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Abstract

Relativistic fluid and plasma flows are fundamental for understanding many astrophysical
applications, e.g., supernova, extragalactic jets, etc. Most of these phenomena have fluid or
plasma moving close to the speed of light. Hence, the relativistic effects need to be considered as
standard fluid or plasma models are not able to capture relativistic effects. For the applications
where electromagnetic fields are not important, only fluid parts are considered, and they are
often modeled via equations of relativistic hydrodynamics (RHD). The RHD equations are the
simplest relativistic fluid model, and they are a system of hyperbolic conservation laws with
nonlinear flux.

Due to the nonlinearity of the flux function, solutions develop discontinuities, even when
initial conditions are smooth. Hence, weak solutions need to be considered. However, weak
solutions are not unique, and a non-physical solution can also be a weak solution. To overcome
this, an additional criterion in the form of entropy condition is considered. In addition, the
entropy criteria provides a non-linear stability estimate for the solution. So, it is expected that
any numerical method should produce solutions that satisfy entropy condition.

The first contribution of the thesis is to design high-order finite-difference numerical schemes
for RHD equations, which are entropy stable. Due to the presence of the Lorentz factor, the
conversion from conservative to primitive variables is not straightforward. We need to solve
a nonlinear equation to achieve this conversion. For the entropy condition, we first present
the entropy inequality for the continuous model. To obtain semi-discrete numerical schemes
which satisfy entropy conditions at the discrete level, we first construct the entropy conserva-
tive schemes, followed by the entropy stable schemes using the higher-order entropy diffusion
operators. We establish fully discrete schemes using the high-order accurate Strong Stability
Preserving Runge Kutta (SSP-RK) time-stepping methods. We apply the proposed schemes

to several test cases in one and two dimensions to demonstrate the stability of the proposed



schemes.

In the second contribution of the thesis, we design high-order nodal Discontinuous Galerkin
(DG) methods, which are entropy stable. The schemes are based on the Summation By Parts
(SBP) property of the Gauss-Lobatto quadratures and the lagrangian nodal basis. Coupling
this with the entropy conservative numerical flux used for finite-difference schemes and entropy
stable Lax-Friedrich flux, we prove that the proposed schemes are entropy stable. We present
second, third, and fourth-order schemes, which are then tested on various test cases.

In several astrophysical applications, electric and magnetic fields need to be considered.
Often these are modeled via equations of relativistic magnetohydrodynamics (RMHD). However,
equations of RMHD are derived using several assumptions, which make them unsuitable for
some applications. For those applications, two-fluid relativistic plasma flow equations are more
suitable. In this work, we design entropy stable numerical schemes for the two-fluid relativistic
plasma flow model.

In the third contribution of the thesis, we propose high-order finite-difference entropy stable
schemes for the two-fluid relativistic plasma flow equations. This is achieved by exploiting
the structure of the equations, which consists of three independent flux components. The first
two components describe the ion and electron flows, which are modeled using the relativistic
hydrodynamics equation. The third component is Maxwell’s equations, which are linear systems.
The coupling of the ion and electron flows, and electromagnetic fields is via source terms only.
Furthermore, we also show that the source terms do not affect the entropy evolution. To design
semi-discrete entropy stable schemes, we extend the RHD entropy stable schemes to three
dimensions. This is then coupled with entropy stable discretization of the Maxwell’s equations.
Finally, we use SSP-RK schemes to discretize in time. We also propose ARK-IMEX schemes to
treat the stiff source terms. The resulting nonlinear set of algebraic equations is local (at each
discretization point). These equations are solved using the Newton’s method, which results
in an efficient method. The proposed schemes are then tested using various test problems to
demonstrate their stability, accuracy, and efficiency.

In the final contribution of this thesis, we design entropy stable Discontinuous Galerkin
schemes for two-fluid relativistic plasma flow equations. The proposed schemes are based on
the Gauss-Lobatto quadrature rule, which has summation by parts (SBP) property. We exploit
the structure of the equations having the flux with three independent parts, which are coupled
via stiff nonlinear source terms. We design an entropy stable DG scheme for each part. This

coupled with the fact that the source terms do not affect entropy, results in an entropy stable
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scheme for the complete system. The proposed schemes are then tested on a variety of test

problems to demonstrate their accuracy and stability.
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e G STUANT, SIY, YURAIaT, Yo iaiiaedh Sie, 311G hl THem o foly Trdet &g SR wireH T
g Hifeleh &1 378 O S1fAhIRT GeAT3N H ga T TITSHT UehIRT <hl T oh ehild deid & | 39fell, graefdrarct
YTl &t A &g & ®T J AT STHT 1Y AT WITSHT AiSel JTedrard) U9Tdl &t Uchsa & &TH =gl
&1 I ST o forg St fagld Trarehia & Ageaqul 8 8, shael gd W WR fa=R fohar S 8, ofk
35 SRR IUSdETE] gISSISATHG (TRUTS!) o THIGRUN o ATEAH ¥ dOR fhaT STTaT g1 IRUS!
THieRUT TEY TR TTIETATaTdY &d A &, 8fR & IR-IE varg & A1y sfAuRactiich TR&T0T AT
Uch YTt &

