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Abstract

The systems of hyperbolic balance laws arise in several areas, especially in Computa-

tional Fluid Dynamics (CFD) and plasma flows. Often the flux functions are nonlinear,

which results in the nonexistence of classical solutions. So, a weak formulation of the

systems is considered. However, the set of weak solutions contain more than one so-

lution. Therefore, an additional criterion in the form of entropy inequality is imposed.

More recently, it has been shown that even the entropy solutions are non-unique. So, in

general, there is no well-posed result for the systems of hyperbolic conservation laws. Due

to lack of theory for the continuous problem, designing of stable numerical algorithms

for the systems of hyperbolic balance laws is highly non-trivial. In particular, two stabil-

ity criteria are studied for a numerical method for hyperbolic PDEs, namely, positivity

preservation (domain invariant) and entropy stability.

In this thesis, we design higher-order numerical schemes for systems of hyperbolic bal-

ance laws, which are positivity preserving. This is indeed desirable. Otherwise, we might

lose the hyperbolicity of the system, and the solution produced by the numerical scheme

will have no physical meaning. In particular, we aim to design positivity preserving finite

volume and Discontinuous Galerkin (DG) methods for hyperbolic balance laws arising in

some fluid and plasma flows.

First, we consider the Ten-Moment Gaussian closure hyperbolic system in two di-

mensions, which is used to model fluid flow. In contrast to Euler equations, the deriva-

tion of these equations does not assume local thermodynamic equilibrium, which allows

anisotropic effects in the flow. This results in a tensorial description of pressure. So, to

ensure positivity, we need to preserve positivity of symmetric pressure tensor. We design
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a second order MUSCL type finite volume scheme which ensures this. This is achieved

by combining a positivity preserving HLLC flux with appropriate linear reconstruction

procedure. Furthermore, we extend these results to a Ten-Moment based model with

source terms. The model is used in plasma flows to model matter laser interaction. The

resulting numerical scheme is shown to more robust than the standard algorithms.

The Ten-Moment model with source terms also produces nontrivial stationary solu-

tions (hydrostatic solutions) at steady state. A standard finite volume scheme does not

preserve the hydrostatic solutions. So, we design a well-balanced second order finite vol-

ume scheme for the model. The scheme is well-balanced for general equation of state,

provided the hydrostatic solution can be written as a function of space variables. The

well-balanced property is achieved by a combination of hydrostatic reconstruction with

contact preserving numerical flux and appropriate source discretization. The resulting

scheme is shown to be far more accurate for the solutions close to steady states.

For the plasma flow model, we consider a Two-Fluid plasma flow balance law, where

Ten-Moment equations model fluid components. The positivity preservation of density

and 3×3 symmetric pressure tensor are key difficulties. We develop a positivity-preserving

second-order finite volume scheme for the model. This is achieved by designing an HLLC

solver for three-dimensional Ten-Moment equations, which is proven to be positivity

preserving. To achieve second-order accuracy, we derive appropriate conditions on the

slope of reconstruction. Furthermore, source terms are treated using both explicit and

implicit discretizations.

In the second part of the thesis, we consider discontinuous Galerkin methods. First,

we construct a positivity-preserving, arbitrary high-order discontinuous Galerkin scheme

for Ten-Moment Gaussian closure equations with source term. The positivity of density

and pressure tensor is achieved by designing a positivity limiters. This results in solving

a cubic polynomial. The scheme is then shown to be more robust for the solutions close

to vacuum states.

