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Abstract

The primary focus of this thesis is to develop the error analysis of finite element methods

(FEMs) for linear quadratic optimal control problems governed by elliptic partial differential

equations. In this context, our attention is directed towards two control problems namely

distributed control problem and Dirichlet boundary control problem. The main objective of

this research is to investigate the accuracy and convergence properties of FEMs applied to

optimal control problems. We analyze the errors introduced by the discretization process and

provide insights into their behaviour as the mesh is refined. A rigorous theoretical framework

is developed to establish error estimates and convergence rates for the state, adjoint state and

control variables. These estimates quantify the accuracy of the numerical approximation and

provide crucial information for assessing the reliability of the computed solutions. Furthermore,

the thesis addresses the issue of adaptivity in FEMs for optimal control problems. Adaptive

techniques play a crucial role in balancing computational cost and accuracy by refining the mesh

selectively in regions of interest. Theoretical results and numerical experiments presented in this

thesis highlight the capabilities and limitations of FEMs for solving optimal control problems.

The findings of this research contribute to the understanding of FEMs for optimal control

problems and provide valuable guidance for practitioners in selecting appropriate numerical

methods and designing efficient computations.

This thesis comprises seven chapters, encompassing an introductory chapter and a conclud-

ing chapter. Chapter 1 is dedicated to reviewing relevant literature, gathering established

results, and introducing essential preliminaries that serve as fundamental components for the

subsequent chapters. In Chapter 2, we study HCT and Morley finite element methods for the

distributed elliptic optimal control problem with point-wise state constraints. In this chapter,

we carry out a posteriori error analysis in the energy norm and discuss the reliability and

efficiency of the proposed a posteriori error estimator. In Chapter 3, we analyze mixed finite

vii



viii Abstract

element method to derive a priori and a posteriori error estimates for a second order Dirich-

let boundary control problem. The analysis primarily relies on the use of several auxiliary

problems and Helmholtz decomposition. Chapter 4 presents the derivation of a priori and a

posteriori error estimates for a specific class of discontinuous Galerkin (DG) methods applied

to the second order Dirichlet boundary control problem. A crucial step in the analysis involves

the meticulous selection of a discrete cost functional that appropriately approximates the con-

tinuous cost functional, leveraging the symmetric property of the bilinear form. This careful

selection ensures the accuracy and effectiveness of the analysis. In Chapter 5, we delve into the

examination of the control constrained Dirichlet boundary control problem, which is governed

by a second-order elliptic partial differential equation (PDE). This problem stands in contrast

to the one discussed in Chapter 3 and Chapter 4, where the governing equation remains a

second-order elliptic PDE, but there are no constraints imposed on the control variable. The

symmetric class of DG methods is analyzed to derive both a priori and a posteriori error es-

timates. In Chapter 6, symmetric interior penalty Galerkin (SIPG) finite element method is

analyzed to carry out a priori and a posteriori error analysis for fourth order Dirichlet bound-

ary control problem. When the penalty parameters are chosen suitably, the complete fourth

order SIPG finite element method reduces to the classic C0-interior penalty method also. The

corresponding error estimates (both a priori and a posteriori) are obtained for C0-interior

penalty method. At the end of each chapter from Chapter 2 to Chapter 6, numerical results

are showcased to provide practical illustrations of the theoretical findings established in their

respective chapters. In Chapter 7, we provide a summary of the completed work and suggest

potential extensions and propose future directions for the work presented.



सार 
 
 
bl Fkhfll dk çkFkfed Qksdl v.Mkdkj vkaf'kd varj lehdj.kksa }kjk 'kkflr 

jSf[kd f}?kkr b"Vre fu;a=.k leL;kvksa ds fy, ifjfer rRo fof/k;ksa ¼,QbZ,e½ 

ds =qfV fo'ys"k.k dks fodflr djuk gSA bl lanHkZ esa] gekjk /;ku nks fu;a=.k 

leL;kvksa dh vksj dsafær gS] vFkkZr~ forfjr fu;a=.k leL;k vkSj fMfjpysV 

lhek fu;a=.k leL;kA bl 'kks/k dk eq[; mís'; b"Vre fu;a=.k leL;kvksa ij 

ykxw ,QbZ,e dh lVhdrk vkSj vfHklj.k xq.kksa dh tkap djuk gSA ge foosdk/khu 

çfØ;k }kjk 'kq: dh xbZ =qfV;ksa dk fo'ys"k.k djrs gSa vkSj tky dks ifj"—r 

djrs le; muds O;ogkj esa var–Zf"V çnku djrs gSaA jkT;] vklUu jkT; vkSj 

fu;a=.k pj ds fy, =qfV vuqeku vkSj vfHklj.k nj LFkkfir djus ds fy, ,d 

dBksj lS)kafrd <kapk fodflr fd;k x;k gSA ;s vuqeku la[;kRed vuqeku dh 

lVhdrk dh ek=k fu/kkZfjr djrs gSa vkSj x.kuk fd, x, lek/kkuksa dh 

fo'oluh;rk dk vkdyu djus ds fy, egRoiw.kZ tkudkjh çnku djrs gSaA 

blds vykok] Fkhfll b"Vre fu;a=.k leL;kvksa ds fy, ,QbZ,e esa 

vuqdwyu'khyrk ds eqís dks lacksf/kr djrh gSA vuqdwyh rduhdsa #fp ds {ks=ksa 

esa p;ukRed :i ls tky dks ifj"—r djds dEI;wVs'kuy ykxr vkSj lVhdrk 

dks larqfyr djus esa egRoiw.kZ Hkwfedk fuHkkrh gSaA bl Fkhfll esa çLrqr lS)kafrd 

ifj.kke vkSj la[;kRed ç;ksx b"Vre fu;a=.k leL;kvksa dks gy djus ds fy, 

,QbZ,e dh {kerkvksa vkSj lhekvksa ij çdk'k Mkyrs gSaA bl 'kks/k ds fu"d"kZ 

b"Vre fu;a=.k leL;kvksa ds fy, ,QbZ,e dh le> esa ;ksxnku djrs gSa vkSj 

mi;qä la[;kRed rjhdksa dk p;u djus vkSj dq'ky x.kukvksa dks fMtkbu 

djus esa fpfdRldksa ds fy, ewY;oku ekxZn'kZu çnku djrs gSaA 

 

