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SYNOPSIS

Classicz2l error estimates for the rules of apoproxi-
mate integration using derivatives can be used but they
are not of great practical velue since the derivatives
are not usually available, In this thecsis we have
studied the anzlytic function theory methods for the esti-—
mation of errcrs of numerical integration formulas -
Gauss type quadratures, Gaussian cubature formulas and
certain Lagrangicn quadratures (e.g., the Clenshaw—
Curtis quadrature}. Davis' method fcor the estimation
of quadrature errors based on Hilbert space techniques
has also been anziysed. 1In contrast to the usual real-
variable theory rmethods, these methods do not involve
the use of the higher derivatives of the function but
require instead a knowledge of the size of the integrand
in the complex plane., These estimates will therefore
be ¢f practical value.

A description of the contents of six chapters
included in the thesis follows.

CHAPTER I: We have establishcd simple derivative-—
free errcr estimates for the Gauss—-Legendre, the two
Gauss—-Chebyshev and a Gauss-Jacobi quadrature applied
to analytic functions. A few lemmas giving asymptotic
expansions, which are useful for the derivation of these

estimates, have alsc been proved, The estimates obtained



improve upon certain krown error estimates for these
Gauss type quadratures, Contour integral representations
obtwined for the errors En(f) have the advantage that,

in specific cases, it may be possible, by a further
analysis on the¢ evaiuation of the contour integral, to
obtain En(f), possibly exactyor asymptotically (Chapter II},
depending upon the nature of the function in the complex
nlane; as, for example, in the case of functicns with
poles. This is particularly true of the Thebyshev error
formulas which are very simply expressed with contours

ag certain ellipses.,

CHAPTER II: tie have studied the asymtotics of the
Gaussian quadrature error obtaining estimates according
to the nature of the integronrd in the complex plane:
entire functions, furctions with poles, function having
singularities on the real axis - branch point, singularity
at an end-~pownt of the intervsl of integraztion, or a
lozarithmic singularity, The aralysis also brinrgs out
the effect of the nature of f{z) on the rate of conver-
gence of the Gauss quadraiure formula,

CHAPTER I1I: We continue the study of Chanter 1 to
discuss the estinztion of errors and convergence of
Gaussian quadrature fcermulas of the closed type -~ Lobatto,
Radau and a Gauss-Chebyshev guadrature formula of the
closed type. A few lemmas required to cbtain these

estimates have also been established,



CHAPTER IV: Errcr estimates have been obtained for
the two Lagrangian quazdrzture schemes, applied to amalytic
functions, based respectively on the "classical and
"practiczl" abscissas.

CHAPTER V: Error estimates through Davis' method

-
employing the "double integral" norm as well as the
"lire integral" norm sre obtazined for Gauss type quadra-
tures whose abscissas and weights are simly expressed.
Error-functionzl norms i'cr these quadrutures, as alsc
for the trapezoidal and Simpson rules, have been 'expli-
citely' evaluated., The line integral norm error estimates
obtained through iavis' method are essentially the same

as those obtained through the amalytic function theory

ir Chapter I.

CHAPTER VI: Two—~term contour integrcl expressions
arc obtuined for the error of Gaussian cubature formulas,
which represent goreralization of the known quadr: ture
ervor formulas and imercves dpon the known cubature
error fornula, Derivative—free error estimates are
obtained for the Guuss-Legendre ar¢ Caucs-Chebyshev

1

cubature fcrmulas,
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