In the last part of this thesis, we consider the Two-Fluid plasma flow equations. Here,

the flow of ions and electrons is modeled by Euler equations. This is then coupled with

Maxwell’s equations for electromagnetic quantities via stiff source term. We construct a

second-order positivity-preserving nodal discontinuous Galerkin scheme for this model.
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The positivity of Two-Fluid equations without source term is achieved by the positivity

limiters. The source is then discretized implicitly and shown to be positivity preserving

unconditionally. Both flux and source discretization are combined by Strang splitting

method.
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                                                                                                                                                        ससार

       हसाइपरबबॉललिक बबैलिलेन्स लिबॉज कई कलेततरररों ममें उत्पन्न हरतले हह, खसासकर कम्प्ययटलेशनलि फ्लिलइड डसायनलेलमक्स (ससीएफडसी) और 
प्लिसाज्मसा फ्लिर ममें। अक्सर फ्लिक्स फरों क्शरोंस नबॉन-लिसीलनयर हरतले हह, लजससले क्लिसालसकलि समसाधसानररों कसी ममौजयदगसी नहसी हरतसी हबै। 
इसललिए, लसस्टम्स कले  वसीकत  फबॉमयर्मूलिलेसन कन्ससीडर लकयले जसातले हह। हसालिसारोंलक, वसीकत  समसाधसानररों कले  सलेट ममें एक सले अलधक समसाधसान 
हरतले हह। इसललिए, एरोंटतररपसी इतनइक्वललिटसी कले  रूप ममें एक अलतलरक्त मसानदरोंड लिगसायसा जसातसा हबै। हसालि हसी ममें, यह लदखसायसा गयसा हबै 
लक एन्टतरसापसी समसाधसान भसी अनन्य हह। अतत, ससामसान्य तमौर पर, हसाइपरबबॉललिक कन्जरवलेसन लिबॉज लसस्टम्स कले  ललिए करई वबैलि-
परस्ड पलरणसाम नहसी रों हबै। कबॉन्टसीलनयस पतररबलिम्स कले  ललिए थ्यररसी कसी कमसी कले  कसारण, हसाइपरबबॉललिक बबैलिलेन्स लिबॉज लसस्टम्स कले  
ललिए स्टलेबलि न्ययमलेलरकलि एल्गरलरद्म कर लडजसाइन करनसा बलेहद नबॉन-टतरसीवसीअलि हबै। लवशलेष रूप सले, हसाइपरबबॉललिक पसीडसीई कले  ललिए
एक न्ययमलेलरकलि लवलध कले  ललिए दर स्टलेलबललिटसी मसानदरोंडररों कसा अध्ययन लकयसा जसातसा हबै, अरसार्मूतत, पसालजलटलवटसी-लपतरजवर्वेशन (डरमलेन 
इन्वसारसीअन्ट) और एन्टतरसापसी स्टलेलबललिटसी। 
       इस रसीलसस ममें, हम हसाइपरबबॉललिक बबैलिलेन्स लिबॉज लसस्टम्स कले  ललिए हसाई-आडर्मूर न्ययमलेलरकलि स्कसीम्स तबैयसार करतले हह, जर 
पसालजलटलवटसी पतरलेसलेलवर्विंग हह। यह वसास्तव ममें वसारोंछनसीय हबै अन्यरसा, हम लसस्टम कसी हसाइपरबबॉललिलसटसी खर सकतले हह, और 
न्ययमलेलरकलि स्कसीम दसारसा उत्पसालदत समसाधसान कसा करई भमौलतक अरर्मू नहसी रों हरगसा। लवशलेष रूप सले, हमसारसा लिक्ष्य  कल छ फ्लिलइड  और 
प्लिसाज्मसा पतरवसाह ममें उत्पन्न हरनले वसालिले हसाइपरबबॉललिक बबैलिलेन्स लिबॉज कले  ललिए पसालजलटलवटसी पतरलेसलेलवर्विंग लफलनट वबॉल्ययम और 
लडस्कन्टसीन्ययस गलिरलकन (डसीजसी) मलेरड्स तबैयसार करनसा हबै। 
      सबसले पहलिले, हम टलेन-मरममेंट गसाऊससीयन क्लिरसर हसाइपरबबॉललिक लसस्टम कर दर डसाइममेंशन्स ममें दलेखतले हह, लजसकसा उपयरग 
फ्लिलइड फ्लिर कले  मबॉडलि कले  ललिए लकयसा जसातसा हबै। ययलिर एक्वलेशन्स कले  लवपरसीत, इन एक्वलेशन्स कसा व्य लत्पन्न लिबॉकलि 
रमरर्मूडसायनसालमक एलक्वललिलबतरयम नहसी रों मसानतसा, जर फ्लिर  ममें अलनसरटतरबॉलपक पतरभसाव कसी अनलमलत दलेतसा हबै। लजससले पतरलेशर कसा 