bl Fkhfll esa lkr v/;k; gSa] ftlesa ,d ifjp;kRed v/;k; vkSj ,d lekiu 

v/;k; 'kkfey gSA v/;k; 1 çklafxd lkfgR; dh leh{kk djus] LFkkfir ifj.kke 



,d= djus vkSj vko';d çkjafHkdrkvksa dks çLrqr djus ds fy, lefiZr gS tks 

ckn ds v/;k;ksa ds fy, ekSfyd ?kVdksa ds :i esa dke djrs gSaA v/;k; 2 esa] 

ge fcanq&okj jkT; ck/kkvksa ds lkFk forfjr v.Mkdkj b"Vre fu;a=.k leL;k 

ds fy, ,plhVh vkSj e‚ysZ ifjfer rRo fof/k;ksa dk v/;;u djrs gSaA bl 

v/;k; esa] ge ÅtkZ ekunaM esa ,d i'porhZ =qfV fo'ys"k.k djrs gSa vkSj 

çLrkfor i'porhZ =qfV vuqekud dh fo'oluh;rk vkSj n{krk ij ppkZ djrs 

gSaA v/;k; 3 esa] ge nwljs Øe fMfjp&ysV lhek fu;a=.k leL;k ds fy, ,d 

çkFkfedrk vkSj ,d i'porhZ =qfV vuqeku çkIr djus ds fy, fefJr ifjfer 

rRo fof/k dk fo'ys"k.k djrs gSaA fo'ys"k.k eq[; :i ls dbZ lgk;d leL;kvksa 

vkSj gsYegksYV~t vi?kVu ds mi;ksx ij fuHkZj djrk gSA v/;k; 4 nwljs Øe 

fMfjpysV lhek fu;a=.k leL;k ij ykxw vlarr xSyjfdu ¼Mhth½ fof/k;ksa ds 

,d fof'k"V oxZ ds fy, ,d çkFkfedrk vkSj ,d i'porhZ =qfV vuqeku dh 

O;qRifÙk çLrqr djrk gSA fo'ys"k.k esa ,d egRoiw.kZ dne esa ,d vyx ykxr 

dk;kZRed dk lko/kkuhiwoZd p;u 'kkfey gS tks fcfyfu;j Q‚eZ dh lefer 

laifÙk dk ykHk mBkrs gq,] fujarj ykxr dk;kZRed dk mfpr vuqeku yxkrk 

gSA ;g lko/kkuhiwoZd p;u fo'ys"k.k dh lVhdrk vkSj çHkko'khyrk lqfuf'pr 

djrk gSA v/;k; 5 esa] ge fu;a=.k ckf/kr fMfjpysV lhek fu;a=.k leL;k dh 

tkap esa mrjrs gSa] tks nwljs Øe ds v.Mkdkj vkaf'kd varj lehdj.k ¼ihMhbZ½ 

}kjk 'kkflr gksrh gSA ;g leL;k v/;k; 3 vkSj v/;k; 4 esa ppkZ dh xbZ 

leL;k ds foijhr gS] tgka 'kklh lehdj.k nwljs Øe dk v.Mkdkj ihMhbZ cuk 

gqvk gS] ysfdu fu;a=.k pj ij dksbZ ck/kk ugha yxkbZ xbZ gSA Mhth fof/k;ksa ds 

lefer oxZ dk fo'ys"k.k çkFkfed vkSj i'p =qfV vuqeku nksuksa çkIr djus ds 

fy, fd;k tkrk gSA v/;k; 6 esa] pkSFks Øe fMfjpysV lhek fu;a=.k leL;k ds 

fy, ,d çkFkfedrk vkSj ,d i'p =qfV fo'ys"k.k djus ds fy, lefer vkarfjd 

naM xSysjfdu ¼,lvkbZihth½ ifjfer rRo fof/k dk fo'ys"k.k fd;k x;k gSA tc 

naM ekinaMksa dks mi;qä :i ls pquk tkrk gS] rks laiw.kZ pkSFkk Øe ,lvkbZihth 

ifjfer rRo fof/k Dykfld lh0&vkarfjd naM fof/k esa Hkh de gks tkrh gSA 

lh0&vkarfjd naM fof/k ds fy, lacaf/kr =qfV vuqeku ¼çk;ksjh vkSj iksLVhfj;j 

nksuksa½ çkIr fd, tkrs gSaA v/;k; 2 ls v/;k; 6 rd çR;sd v/;k; ds var esa] 



muds lacaf/kr v/;k;ksa esa LFkkfir lS)kafrd fu"d"kksaZ dk O;kogkfjd fp=.k çnku 

djus ds fy, la[;kRed ifj.kke çnf'kZr fd, tkrs gSaA v/;k; 7 esa] ge iw.kZ 

fd, x, dk;Z dk lkjka'k çnku djrs gSa vkSj laHkkfor foLrkj dk lq>ko nsrs gSa 

vkSj çLrqr dk;Z ds fy, Hkfo"; dh fn'kk,a çLrkfor djrs gSaA 
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