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Abstract

The primary focus of this thesis is to develop the error analysis of finite element methods
(FEMs) for linear quadratic optimal control problems governed by elliptic partial differential
equations. In this context, our attention is directed towards two control problems namely
distributed control problem and Dirichlet boundary control problem. The main objective of
this research is to investigate the accuracy and convergence properties of FEMs applied to
optimal control problems. We analyze the errors introduced by the discretization process and
provide insights into their behaviour as the mesh is refined. A rigorous theoretical framework
is developed to establish error estimates and convergence rates for the state, adjoint state and
control variables. These estimates quantify the accuracy of the numerical approximation and
provide crucial information for assessing the reliability of the computed solutions. Furthermore,
the thesis addresses the issue of adaptivity in FEMs for optimal control problems. Adaptive
techniques play a crucial role in balancing computational cost and accuracy by refining the mesh
selectively in regions of interest. Theoretical results and numerical experiments presented in this
thesis highlight the capabilities and limitations of FEMs for solving optimal control problems.
The findings of this research contribute to the understanding of FEMs for optimal control
problems and provide valuable guidance for practitioners in selecting appropriate numerical

methods and designing efficient computations.

This thesis comprises seven chapters, encompassing an introductory chapter and a conclud-
ing chapter. Chapter 1 is dedicated to reviewing relevant literature, gathering established
results, and introducing essential preliminaries that serve as fundamental components for the
subsequent chapters. In Chapter 2, we study HCT and Morley finite element methods for the
distributed elliptic optimal control problem with point-wise state constraints. In this chapter,
we carry out a posteriori error analysis in the energy norm and discuss the reliability and

efficiency of the proposed a posteriori error estimator. In Chapter 3, we analyze mixed finite

vil
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element method to derive a priori and a posteriori error estimates for a second order Dirich-
let boundary control problem. The analysis primarily relies on the use of several auxiliary
problems and Helmholtz decomposition. Chapter 4 presents the derivation of a priori and a
posteriori error estimates for a specific class of discontinuous Galerkin (DG) methods applied
to the second order Dirichlet boundary control problem. A crucial step in the analysis involves
the meticulous selection of a discrete cost functional that appropriately approximates the con-
tinuous cost functional, leveraging the symmetric property of the bilinear form. This careful
selection ensures the accuracy and effectiveness of the analysis. In Chapter 5, we delve into the
examination of the control constrained Dirichlet boundary control problem, which is governed
by a second-order elliptic partial differential equation (PDE). This problem stands in contrast
to the one discussed in Chapter 3 and Chapter 4, where the governing equation remains a
second-order elliptic PDE, but there are no constraints imposed on the control variable. The
symmetric class of DG methods is analyzed to derive both a priori and a posterior: error es-
timates. In Chapter 6, symmetric interior penalty Galerkin (SIPG) finite element method is
analyzed to carry out a priori and a posteriori error analysis for fourth order Dirichlet bound-
ary control problem. When the penalty parameters are chosen suitably, the complete fourth
order SIPG finite element method reduces to the classic C°-interior penalty method also. The
corresponding error estimates (both a priori and a posteriori) are obtained for C%interior
penalty method. At the end of each chapter from Chapter 2 to Chapter 6, numerical results
are showcased to provide practical illustrations of the theoretical findings established in their
respective chapters. In Chapter 7, we provide a summary of the completed work and suggest

potential extensions and propose future directions for the work presented.
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