टलेन्सरलरअलि वणर्मून हरतसा हबै।  अतत, पसालजलटलवटसी स ललनलशश्चित करनले कले  ललिए, हममें लसमलेलटतरक पतरलेशर टलेन्सर कसी पसालजलटलवटसी 
बनसाए रखनले कसी आवशयकतसा हबै। हम एक 2-ऑडर्मूर म लस्कलि टसाइप लफलनट वबॉल्ययम स्कसीम तबैयसार करतले हह जर यह स ललनलशश्चित 
करतसा हबै। यह उलश्चित लिसीलनयर लरकरों स्टतरक्शन पतरलकत रयसा कले  ससार पसालजलटलवटसी पतरलेसलेलवर्विंग एश्चिएलिएलिससी फ्लिक्स  कर जरड़कर 
हसालसलि कसी हबै। इसकले  अलिसावसा, हम इन पलरणसामररों कर  टलेन-मरममेंट बलेस्ड मबॉडलि लवर सरसर्मू टम्सर्मू तक बढसातले हह। यह मबॉडलि 
प्लिसाज्मसा फ्लिर ममें मलेटर लिलेज़र इरोंटरबैक्शन ममें उपयरग लकयसा जसातसा हबै। पलरणसामसी न्ययमलेलरकलि स्कसीम कर स्टबैण्डडर्मू एल्गरलरदम सले 
अलधक ररबस्ट लदखसायसा गयसा हबै। 
     टलेन-मरममेंट बलेस्ड मबॉडलि लवर सरसर्मू टम्सर्मू  लस्रर स्टलेट पर नबॉनलटतरवबैअलि लस्रर समसाधसान (हसीडतरसास्टसालटक समसाधसान) पबैदसा 
करतसा हबै। एक स्टबैण्डडर्मू  लफलनट वबॉल्ययम स्कसीम हसाइडतररस्टलेलटक समसाधसानररों कर पतरलेज़रवले नहसी रों करतसी हबै। इसललिए, हम मबॉडलि 
कले  ललिए एक वलेलि-बबैलिमेंस्ड 2-ऑडर्मूर लफलनट वबॉल्ययम स्कसीम तबैयसार करतले हह। यह स्कसीम  ससामसान्य  इक्वलेसन ऑफ स्टलेट कले  ललिए 
वलेलि-बबैलिमेंस्ड हबै, बशतर्वे हसाइडतररस्टलेलटक समसाधसान स्पलेस वलेलरएबल्स कले  फरों क्शन कले  रूप ममें ललिखसा जसा सकतसा हबै। वलेलि-बबैलिमेंस्ड 
पतरबॉपटर, हसाइडतररस्टलेलटक लरकरों स्टतरक्शन कले  ससार कसारोंटलेक्ट पतरलेसलेलवर्विंग न्ययमलेलरकलि फ्लिक्स और उलश्चित सरसर्मू लडलस्कत रटसाइजलेसन 
कले  सरोंयरजन दसारसा पतरसाप्त कसी जसातसी हबै। पलरणसामस्वरूप स्कसीम लस्रर स्टलेट कले  करसीब कले  समसाधसान कले  ललिए अलधक एक्ययरलेट 
ससालबत हलई हबै। 
     प्लिसाज्मसा फ्लिर मबॉडलि कले  ललिए, हम टय -फ्लियइड प्लिसाज्मसा फ्लिर बबैलिमेंस लिबॉज पर लवश्चिसार करतले हह, जहसारों टलेन-मरममेंट एक्वलेशन्स  
फ्लियइड करों परनमेंट्स कर मबॉडलि करतसी हबै। डमेंलसटसी और 3x3 लसमलेलटतरक पतरलेशर टलेन्सर  कसा पसालजलटलवटसी लपतरजवर्वेशन पतरम लख 
कलठिनसाइयसारों हह।  हम मबॉडलि कले  ललिए एक  पसालजलटलवटसी पतरलेसलेलवर्विंग 2-अबॉडर्मूर लफलनट वबॉल्ययम स्कसीम कसा लवकसास करतले हह। यह  
3-डसाइममेंशन्स  टलेन-मरममेंटले एक्वलेशन्स  कले  ललिए एक एश्चिएलिएलिससी सबॉल्वर कर लडजसाइन करकले  हसालसलि लकयसा जसातसा हबै, जर लक 
पसालजलटलवटसी बनसाए रखनले कले  ललिए लसद्ध हर रहसा हबै। सलेकरों ड-ऑडर्मूर एक्ययरलेससी  कर पतरसाप्त करनले कले  ललिए, हम लरकरों स्टतरक्शन कले  
स्लिरप पर उलश्चित करों डसीशरोंस बनसातले हह। इसकले  अलिसावसा, सरसर्मू टम्सर्मू कले  ललिए दरनररों एक्सलप्लिलसट और इलम्प्लिलसट 
लडलस्कत रटसाइजलेसन कसा उपयरग लकयसा जसातसा हबै। 
     रसीलसस कले  दयसरले लहस्सले ममें, हम लडस्कन्टसीन्ययस गलिरलकन मलेरड्स पर लवश्चिसार करतले हह। सबसले पहलिले, हम टलेन-मरममेंट मबॉडलि
लवर सरसर्मू टम्सर्मू कले  ललिए एक पसालजलटलवटसी-पतरलेसलेलवर्विंग, आरलबटरलेरसी हसाई-अबॉडर्मूर लडस्कन्टसीन्ययस गलिरलकन स्कसीम  कसा लनमसार्मूण 
करतले हह। डमेंलसटसी और  लसमलेलटतरक पतरलेशर टलेन्सर  कसी पसालजलटलवटसी  एक पसालजलटलवटसी लिसीमसीटसर्मू लडजसाइलनरोंग कले  दसारसा पतरसाप्त कसी
हबै। यह एक क्ययलबक परलिसीनरलमअलि कर स ललिझसानले ममें पलरणसाम हबै। इस यरजनसा कर वबैक्ययम अवस्रसा कले  करसीब कले  समसाधसान कले  
ललिए अलधक ररबस्ट लदखसायसा जसातसा हबै। 
     इस रसीलसस कले  आलखरसी भसाग ममें, हम टय -फ्लियइड प्लिसाज्मसा फ्लिर एक्वलेशन्स  पर लवश्चिसार करतले हह। यहसारों, आयनररों और 



