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ABSTRACT 

A rectangular structural steel plate with a sharp crack 

has been selected to develop a two dimensional finite element 

model to obtain numerical results of displacements and stresses 

around the crack tip for linear elastic as well as elastic-

plastic situation of loadings. Crack tip as well as cubic 

isoparametric elements are used throughout the analysis of 

elastic and elastic-plastic conditions. The spread of the 

plastic zone is shown to present the elastic-plastic boundaries 

for various load levels around the crack tip. Convergence 

tests are carried out to check the accuracy of the finite 

element model.  The results of the convergence tests are 

compared with the theoretical Westergaard solution. Mouth 

Opening Displacements (MOD) are obtained experimentally under 

uniaxial stepped loadings for the same specimen size which is 

used in two and three dimensional finite element analysis. 

A three dimensional finite element is developed to 

study the influence of residual stress on stress field of a 

single edge cracked plate subjected to an applied nominal 

stress of known magnitude. The nature and magnitude of resi-

dual stresses superposed on the applied nominal stress are 

idealized to present the residual stress state induced by the 

grinding process. The magnitudes of all the six components 

of stresses are estimated in presence of residual stress field 

near and away from the crack front. The variation of stresses 

around the crack front with the thickness of the cracked plate 

for different loading conditions is presented in the thesis. 

It is found that the stress state around the crack front 

subjected to tensile loading is influenced by the presence of 

residual stress field. 



11 

ACKNOWLEDGEMENTS 

The entire process of researching for this thesis has 

proved to be a many facet voyage for me. I could never have 

completed this doctoral work without the tremendous help and 

assistance which came to me from ever so many quarters. 

Above all, I must express my indebtedness to Professor 

A. Mishra my guide and supervisor whose large-heartedness and 

unstinting, meticulous guidence at every conceivable stage 

leaves me with a deep sense of gratitude. 

I am grateful to Dr. R.K. Pandey for his many sugges-

tions and discussions I was able to conduct with him in the 

design of experimental work. 

Professor B.L. Juneja and Professor V.R. Raghvan were 

also very helpful and I owe them my thankfulness for their 

constant affectionate encouragement. 

This work was, of course initially possible because of 

the opportunity given to me for leave of absence from my 

college and the financial assistance provided by the Government 

of Madhya Pradesh and the Government of India under the QIP. 

I would particularly like to acknowledge my debt to Dr. B.L. 

Mehrotra, Principal, Maulana Azad College of Technology, 

Bhopal, for his encouragement all along. 

It is not possible for me to individually thank ever 

so many friends and colleagues whose encouragement and warmth 

of heart enabled me to ultimately complete this work.  I 

do, however, want them to know that I am deeply grateful to 

all of them. 

I owe a word of special thanks to Shri V.P. Gulati who 

typed this thesis untiringly with exceptional deligence. 

Shri B.B. Arora and N.C. Saraswat also were of much help to 

me with the drawings. 

6A kot; 
Oct'87  (Geeta Agnihotri) 



