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Abstract 

In this thesis we examin the concept of algebraic nondeterminism, by which vire 

mean the introduction of the Kleisli category via a monad (T, q, ti). This semantlic 

edge to the old concept of a monad was provided by E. G. Manes in the late sev-

enties. In the nineties E. Moggi read into monads basic constructions of computler 

science and the happy double semantics has led to vigorous developments. We 

concentrate on nondeterminism in sets, taking Zadeh fuzzy sets as the prototype 

and in machines, with transition systems as the basic model. 

With this in mind, we construct two conceptual economy tools, the category ata 

and the Lawvere metric spaces. 

The category Qua is capable of modelling both fuzzy sets and transition systen,s. 

We show that the category of L-fuzzy sets [Gog67], category Re1L [Bar96], the 

category ML(C) (for the case C = Set) [dP89], the category PN [B1a95] and tine 

category of games, Gamex  [LS91] are special cases of the category Qua. The category 

of transition systems and simulations [WN93] is also a special case of Qua. 

We construct an algebraic theory in Qua. 

We further construct a generalization of the category Qua. This particularizes to a 

category of "poset-valued sets" which is a generic technique for building models 

of linear logic [SdPO4]. 

We read a transition system as "a generalized metric space". This forces us to 



develop a theory of "Lawvere metric spaces" from the beginning, obtained by 

distilling the logic of the closed interval [0, co] ( or [0, 1] ) into a structure we have 

named Q. 

In both Qua and Q, only the commutative fuzzy conjunctions have been considered. 

We also provide a general framework for noncommutative fuzzy conjunctions. 

We examin in some detail the "totally fuzzy sets", better known as "Q-sets" where 

S2 is a complete Heyting algebra, and provide a comparison with our Lawvere 

metric spaces. 

In addition, definitions and points of view on nondeterministic set theory and 

machine theory that we have come across have been examined and provided 

different semantic edges with generalizations. For example, we introduce the 

concept of a transition system as a certain monoid morphism and also a certain 

kind of F-model where F is an endofunctor on Set. 

These attempts cover most of the known instances of "fuzzy (finite state) ma-

chines", "the coalgebraic approach to transition systems", "metric bisimulations" 

and others. 

Thus we have provided unification paradigms in algebraic nondeterminism for 

sets and machines based mostly on algebraic theories with a view to cover the 

current practice in fuzzy logic, linear logic and transition systems. 

We close with some problems stemming from this dissertation in particular or 

the philosophy used in general; these include an investigation of the 2-categorical 

structure of Qua, the membership issue in fuzzy set theory, noncommutative Law-

vere metric spaces and some others. 