इलिलेक्टतरबॉनररों कसा पतरवसाह ययलिर एक्वलेशन्स दसारसा लकयसा जसातसा हबै। यह तब लस्टफ सरसर्मू टम्सर्मू कले  मसाध्यम सले लवद लत श्चि लम्बकसीय 
क्वसान्टसीटसीएस कले  ललिए मबैक्सवलेलि एक्वलेशन्स कले  ससार य ललगमत हबै। हम इस मबॉडलि कले  ललिए सलेकरों ड-ऑडर्मूर पसालजलटलवटसी-पतरलेसलेलवर्विंग 
नरडलि लडस्कन्टसीन्ययस गलिरलकन स्कसीम  कसा लनमसार्मूण करतले हह। सरसर्मू टम्सर्मू कले  लबनसा टय -फ्लियइड एक्वलेशन्स कसी पसालजलटलवटसी 
पसालजलटलवटसी लिसीमसीटसर्मू सले पतरसाप्त हरतसी हबै। सरसर्मू इम्प्लिसीलसटलिसी लडलस्कत रटसाइज  कसी जसातसी हबै और लबनसा शतर्मू कले  पसालजलटलवटसी-
पतरलेसलेलवर्विंग लदखसायसा जसातसा हबै । दरनररों फ्लिक्स और सरसर्मू लडलस्कत रटसाइजलेसन स्टतरसारोंग लस्प्लिलटरोंग लवलध दसारसा सरोंय लक्त लकयले जसातले हह।
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Introduction