TABLE OF CONTENTS 

Page 

ABSTRACT 

ACKNOWLEDGEMENTS  ii 

LIST OF SYMBOLS  viii 

CHAPTER-1 

CHAPTER-2 

INTRODUCTION 

LITERATURE REVIEW  . I 

1 

7 

2.1  INTRODUCTION • • 7 

2.2  REVIEW OF TWO  DIMENSIONAL 
CRACK ANALYSIS • • 8 

2.3  SOME  COMMENTS ON CRACK 
OPENING  DISPLACEMENT • • 21 

2.4  REVIEW OF THREE  DIMENSIONAL 
CRACK ANALYSIS • • 23 

2.5  IMPORTANT REVIEW ON RESIDUAL 
STRESSES 28 

CHAPTER-3 FINITE ELEMENT MODEL FOR CRACK 
ANALYSIS OF ELASTIC-PLASTIC 
MATERIAL 33 

3.1  INTRODUCTION 33 

3.2  FINITE  ELEMENT APPLICATION 
TO CRACK PROBLEM 36 

3.3  ISOPARAMETRIC  FINITE  ELEMENT 
REPRESENTATION • • 40 

3.4  PARTIAL STIFFNESS APPROACH 44 

3.5  ELASTIC-PLASTIC ANALYSIS • • 45 

3.6  TWO  DIMENSIONAL  FINITE 
ELEMENT MODEL • • 46 



iv 

3.7 

3.6.1 Crack Tip Singularity 
Modelling 

3.6.2 Displacement Extra-
polation 

3.6.3 Stress Intensity 
Factor (KO 

FINITE ELEMENT PROGRAM FOR 
CRACK ANALYSIS 

Page 

..  48 

• 52 

• 53 

..  55 

3.7.1 Development of 12-Node 
Cubic Isoparametric 
element  ..  56 

3.7.2 Test Problem for Cubic 
Isoparametric Singular 
Element  • •  59 

3.7.3 Convergence Test  ..  60 

3.7.3.1 Results of 
convergence 
test  ..  65 

3.7.4 Mouth Opening Dis-
placement (MOD) Analysis 
of a Single Edge; Cracked 
Plate 
 

79 

CHAPTER-4  THREE DIMENSIONAL STRESS ANALYSIS 
OF A CRACKED PLATE IN THE PRESENCE 
OF RESIDUAL STRESS FIELD  81 

4.1  INTRODUCTION  81 

4.2  FINITE ELEMENT MODEL  84 

4.2.1 Strain Displacement 
Relationship  84 

4.2.2 The Shape Function and 
Strain Nodal Displace- 
ment Matrices  86 

4.2.3 The Constitutive 
Relationship  

•  

87 

4.2.4 Linear Elastic Crack 
Analysis by FEM  89 



V 

Page 

 

4.3  CHOICE OF ELEMENTS AND SHAPE 
FUNCTIONS  • •  90 

4.3.1  Solid Elements  • •  90 

4.3.2 Isoparametric Repre-
sentation of brick 
element  • •  91 

4.3.3 Numerical Integration 
of Brick Element  ..  98 

4.3.4 Singularity in Brick 
Element  • •  99 

 

4.4  PROBLEM DESCRIPTION AND 
THEORETICAL CONSIDERATIONS  • •  100 

 

4.5  DEVELOPMENT OF FINITE ELEMENT 
PROGRAM FOR THREE DIMENSIONAL 
CRACK ANALYSIS IN PRESENCE OF 
RESIDUAL STRESS FIELD  105 

4.5.1 Test Problem  ..  105 

4.5.2 Test Problem With Crack ..  106 

4.5.3 Stress State of a Single 
Edge Cracked Plate in 
the Absence of Residual 
Stress Field 
 

108 

4.5.4 Stress State of a Single 
Edge Cracked Plate in the 
Presence of Residual 
Stress Field  ..  111 

CHAPTER-5 EXPERIMENTAL DETERMINATION OF MOUTH 
OPENING DISPLACEMENT 

 

5.1  INTRODUCTION 

 

5.2  MATERIAL 

 

5.3  TESILE AND HARDNESS TESTS 

5.3.1 Specimen Preparation 

5.3.2 Tensile Testing 

5.3.3 Hardness Measurement 

• • 

• • 

115 

115 

116 

116 

116 

116 

117 



vi 

Page 

5.4  FRACTURE MECHANICS TEST  117 

5.4.1 Specimen Preparation  ••  117 

5.4.2 Measurement of Specimen 
Size  ..  119 

5.4.3  Clip Gauge  • •  120 

5.4.4 Calibration of Clip 
Gauge  • •  120 

5.4.5 Test Procedure for MOD 
Measurement  • •  123 

CHAPTER-6  RESULTS AND DISCUSSIONS  126 

6.1  TWO DIMENSIONAL DISPLACEMENT 
AND STRESS STATE AROUND THE 
CRACK TIP FOR PLANE-STRAIN 
CONDITION  126 

6.1.1 Small Scale Yield 
Near the Crack Tip  • •  127 

6.1.2 Finite Element for 
Elastic-Plastic 
Analysis of Stress 
State and Spread of 
Plastic Zone  • •  139 

6.1.2.1 Stress dis- 
tribution at 
various load 
levels  ..  140 

6.1.2.2 Finite element 
analysis of 
plastic zone 
 

145 

6.1.3 Numerical Values of K1  .  148 

6.1.4 Comparison of Mouth 
Opening Displacement 
(MOD) Obtained by FEM 

 

and Experimental Method ..  151 



6.2  THREE  DIMENSIONAL ANALYSIS OF A 
CRACKED  PLATE  IN PRESENCE OF 

vii 

Page 

RESIDUAL  STRESS  FIELD •• 
153 

6.2.1 Stress  State of  Elements 
1  and  5  in  Presence  of 
Residual  Stress  for 
Stepped  Loading •• 

154 

6.2.2 Stress  State  of  Elements 
2  and 6  in  Presence  of 
Residual  Stress  for 
Stepped  Loading • • 

170 

6.2.3 Stress  State of  Elements 
3 and 7  in Presence of 
Residual  Stress  for 
Stepped  Loading • • 

174 

6.2.4 Stress  State of  Elements 
4 and 8  in  Presence  of 
residual  Stress  for 
Stepped  Loading • • 

201 

CHAPTER-7 CONCLUSIONS II 209 

REFERENCES ,.  ,. ..  .. .. 213 

APPENDIX Al ..  i  i .  .  III II  
225 

APPENDIX A2 .,  . IS 	 IS 
230 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10