viii 



Contents 

Acknowledgments 

Abstract 

List of Symbols 	 xtvi 

Chapter 1 Introduction 	 1 

1.1 This thesis: the general outline  	2 

1.2 This thesis: chapter details and contributions  	3 

Part I: Algebraic Nondeterminism for Sets 	 113 

Chapter 2 What is a fuzzy set? 	 15 

2.1 Fuzzy sets classically  	15 

2.1.1 Type-1 fuzzy Sets 	  15 

2.1.2 Type 2 fuzzy sets 	  18 

2.1.3 Level-2 fuzzy sets 	  20 

2.2 A different perspective: Fuzzy sets as functors 	  21 

ix 



CONTENTS 

2.3 Categories of fuzzy sets 	  22 

2.4 Summary 	  23 

Chapter 3 Algebraic theories 	 25 

3.1 The three forms 	  26 

3.2 Matrix theories 	  32 

3.2.1 Fuzzy set theory as linear algebra 	  34 

3.3 Double power set theory 	  36 

3.3.1 Double Hom set theory 	  38 

3.3.2 Fuzzy set theory as monads 	  40 

3.4 Possibilistic poset theory 	  41 

3.5 Algebraic theory of monoid-labelled 1K-relations 	  44 

3.5.1 Algebraic theory of monoid-labelled crisp morphisms 	47 

3.5.2 Algebraic theory of 1K-valued relations 	  49 

3.6 More examples 	  51 

3.6.1 Theory of 'Computations with side effects' 	  51 

3.6.2 The squaring theory 	  53 

3.6.3 The I-tuples theory 	  54 

3.7 Composition of algebraic theories 	  58 

3.8 Summary 	  66 

Chapter 4 Fuzzy sets as Q-sets: "Totally fuzzy sets" 	 69 

4.1 Total fuzziness through a-cuts 	  71 



CONTENTS 

4.2 The object of truth-values 	  

4.3 The allegory Q-rel 	  74 

4.3.1 The objects: 0-sets  	74 

4.3.2 The morphisms: 0-relations 	  77 

4.3.3 The order 	  83 

4.3.4 The meet 	  83 

4.3.5 The converse 	  84 

4.3.6 The modular law 	  85 

4.4 Special 0-relations 	  86 

4.4.1 Special Q-endorelations 	  88 

4.5 0-functions     89 

4.5.1 Crisp 0-functions 	  91 

4.6 The unit 	  97 

4.7 Finite products 	  98 

4.8 0-subsets 	  103 

4.9 The power object 	  106 

4.9.1 The membership relation 	  107 

4.10 Algebraic theory of 0-sets 	  109 

4.11 Summary 	  110 

Chapter 5 The Chu option: a category Qua 	 111 

5.1 The lattice structure, L 	  112 

5.2 The category Qua 	  113 

xi 



CONTENTS 

5.2.1 Crisp morphisms 	  118 

5.2.2 Function-induced morphisms 	  120 

5.2.3 Additives in Qua 	  120 

5.2.4 Multiplicatives in Qua 	  121 

5.3 Instances of Qua 	  123 

5.3.1 Dialectica categories, de Paiva 	  123 

5.3.2 Category of relational K-Games 	  125 

5.3.3 A category in Game Theory / Chu Spaces, Lafont 	 126 

5.3.4 The category of L-fuzzy sets and L-fuzzy relations, Barr 	127 

5.3.5 The category of L fuzzy sets and functions, Goguen 	 128 

5.3.6 	category, Blass 	  129 

5.4 An algebraic theory in Qua 	  130 

5.5 The category gen-Qua: a generalisation for Qua 	  136 

5.5.1 Relevance of gen-Qua 	  138 

5.6 General structure of L 	  139 

5.7 Summary 	  141 

Part II: Algebraic Nondeterminism for Machines 	 143 

Chapter 6 What is a transition system? 	 145 

6.1 Labelled transition systems 	  145 

6.2 Transition systems: generalizations 	  147 

6.2.1 Using monads 	  147 

xii 

A 



CONTENTS 

6.2.2 Coalgebras in Set 	  148 

6.2.3 Fuzzy transition systems as monoid morphisms 	 150 

6.2.4 Coalgebras in Kleisli category SetT 	  153 

6.2.5 Dialgebras in Set 	  154 

6.2.6 Algebras in the Kleisli category SetT 	  155 

6.3 Bisimulation 	  155 

6.3.1 Coalgebraic approach 	  156 

6.3.2 A new perspective: F-model approach 	  157 

6.3.3 Fuzzy bisimulation 	  162 

6.3.4 Dialgebraic definition 	  167 

6.4 Transition systems and Endoharpoons 	  168 

	

6.4.1 Labelled {0, 1}-relations; Transition Systems 	  170 

6.5 Summary 	  173 

	

Chapter 7 Lawvere metric spaces and transition systems 	 175 

7.1 Lawvere's idea 	  177 

7.2 A structure on [0, co] 	  179 

7.3 A structure on [0, 1] 	  181 

7.4 Generalizing the generalized metric spaces 	  184 

7.5 The category £met 	  188 

7.6 The hom 	  190 

7.7 The tensor 	  190 

7.8 The product 	  192 

xiii 



CONTENTS 

7.9 gMT, a monad in £met 	  194 

7.9.1 Comparison with 0-sets 	  200 

7.10 Q-valued metric bisimulations 	  202 

7.11 Fuzzy logic in Q 	  206 

7.12 Summary 	  207 

Chapter 8 Non-commutative fuzzy logic 	 209 

8.1 Introductory 	  211 

8.2 Residuated double magmas 	  213 

8.2.1 Unital residuated double magmas 	  215 

8.2.2 Topped residuated double magmas 	  216 

8.2.3 Integral residuated double magmas 	  217 

8.3 Residuated double magmas with reflection 	  218 

8.4 The opposite of L 	  220 

8.4.1 The conjunctive and disjunctive versions of L 	 222 

8.5 Residuated double semigroups 	  225 

8.5.1 Reflectors 	  226 

8.6 Transitivity and consequences 	  227 

8.7 Residuated Semigroups 	  227 

8.8 Residuated monoids 	  229 

8.8.1 Integral residuated monoids 	  231 

8.8.2 Example: weak pseudo-Wajsberg algebras 	  231 

8.8.3 Example: Quantales 	  233 

xiv 



CONTENTS 

8.9 Commutative residuated monoids 	  234 

8.9.1 The operation n 	  236 

8.9.2 Classical negation 	  239 

8.9.3 Shifted tensor and shifted par 	  241 

8.9.4 Shifted tensor: an example 	  243 

8.9.5 Examples; structures on [0,001 and [0, 1] 	  246 

8.10 Summary 	  250 

Part III: Fuzzy sets (1 Transition systems = ? 	 251 

Chapter 9 Qua as an answer 	 253 

9.1 Fuzzy sets and Qua 	  254 

9.2 Transition systems and Qua 	  254 

9.3 Summary 	  260 

Chapter 10 Conclusion and future work 	 261 

10.1 The 2-categorical structure of Qua 	  262 

10.1.1 2-categories 	  263 

10.1.2 Qua as a 2-category 	  266 

10.1.3 A significant trivialisation: L-relations 	  269 

10.2 The membership issue 	  271 

10.3 Some other directions 	  273 

Bibliography 	 274 

xv 



CONTENTS 

Appendix A 	 283 

A.1 Semiring 	  283 

A.2 Heyting Algebra and Quantale 	  284 

A.3 Category and allegory 	  286 

A.4 Topos 	  289 

Vita 	 292 

xvi 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15