Equations of the evolution of conserved quantities are the basis of several mathe-

matical models, arising in physics, chemistry, engineering, and biology. They state that

the rate of change of conserved quantities in any given domain depends on the flux

through the boundary of the domain. The conservation laws balanced by source terms

are known as balance laws. The systems of balance laws are characterized by eigenvalues

and eigenvectors of the Jacobian of the flux function. A system of n equations of balance

laws, having n real eigenvalues, and corresponding n linearly independent eigenvectors

is called hyperbolic system. The models based on hyperbolic balance laws extensively

arise in Computational Fluid Dynamics (CFD) and related areas, e.g., plasma flows.

These represent the evolution of conserved quantities, which are governed by flux at the

boundaries and source terms. Some of the examples are Shallow water equations, Euler

equations of compressible flows and Magnetohydrodynamics (MHD) equations for plasma

flows (See [2, 13, 24, 40]).

Often, the flux function is nonlinear. Due to this, the corresponding Cauchy problem

does not exhibit classical solution, even for the given smooth data. This is due to the

intersection of characteristic curves. To overcome this a weak formulation of the equations

is considered, and one looks for the weak solution. The formulation is the generalization

of the classical formulation in the sense that a classical solution is also a weak solution

and any smooth weak solution can be shown to a classical solution ([25]). An equivalent

criterion in the form of Rankine-Huguniot condition is derived for checking if the given

function is a weak solution or not.

For a given Cauchy problem of the hyperbolic system, the weak solutions, in general,

1



are not unique. So, an additional criterion in the form of entropy condition is imposed

to weed out solutions which are not physically relevant. The solutions which satisfying

entropy condition are called entropy solutions. For scalar conservation laws, Kruzkov

[37] proved the uniqueness of the entropy solutions. However, this is not the case when

one considers the systems. Recently [14], it has been shown that for the system of

Euler equations, we have nonunique entropy solutions. So, well-posedness is still an open

problem for the hyperbolic systems.

The numerical schemes to approximate the conservation laws are often based on finite

volume method and finite difference method, [24, 25, 61]. In these methods, spatial do-

main is discretized into a mesh of cells and cell averages are advanced by computing the

numerical flux through the boundary. The numerical fluxes are based on exact or approx-

imated Riemann solvers. The spatial high-order accuracy is achieved by reconstruction

process, e.g., TVD (Total Variation Diminishing), ENO (Essentially Non-Oscillatory),

WENO (Weighted ENO), HWENO (Hermite HWENO), [15, 40, 43, 44, 61]. The SSP

(Strong Stability Preserving) Runge-Kutta methods are used to achieve high-order accu-

racy in time,[16, 18–20]. For a system of conservation laws with source terms, explicit

and implicit discretization strategies are used for source terms and then combined with

the discretization of flux by splitting methods, e.g., Godunov splitting, Strang splitting

[61].

The Discontinuous Galerkin (DG) methods are another popular methods for dis-

cretization of conservation laws. They were first introduced for transport equations by

Hill and Reed [32] and extended for hyperbolic PDEs by Cockburn and Shu, [17]. In DG

methods, polynomial values are assigned to each cell, which are allowed to be discontin-

uous at the boundaries of cells. Limiters are applied to ensure non-oscillatory behavior

of solutions. Similar to finite volume case, SSP Runge-Kutta methods are used to get

high-order accuracy in time in DG schemes, which result in RKDG schemes. The DG

methods can be seen as a generalization of finite volume methods and often results in

significantly more accurate solution than the finite volume methods of comparable or-

der. For scalar conservation law, the convergence results of the numerical methods are

presented in [17, 25].

