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Abstract

In this thesis, we study the existence, non-existence and multiplicity of positive

solutions of elliptic equations and non-local elliptic equations with sign-changing

nonlinearities. In the first chapter we give the brief survey and preliminary results

used in subsequent chapters.

In the second chapter, we study the existence and multiplicity of solutions of the

singular n-Laplace equation:

(Pλ)
{

−∆nu+ V (x)|u|n−2u = u|u|p
|x|β e|u|

n
n−1

+ λh(x)uq, u > 0 in Rn,

where n ≥ 2, 0 < q < n − 1 < p + 1, β ∈ [0, n), λ > 0, and h ≥ 0 in Rn. Using

the nature of the Nehari manifold and fibering maps associated with the Euler

functional, we prove that there exists λ0 such that for λ ∈ (0, λ0), the problem

admits at least two positive solutions. We also show that when h(x) > 0, there

exists λ0 such that (Pλ) has no solution for λ > λ0.

In the third chapter, we study the following n-Laplace equation:

(Pλ,V,h)
{

−∆nu+ V (x)|u|n−2u = λh(x)|u|q−1u+ u|u|p e|u|β in Ω, u = 0 on ∂Ω,

where Ω is a bounded domain in Rn, n ≥ 2, 0 < q < n − 1 < p + 1, β ∈
(
1, n

n−1

]
and λ > 0. By minimization on the suitable subset of the Nehari manifold using the

fiber maps, we find conditions on V , h that yields the existence and multiplicity of

non-negative solutions when V , h are sign-changing and unbounded functions.
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In the fourth chapter, we extend the results of the previous chapter to the quasi

polyharmonic operators. We consider the following equation:

∆m
n
m
u = λh(x)|u|q−1u+ u|u|p e|u|β in Ω, u = ∇u = · · · = ∇m−1u = 0 on ∂Ω,

where Ω is a bounded domain with smooth boundary in Rn, n ≥ 2m ≥ 2, 0 <

q < n
m
− 1 < p + 1, β ∈

(
1, n

n−m

]
, λ > 0 and h is sign-changing and unbounded

function. Using the Nehari manifold and fibering maps, we show the existence and

multiplicity of solutions. In this chapter, we also study the existence result for the

problem with superlinear type nonlinearity.

In the fifth chapter, we study the following n−Kirchhoff equation

(M) m

(∫
Ω

|∇u|ndx
)
∆nu = f(x, u) in Ω, u = 0 on ∂Ω,

where Ω is a bounded domain with smooth boundary in Rn, m : R+ −→ R+ is a

continuous function. Later we also study the existence of multiple solutions of the

kirchhoff equation involving n−Laplacian with exponential nonlinearity and sign-

changing weight function by Nehari manifold and fibering map analysis.

In the sixth chapter, we study the Fučik spectrum of non-local operator which is

defined as the set of all (a, b) ∈ R2 such that

−2

∫
Rn

|u(y)− u(x)|p−2(u(y)− u(x))

|x− y|n+pα
dy = a(u+)p−1 − b(u−)p−1 in Ω, u = 0 in Rn \ Ω,

has a non-trivial solution u, where Ω is a bounded domain in Rn with Lipschitz

boundary, n > pα, α ∈ (0, 1) and p ≥ 2. The existence of a first non-trivial curve C
of this spectrum, some properties of this curve C, e.g. Lipschitz continuous, strictly
decreasing and asymptotic behavior are studied. At the end, we also study a non-

resonance problem with respect to the Fučik spectrum.

In seventh chapter, we study the existence and multiplicity of non-negative solutions

of non-local equation with convex-concave nonlinearity fλ(x, u) = λh(x)|u|q−1u +

b(x)|u|r−1u, where Ω is a bounded domain in Rn, n > pα, α ∈ (0, 1), 0 < q ≤ p−1 <
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r < np
n−pα

− 1, λ > 0 and h, b are sign-changing bounded functions. First we study

the case q < p− 1 and show existence and multiplicity of solutions by minimization

on the suitable subset of Nehari manifold using the fibering maps. We find that

there exists λ0 such that for λ ∈ (0, λ0), it has at least two non-negative solutions.

Next we study the case q = p− 1 and h(x) = 1.
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