Tt theRTH 2hl TR-R&ehdT o hRoT, URfHe fRfda gare gia wR ot, gamem sidddr faefaa ed
&1 39U, SR GHTYT UR faaR o i 3radehdT &1 gTeifh, sk IaTe Sifgdta 78l 8, 3R Ueh
R-ifen THETYT +ft Uoh FHSTR THIUT 81 HehdT 81 39 G oheA & felg, gt A & &0 & gap sifaRed
AFES W fraR foRar Sirar 1 g9k S1etran, Yeerdt ATEs FHTY o foly Ueh TR-&eh R&=ar srgam e
ar &1 3afery, ag sraer &t ST § o fopeht oft Trearares fafd @ O e 3= &1 Sit geerdt Y fRAfY
! UE e &l
AT §, STt Trerdt fRR &1 AR R ht IUFRAY & RoT, Ffeard) & anfen =R & wuiaror Hier =81 g1
3 TUIAR0T Bl UT i o folT §H Tah TR-IGT THIhUT ohl 8 et ahl STTasTehal g | Tedt AT &
forq, g7 uget fARaR Aiegd & fAg grerdt srwTar Ugd aid 81 1d-3rdd TR aieHTe Ut e
& oy i 3read TR R gt & [N &t TqE el §, 59 Ugel Gt Seard) arsrradt & Rmfor
P 8, 3Th d1g ITd-ohH YUl TR SiTURe=T T ITTNT ehch YTt fRR Fistnait ot fAmfor s €1 g3
g1s-3iTeR §dieh i1 RfAfdt forsfer w1 pgr (qugadt-ameh) ergn-wfthT fafdrat o Suaht e gl
IE T YA TG WA &hid &1 8H UIATAd AIST13T chl fRIRAT bl Ueffd et & fog Tah ofik &
STRATHT H hg ULHeTOT ATH § URATfdd ASTTeii ohl AN &hed &1

AT & IR ANTeH H, §9 I=T-hH AISd fEaehfe=gerd feikfcr (Sish) fafert i fesmga axd €, St
G2l fRR &1 IS Mig-adtdet Igst 3R Ao Aigd suR 6 ghE a1 urdy (Taedt) dufi ©R
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3meRd &1 58 uRMT-siar gisrrai ik Tt fRR da-thsfRe arg & forg I fahy S aret geerdt
SEATE! T=ATHS UaTg o 1Y SR, §H HTfeld dhed ¢ foh URATad AreHTg rgrdt fR 81 87 gE, e
3R < o ol FISHTY URGd o 8, Foieent ateror fafera aderor A« w fomar Sirar g1

g EiANaehr SIua 4, gl ofk dadhia & W foaR & &t sirasgendar gidt 81 SRR 34
QoA AACIgEgI ST (TRUATTS!) & THIGRUN o ATeH & dUR fohar STTaT g1 gTdiich, 3R
TH 37e St o GHIhRUT ehs A3 ol IUTNT chech UTed foh ST &, St 328 e Uil o fory Sruger
I g1 I IUANT & g, Sl-ga ATderdrardl wireAT uarg THieRur 3ifde Iuge &1 39 & H, gH
gl-gg QroearaTd! WITSHT UaTg Aisd & fog et fRR Terais IieHTe R &-d &

NfAT & TR FleE 8, g9 gl-ael JrIedrard &iTSHT UaTg IHeRuN & folt I=a-spH uRfAa-aiaR
Ut R TIT13MT T URATd ed & | T8 THIhOT chl WA ol IUTNT hech UTd fohaT SiraT &, foras
I A U4Tg 9¢eh 8id &1 Ugdl &l gedh 31a- 3R Felaei- UdTg ol gui- hed 8, Sit foh Araerarardt
SISSISIATHET THIGRUT el SUTNT hech ITY 7T & | dIERT Uceh Aaael ch THIRUT &, SIT deh HOTTet!
&1 3R 3R ST UaTg oh1 i, 3R fagfa Jrarchia & Sharet Al <l o ATeH 9 gial 81 39k 3relral,
g9 gg +ff lRara € o Fia <rea grerd farerrer ot gertfad 78t o €1 aref-sraa gerdt R aterrait ot
feSgT wat & oy, g9 oRu=E) et fRR gismrelt &t fiF sl 9 Tga €1 39 9% Aaadd &
gHiieruT & Trerdl fRR fddhiarur & qry ST STrar g1 9id H, &9 999 )R f3de & forw gauadi-sme
TISTATST T IYANT hd &1 BH ok Al Ad] T SATST he o [T RB-3HFT Frorrait T off vdra
A &1 dichg grfieeon o1 aRomdt srfRes Twaa @ giar § (v e fig W) | 37 gvfieon
! e <l fAfer T IUTNT ehech g foha STdT 8, foieh uRumARa®y Uah Feret fafd ure gidt 81 varfaa
TYSTATST T TRYeTuT I9chT fRARGT, TiehdT 3R g&rdT Uefid eea & forg fafda uieror gunan ot IuahT
hech fohaT STTaT 81

59 89 & sifaw ahrer 7, g7 a-avel ATaeTdTard! Wit Harg SHieheun o forg gt f@R sreidd
FeRfch gioTei ot 358 e €| URdTfad aisiHTe Tiig-alidel garger o oR sarid g, i s
(Tgdidt) duf o1 T 81 89 J9 Wdd YT o 1Y GAdT dTel GHIRUT hl GRTAT ol Thidal 331 g,
S HhER R-IET Fid & & ATHH T JiAd gid 81 8F Udeh W1 & ol Tep Tgrdt R st Ao
JIR 3 81 Tg 39 a2 & 91 g g foh Al 2reg Grgrdt ont urfad =18 e €, fSiaeh afRommeassy
Tyut guTrett & forg Tes gt fRAR Ao gt &1 e aistmai a1 uieror I9ht Gdtehdr iR fR=ar
&l Ufd & & forg fafer usieror guamsit wR forar Smar &1
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