To ensure a consistent and stable discretization of the continuous models, we need the
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discrete solution to have the properties of the continuous solution. However, due to lack

of theoretical results, there are very few nonlinear stability estimates at the continuous

level. An important stability feature of the continuous problem is that, given initial

solution in a set of physically admissible state space, solution belongs to the same set for

all time [8]. This property is also called domain invariant property. This is of atmost

importance. Otherwise, we may lose the hyperbolicity of the system. For example for

the Euler equations of compressible flows, this is equivalent of preserving the positivity

of the density and the pressure.

The central theme of this thesis is to design of positivity preserving numerical meth-

ods for hyperbolic systems arising in CFD and plasma flows. For the first order finite

volume schemes, this depends on the choice of numerical flux function. There are several

approximated Riemann solvers based numerical fluxes which ensure the positivity of first-

order schemes, e.g., Lax-Friedrich, HLLE, HLLC, etc. (See [61]). For the higher-order

schemes, positivity depends on numerical flux and reconstruction procedure. The high

order positivity preserving finite volume schemes for the Euler equations are studied in

[6, 15, 33, 53, 69].

In the first contribution of this thesis, we consider a plasma flow model based on the

two-dimensional Ten-Moment model equations ([7]). These equations are proposed by

Levermore et. al (See [41, 42]). Unlike the Euler equations of compressible flow, here

local thermodynamic equilibrium is not assumed. This is necessary for many applications

(specially related to the plasma flows, see [5, 7, 10, 21, 28, 35, 50, 56, 57]). These

equations describe the pressure as the symmetric tensor, and they are hyperbolic [7]. To

ensure the positivity for this system, we need to preserve positivity of density and 2× 2

symmetric pressure tensor. In [56], an HLLC based Riemann solver is presented for a Ten-

Moment based plasma model and resulting first order scheme is shown to be positivity

preserving. Also, a relaxation based scheme is proposed in [5], which ensures positivity

and is entropy stable. However, the scheme is only first order. More recently, in [7], a

Ten-Moment based plasma flow model with source terms is discretized to simulate laser

effects. The discretization is based on an equivalent relaxed model, which take source

terms also in consideration. The resulting first order scheme is shown to be positivity

preserving and entropy stable. In this work, we propose positivity-preserving second order
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discretization of the Ten-Moment equations with source terms. For the numerical flux,

we use positivity preserving Riemann solvers. There are several examples of them, e.g.,

Lax-Friedrich, HLLE, and HLLC solvers (See [31, 56]). To obtain second-order positivity

preserving scheme, we follow [4] and [62], and propose a robust MUSCL reconstruction

process. We propose two slope limiters based on the reconstruction of the primitive

variable, namely: Generalized slope limiter and Conservative slope limiters. We prescribe

exact conditions for these schemes to be positivity preserving. The source is discretized

using both explicit and implicit schemes. In the case of the explicit scheme, a condition

on time step is derived, which ensures positivity of the solutions. The implicit treatment

of the source is shown to be unconditionally positivity preserving. Furthermore, we show

that we do not need to solve any system of equations to implement implicit source update.

Both source and flux discretizations are then combined using Strang splitting, to ensure

positivity of the whole scheme.

