*) and proposed(pro*) method

Systems and the values of their governing nondimensional parameters with
possibility of double peak phenomenon. The labels in first column corre-
sponds to the systems given in Figure 3.2(a-h) . . . . .. .. ... ... ..

The generalised degrees of rational polynomials of dispersion for N level HSM
hierarchy . . . . . . . . . .

The value of the effective mass, effective stiffness and @), R and 2Q) + R
polynomial at the frequencies 11, &; and & as evaluated in Eq 3.81 and 3.82

Types of dispersion bands in bicoupled system as per propagation constant
Natural frequency w, for combined elastic rigid beam with properties - [; =

0.8L, 1o =02L,13=03L, 0 =0, u=05and E=05 . ... ........

Material and Geometrical properties . . . . . . . . ... .. ...

xxi

40

41

42

43

57

60

70



1D

BS

dof
HSM
IA

NM
NS
[ANM
TANS
TANMNS
NMNS
LR
RECM
REVI

ABBREVIATIONS

One Dimensional

Bragg Scattering

degrees of freedom

Hierarchical Stiffness Metamaterial
Inertial Amplifier

Negative Mass

Negative Stiffness

Inertial Amplifier Negative Mass
Inertial Amplifier Negative Stiffness
Inertial Amplifier Negative Mass Negative Stiffness
Negative Mass Negative Stiffness
Local Resonance

Rigid Elastic Combined Metabeam
Rigid Elastic Vibration Isolator

xxii



Meyy
Kegs

(%)

<
Q

~

F R oz oe = M

)

QPT‘WJ\??‘

B

List of symbols

Excitation frequency
Frequency ratio
Propagation constant

Real part of propagation constant
Imaginary part of propagation constant
Flexural rigidity

Density

Area of cross section
Effective mass

Effective stiffness

Time

amplitude

Book-keeping parameter
Group velocity

Influence vector

Length ratio

Mass ratio

Rotary inertia ratio

Mass

Stiffness

Global stiffness matrix
Invariants

Stiffness of straight coupling
Stiffness of zigzag coupling

Mass of inertial amplifier mechanism

xxiii



XXiv

£

SBESRESHICIE

~

Rigid mass

Rigid body polar moment of inertia
Mass of accelerometer
Transmittance

Dynamic Stiffness matrix

Strain rate dependent damping
Velocity dependent viscous damping
Distance

Time

Linear spring

Nonlinear spring

Length of beam

Nonlinearity factor

Shape function

Natural frequency




