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Abstract

We study the Farey graph and certain subgraphs of the Farey graph which are
referred to as generalized Farey graphs. In the literature, the generalized Farey
graphs are denoted by F, v where u, N € N with (u, N) = 1. We associate certain
continued fractions to these graphs when they are connected. In fact, Fj 9, F14, F34
are trees, and Fj; (which is the Farey graph), Fj3, F23 are connected but not
trees. We study continued fractions associated to Fj o and F; 3 which are not semi-
regular. Continued fractions associated to Fy3, F14 and F34 are almost same as
continued fractions of Fj 5 or Fj3, and continued fractions associated to JFi; are
semi-regular continued fractions. Association of continued fractions to a graph is
seen with the help of certain paths from infinity in the respective graph. We give a
geometric interpretation of partial numerators and denominators in each case and
formulate algorithms to find the F; 5 and an F; 3-continued fraction expansion of a
real number. Further, we study approximation properties of real numbers through

these continued fractions.

We introduce for every N € N a subgraph Fy of the Farey graph which has the
same set of vertices as F; y. We show that Fy is connected if and only if N is either
1 or a prime power. We extract continued fractions associated to JF, where p is a
prime and [ € N, and generalize certain results of continued fractions obtained from

Fi12 and Fi 3 to continued fractions defined by F,;.
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We designate certain paths from infinity in the Farey graph as “well-directed
paths”. We show that denominators of vertices of a well-directed path from infinity
forms an almost strictly increasing sequence and every semi-regular continued frac-
tion corresponds to a unique well-directed path in the Farey graph from infinity to
its value and conversely.

Regular continued fractions, even/odd continued fractions and backward con-
tinued fractions are types of semi-regular continued fractions which are studied ex-
tensively. It is well known that every real number has a unique (except for a few
rationals) regular continued fraction, even continued fraction, odd continued frac-
tion and backward continued fraction expansion. Motivated by these examples of
types of semi-regular continued fractions, we introduce several other types of semi-
regular continued fractions and study their existence and uniqueness for every real
number. In fact, for a sequence £ of signs (namely, +1) and a sequence A of parity
(namely, 0 and 1), we introduce £-sign continued fractions and A-parity continued
fractions. The above mentioned (well known) continued fractions are either £-sign
continued fractions or A-parity continued fractions. However, there are other types
of semi-regular continued fractions; for instance, nearest integer continued fractions
are neither £-sign continued fractions nor A-parity continued fractions.

We formulate an algorithm to convert a finite semi-regular continued fraction
into a regular (or an even or an odd) continued fraction without computing the
value of the given continued fraction and compare the complexity of this algorithm

with the direct method in each case.
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