The plasma flow model based on the two-dimensional Ten-Moment model equations

([7]) has source terms which model laser-plasma interaction. The model exhibit non-

trivial hydrostatic steady states. In such cases, it is desirable to have a well-balanced

numerical method. For the systems of hyperbolic balance laws, there are several numerical

schemes, which are designed to be well-balanced. In particular, for the case of Euler

equations with gravitational source term, there are well-balanced schemes (See [11, 12,

36, 63, 64]). In [64], authors propose a well-balanced kinetic scheme. The scheme is shown

to be well-balanced for the isothermal equation of state, which is achieved by extending

the well-balanced scheme for shallow water equations from [54]. In [63], authors design

a higher order, well-balanced, finite difference, WENO scheme. The scheme is again

well-balanced for the isothermal case. For the isentropic case, a high order finite volume

well-balanced scheme is designed in [36]. The scheme is shown to preserve the nontrivial

stationary solutions by using hydrostatic reconstruction with consistent numerical flux

and suitable source discretization. More recently, in [11], the author designed a second-

order finite volume well-balanced scheme for both isothermal and polytropic solutions. In

this work, we propose a well-balanced second order finite volume scheme for Ten-Moment

equations with a potential source. This is perhaps the first well-balanced numerical

scheme developed to approximate the Ten-Moment equations with a source. The work is
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based on a generalization of the well-balanced numerical schemes proposed in [11, 23]. The

key idea is to express steady states (polytropic, isentropic and isothermal) as a function of

space variables. To achieve the well-balanced property, we first reconstruct ordered set of

scaled variables, which is then combined with a contact preserving consistent numerical

flux. This coupled with the appropriate discretization of the source results in a well-

balanced scheme.

A plasma flow consists of ions, electrons, and neutral particles. These particles interact

through both short range (e.g., collisions) and long range (e.g., electromagnetic) forces.

They are increasingly used in spacecraft propulsion, controlled nuclear fusion and circuit

breakers in the electrical power industry. Under the assumption of quasi-neutrality (i.e.,

charge density difference between ions and electrons is neglected), the flow of plasmas

is modeled by the ideal MHD equations. Although the ideal MHD equations have been

successfully employed in modeling and simulating plasma flows, this model is derived by

ignoring the Hall effect and treating plasma flows as single fluid flows. These effects are

significant for numerous applications, e.g., space plasmas, Hall current thrusters, field

reversal configurations for magnetic plasma confinement and magnetic reconnection. In

this work, we consider a more general two-fluid model. In the Two-Fluid equations, elec-

trons and ions are treated as different fluids by allowing them to have different velocities

and temperatures. Furthermore, if the assumption of local thermodynamical equilibrium

not valid, we have to treat pressure using pressure tensor (See [28, 35]). This gives rise

to the Ten-Moment Two-Fluid plasma equations, [28, 35]. It is a combination of Ten-

Moment equations for ion and electron flow and Maxwell equations for the evolution of

electromagnetic quantities. These equations are combined with a stiff source term which

is based on the Lorentz force and rotation of pressure tensor by the magnetic field.

In this work, we aim to extend the robust scheme designed for the two-dimensional

Ten-Moment model, to the three dimensional Two fluid, Ten-moment plasma model.

In addition to the additional difficulty of preserving the positivity of pressure tensor in

three dimensions, we also need to overcome the stiff source terms. We achieve this by

designing an HLLC solver for three-dimensional Ten-Moment equations and use it to

construct robust second-order scheme. The second order scheme is based on MUSCL

reconstruction process. The stiff source terms are discretize using explicit and implicit
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discretization. The source discretization is then combined with flux discretization using

Strang splitting. The numerical scheme is then tested on several numerical examples.

In [65, 67, 68], Shu and Zhang have developed a positivity-preserving discontinuous

Galerkin scheme for Euler equations of compressible flows. This is achieved by design-

ing a limiter which ensures positivity of density and pressure at the quadrature points.

Also, the proposed limiter maintains the overall accuracy of the scheme in smooth re-

gions. The limiter is based on the convexity of the solution space and results in solving a

quadratic equation, to identify the suitable state, which guarantees the positivity. This

work is a generalization of maximum-principle limiter proposed by them in [66]. We

extend the work of Shu and Zhang to Ten-Moment equations and develop a DG scheme,

which guarantees the positivity of the symmetric pressure tensor in addition to positivity

of the density. The recipe to achieve this is similar to their work. We first rewrite the

DG scheme as a linear combination of finite volume scheme and then design a positivity

preserving limiter which ensures the positivity. This results in solving a cubic equation.

