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Abstract

Modified continuum theories are needed to capture the size effects at micro/nano
scale which are not accounted for by the classical theories in the absence of any internal
length scale parameter. It is concluded from the literature review that the second-order
strain gradient theories include only one nonlocal parameter and are capable of
representing consistent nonlocal effect for different loading/boundary conditions.
Analytical solutions for nonlocal beams/plates with different boundary conditions
incorporating the strain gradient effect are not available in the literature. Further, there is
a need to develop computationally efficient finite element formulations for the analyses
of strain gradient nanobeams and nanoplates. The present work deals with the
investigation of the static, stability and dynamic characteristics of nanobeams and
nanoplates undergoing infinitesimal/finite deformation using the second-order strain

gradient nonlocal theories.

The governing equations and the corresponding boundary conditions are derived
for linear elastic isotropic Euler-Bernoulli beam with second-order positive and negative
strain gradients based on Hamilton’s principle. The variational statement with C!
continuity requirement leads to unsymmetric nonlocal terms whereas the symmetrisation
of the nonlocal terms leads to C? continuity requirement with additional boundary
conditions. Analytical solutions for static bending, buckling and free vibration analyses
are also derived to validate the finite element models. Results from the C? continuous
model are found to be in excellent agreement with those from the analytical study. The
second-order strain gradient model with negative nonlocal coefficient predicts physically

meaningful results matching with the experimental investigations.



The governing equation and the corresponding classical/non-classical boundary
conditions are derived for linear elastic isotropic Kirchhoff plate with second-order
negative strain gradient term based on Hamilton’s principle. Levy’s analytical solution
approach is extended for the analysis of static bending of rectangular strain gradient
plates with different boundary conditions at the edges using the method of superposition.
The weak form of the governing equation of motion requires C? continuity of transverse
displacement. In the present work, a new computationally efficient 4-noded
nonconforming rectangular finite element formulation with 6 degrees of freedom per
node is presented. From static bending, buckling and free vibration analyses, this element
is found to be computationally more efficient with better accuracy and convergence rate

than the 4-noded C2 continuous conforming element with 9 degrees of freedom per node.

The governing equation and the corresponding classical/non-classical boundary
conditions are derived for geometrically nonlinear elastic isotropic Kirchhoff plate with
second-order negative strain gradient term based on the principle of virtual work. The
weak form requires C! continuity of the in-plane displacements and C? continuity of the
transverse displacement. In the present work, a new computationally efficient 4-noded
subparametric nonconforming finite element of arbitrary quadrilateral shape with 12
degrees of freedom per node is presented. The performance of the developed finite
element is investigated for static bending of rectangular nanoplates involving five

different combinations of clamped, simply supported and free edge boundary conditions.

From the detailed investigation, the effects of the positive and negative strain
gradient terms are found to be of softening and hardening nature, respectively. Structures
with geometry comparable to the microstructural length scale show significant size effect

and this size dependency diminishes with the increase in the size of the structure.

Vi
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Normal strain and shear strain specified at y =+b/2

Boundary surrounding the structure

Dilatation gradient vector

Deviatoric stretch gradient tensor
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Bending curvature

Lamé constants

Poisson’s ratio

Slope, axial strain and curvature specified at the boundaries

Slope about y-axis and curvature along x-axis specified at the
boundaries x =+a/2

Slope about x-axis and curvature along y-axis specified at the
boundaries y =+b/2

Mass density

Nonlocal stress tensor

Normal stresses in x and y directions and in-plane shear stress

Fundamental natural frequency
Nondimensional fundamental natural frequency

Natural frequency of the m™ mode
Nondimensional natural frequency of the m" mode

Surface area occupied by the structure
Natural coordinates
Compression ratio

Laplacian operator

Abbreviations/Acronyms

AFM
AIREBO
CcC
CCCC
CF

CNT

CS
DLGS
DWCNT

Atomic Force Microscopy

Adaptive Intermolecular Reactive Empirical Bond Order
Clamped-clamped

All edges clamped

Clamped-free/Cantilever

Carbon nanotube

Clamped-simply supported/Propped cantilever
Double-layered graphene sheet

Double-walled carbon nanotube
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FDM : Finite Difference Method

FE1 : Finite Element Formulation with C! Continuity

FE2 : Finite Element Formulation with C? Continuity

FEM : Finite Element Method

MCST : Modified couple stress theory

MD : Molecular dynamics

MEMS : Micro-electro-mechanical systems

MLGS : Multi-layered graphene sheet

MSGT : Modified strain gradient theory

MWCNT : Multi-walled carbon nanotube

NEMS : Nano-electro-mechanical systems

SCSC : One pair of non-adjacent edges simply supported and the
other pair clamped

SCSF : One pair of non-adjacent edges simply supported while the
third edge clamped and the fourth edge free

SFSF : One pair of non-adjacent edges simply supported and the
other pair free

SLGS : Single-layered graphene sheet

SS : Both ends simply supported

SSSS : All edges simply supported

SWCNT : Single-walled carbon nanotube

uDL : Uniformly distributed load
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