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Abstract

Partial differential equations (PDEs) have many important applications in var-
ious fields of science and engineering, such as fluid dynamics, materials science,
inverse problems, computer graphics, and pattern formation. Partial differential
equations are described as relation between the value of an unknown function and
its derivatives of different order. For the partial differential equation to hold at a
point, it needs value of function in an arbitrarily small neighborhood, so that all
the derivatives of desired order can be computed. On the other hand, for a nonlocal
partial differential equation to hold at a point, information about the value of func-
tion far from that point is needed. In general it happens because such equations

involve an integral operator.

The word nonlocal has become a keyword in the area of nonlinear analysis. Due
to wide range of applications in the real world, nonlocal problems are being very

extensively studied since last decade [9-11, 14, 26, 36, 43].

Analytical solution of these type of problems is either not known or very difficult
to develop. Therefore, one should look for accurate and efficient numerical methods
to solve them. There is enough literature available on well-posedness of nonlocal
problems at continuous level. However, few studies towards numerical approxima-
tions are made, and these are restricted to elliptic [21] and parabolic problems [1, 37].

In this thesis work our aim is to find numerical approximation of nonlocal parabolic
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and hyperbolic problems. Finite element method is one of the numerical techniques
which may be used to solve the steady state as well as time dependent problems.
In finite element method, the discrete weak formulation of nonlocal problems (un-
der consideration) leads to a system of nonlinear algebraic equations. We can solve
this system either by Picard’s iterative method or by Newton’s method. Newton’s
method has an advantage over Picard’s method in the sense of rate of convergence.
Newton’s method is faster and therefore we can get required accuracy in less num-
ber of iterations. An important issue while using Newton’s method in the numerical
simulation of nonlocal problems is related to its structure. In fact, unlike in the
case of local problems where the Jacobian matrix is sparse and banded, in nonlocal
case Jacobian matrix is dense. In other words, nonlocal term in nonlocal problems
destroys the sparsity of Jacobian matrix. To overcome this difficulty, the author
in [21] gave a new methodology. In this methodology author suggest that sparse
Jacobian matrix can be obtain by rewriting equation in different way and authour

confirm this by taking elliptic nonlocal problem of Kirchhoff type.

Motivated by this we successfully extended this technique for time dependent
problems. We first consider a nonlocal parabolic equation. For time discretization
backward Euler as well as Crank-Nicolson schemes are used. We obtain sparse
Jacobian matrix after applying Newton’s method to the fully discrete formulation
of the given parabolic nonlocal problem. We provide the existence and uniqueness
results at the continuous as well as at the discrete levels. We prove a priori error
bounds for semidiscrete and fullydiscrete formulation and verify these results by

numerical simulation.

We also consider a nonlocal parabolic coupled system of equations. We discuss
the existence and uniqueness results at the continuous as well as discrete levels and
we give a priori error bounds at semidiscrete and fullydiscrete formulations. Again
we apply Newton’s methods to deal with nonlocal terms by extending the given

technique in [21] to get sparse Jacobian matrix for elliptic problemc. Theoretical
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estimates are confirmed via numerical experiments.

Further we obtain finite element solution for a nonlocal hyperbolic problem of
Kirchhoff type. For time discretization backward Euler scheme is used. Here also
we get sparse Jacobian matrix after using Newton’s method in the reformulated
equations. We discuss existence and uniqueness results at continuous as well as at

the discrete levels [34]. Numerically we have obtained convergence in H'(€2) norm.
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