To remove oscillations at the discontinuities, we develop a TVB limiter based on charac-

teristic variables. The work is further extended by considering the source terms used in

[7].

Another extended MHD plasma flow model is Two-Fluid plasma flow model [1, 38,

47, 59, 60]. This model is a generalization of MHD model as it does not assume quasi-

neutrality and allows different velocity and pressure for the ion and electron flows. This

leads to a hyperbolic balance laws, where the ion and electron flows are modeled using

Euler equations of compressible flows. These are coupled with Maxwell’s equations for

electric and magnetic field via a stiff source term, which models Lorentz force on the flow.

In [59], the authors derive a Roe-type Riemann solver. Time updates are performed by

treating the stiff source term implicitly and the flux terms explicitly. The resulting

nonlinear equations are solved using Newton iterations. This method might be diffusive

and may require many iterations for each time step. In [27], the author proposes a

wave propagation methods for the spatial discretization. For time updates, a second-

order operator splitting approach is used. A similar approach is taken in [46, 47], where

spatial discretization is based on discontinuous Galerkin (DG) methods and time update

is based on SSP-RK methods. Both of these approaches are easy to implement but
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can be computationally expensive, especially for the realistic charge to mass ratios. More

recently, in [38] authors have presented entropy stable schemes for the two-fluid equations.

The source terms are treated implicitly, and resulting algebraic equations are solved

exactly. However, schemes still do not guarantee the positivity of density and internal

energy. More recently in [1] authors have designed a positivity preserving schemes for

this model.

Our aim in this work is to design positivity preserving DG methods for Two-Fluid

plasma flow equations. We use nodal basis on the Gauss-Lobatto-Legendre (GLL) nodes.

The integrals are approximated by Gauss quadrature rule and Gauss-Lobatto quadrature

of same GLL nodes, which are used to construct the nodal basis. The scheme for the

Two-Fluid model is then obtained by combining the positivity preserving DG scheme for

Euler equations for ion and electron, and a DG scheme for Maxwell equations. The source

was treated using an implicit scheme to deal with the stiff source term. This ensures the

positivity of the whole scheme.

The thesis is organized as follows:

In Chapter 1, we present the preliminaries for Hyperbolic PDEs, which includes

the notion of hyperbolicity, weak solutions, and entropy condition. We also present

some examples of popular hyperbolic systems and discuss the hyperbolicity and solution

domain of these models. In Chapter 2, we briefly discuss finite volume methods for

Hyperbolic PDEs. We present several approximated Riemann solver based numerical

fluxes, followed by second-order MUSCL based second order schemes. In the end, higher

order methods are discussed. We also present time discretization based on Runge-Kutta

methods.

The first original contribution of the thesis is presented in Chapter 3, where we de-

sign positivity preserving FV methods for Ten-Moment Gaussian closure equations based

model with source terms. We design two second-order positivity preserving reconstruc-

tion processes, which are based on the limiting of primitive variables. This is combined

with positivity preserving implicit and explicit source discretizations, which results in

a positivity preserving scheme for the complete system. In Chapter 4, we propose a

well-balanced scheme for Ten-Moment equations with source terms. The well-balanced

property is achieved by reconstruction of the scaled primitive variables and appropriate
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source discretization. In Chapter 5, we extend the work of Chapter 3 to a plasma flow

model based on Ten-Moment equations.

In the second part of the thesis, we consider DG schemes. In Chapter 6, we propose

positivity preserving limiter for Ten-Moment equations, which ensures positivity of the

DG scheme for Ten-Moment equations with source terms. In Chapter 7, we propose a

DG positivity preserving scheme for Two-Fluid plasma flow model.
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