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Abstract

By a derivation, we mean an additive mapping d on a ring R such that d(xy) =
d(x)y+xd(y) for all x,y € R. Derivations on rings play a significant role in ring the-
ory. In 1957, Posner proved a milestone result related to derivations on rings, and in-
vestigated the structure of rings and nature of mappings. A number of authors have
extended Posner’s result in various directions such as generalized derivation, Jordan
derivation, (o, §)-derivation, generalized («, 5)-derivation, multiplicative derivation,
multiplicative generalized derivation etc., on appropriate subsets of a ring such as
ideal, left ideal, right ideal, Lie ideal, Jordan ideal, etc. In particular, motivated by
the fact that a non central Lie ideal contains all commutators of a nonzero ideal of
a ring with characterstic not 2, Wong generalized the Posner’s result on multilin-
ear polynomials. Afterwards, several authors studied different identities involving
various mappings on multilinear polynomials. In this thesis, we study identities
involving generalized derivations with multilinear polynomials on prime rings, and

obtain the structure of mappings and rings.

There is a vast literature which studies identities on different derivations involv-
ing annihilating conditions. The seminal result in this direction was given by Posner
who proved that if a € R and d is a derivation on prime ring R such that ad(z) =0

for all z € R, then either @ = 0 or d = 0. Many authors extended this result in
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various directions. In this thesis, we study the identities involving generalized deriva-
tion on prime ring R with annihilating condition and obtain the commutativity of
R. We also investigate annihilating condition of an identity involving automorphism
on prime ring.

Jacobson in his book “Structure of Rings” has introduced the notion of (sq, $2)—
derivation which was later more commonly known as (o, §)-derivation. In this di-
rection, in this thesis we study the connection between the nature of generalized
(o, B)-derivation on appropriate subsets of prime ring R and commutativity of R. If
we remove the additivity property of generalized («, 3)-derivation G, then it is called
multiplicative generalized («, [3)-derivation. Moreover, if we drop all restrictions on
its associated map d as well, that is, if d is any map, then G is called multiplicative
(generalized)-(cv, B)-derivation. In this thesis, we prove that every multiplicative
generalized (o, B)-derivation on R becomes additive under the existence of non-
trivial idempotent element in R which satisfies some conditions. In this sequence,
we also study the identities involving multiplicative (generalized)-(c, 3)-derivation

on left ideal of a prime ring and derive some important results.
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sRAAT & gART ITAYRT Tk 9T R I Teh INMcAS Teld d A & S T x,yeR & faw d(xy)
= d(x)y + xd(y) & Ese Far &1 Torg Aeyidr 7 sRaww AgcaqoT A Fara §1 F
1957 #, YrHei & Jordl W SRAWTH ¥ HTT Teh HioT &1 TR GRonA ey fohar, 3R gerar
o EEAT UG Thefdl bl Fepfcl ol WIST 1| e oI@ehi o G o Heid & faffee fGRmait 7
AR T, SI gord & 3Ugerd 3uEHTad SI8 38T, S/ HSisad, g 3sfsad, o
3MsfEae, St msizad 3nfe W caras sRaee, s sRaeE, (36w, den)-3Raes, sams
(37, Sfier)-3Raee, oA SR, JoTMcA® caraeh sRae 3nfe| a9y &9 &, 927 “Th
IR Fir & 3msfeae ve aod et characterstic 2 7187 § & @3l IR e 3sfEaa &
fafaaat 1 arafard wear &7, @ R @ aler & EeR & fewid # Sgf@s sgaal |
AT fRT| g8 TR, S TGl o SE 1@ ggual W Affee herell T FFATTIT Hle
mﬁ%mﬁwmmmlﬁamjuﬁ,mmmwww
& ATY IS SRAAFH Tl TFATT e ATell TAATTHBIT FT 3TETIA I &, 3R Borar 3R
ForaT Y TIHT Y ITed o &

Jtfeatgafcsr aRTEAfAAT & FFAfad el arell e RO W FaaTHSIHT F T
TG el T Ueh TALATST Wiigcd 3T gl 3H 120 H Teh BoldTel AU GrEei o f&ar o
rad 3l ey fohar 1 Ife v 9igd gorr R 9X d e 3RaereT & 3K aeR S a3 xeR &
T ad(x)=0 @I AJsC I &, dd AT ¥ d=0 IT a=0| 3feieh AWl A 0 eurd r fafdee
feem3t & AEaR ATl 39 e 77 7, g7 AFieaAgelied IRIEATT & 1T YIgH IoF R WX AT
3R T TFATIT T aTell TAATHBIIN HT IJETTA Fd 8, 3R ForT R Fr _dfaagar
ged FA &1 §H USH dad W IAfhed & gEAfad axa dlell gagider fr
Afeafgartes aRfEufa Hr are o = €

STehaHeT o 3UeT qEceh “FgeFer 3Ttk Rew 7 (w1, va2)-sRaere & arom &1 gfie fear §
Shfeh oTe; & H&T &9 @ (30T, dien)-SRare & 39 H S arm | 39 feor &, 59 ey 7Y & gH
WSH dd R & 3UgFd IYFHTII] W AT (3w, den-sRawe i ghfd 3R R &
ATAHTAT & TFaeY FT 37ETTT R 8| IS §H T (37eWI, sren)-3RaersT G Fr AenfcAs
30T T §€T & § Id Ig I[UTcH SaTdh (37T, dien)-SRaRl Hgdrdr ¢ g8 JfdRed Iie ga
I Bolel d & Tl Gfdael & Hed o & & AT G Teh IUMcHS (SATeh)-(37eh, dTer)-
SRAYAT FEAAT G| 30 MU TY F g7 o Tg ey fhar § & o R F IR Jeo gduide dea
& 3fedca & dgd Siifh o dl I HIT HAT &, Tl R W A IONcHS chT9h




(31T, d1eT)-SRaRe JANTcAS gicl &1 38 3HTshd #, §H Ueh UISH dold & a1 ST |
AUTICHe (SATIeh)-(3Te T, d1eT)- SRR & HFATAIT el dlell HAATHBIIT T AT o T
¢ IR Fo Agcaqut euid off e 71w g




Contents

Certificate i
Acknowledgements iii
Abstract v
List of Symbols xi
1 Introduction 1
1.1 Basic Definitions and Results . . . . . .. ... ... ... ...... 2
1.2 Ringof Quotients . . . . . . . . ... 4
1.2.1  Utumi Ring of Quotient . . . . . . ... ... ... ... ... 5

1.2.2  Martindale Quotient Ring . . . . . .. .. .. ... ... ... 6

1.2.3 Extended Centroid . . . . . ... .. ... .. ... ...... 7

1.3 Polynomial Identity (PI) . . . . . ... ... ... ... .. ...... 7
1.4 Generalized Polynomial Identity (GPI) . . . .. ... ... ... ... 9
1.5 Brief Overview of the Thesis . . . . . . .. ... ... ... ...... 12

2 Generalized Derivations with Multilinear Polynomials in Prime

vil



viii CONTENTS

Rings 13
2.1 Introduction . . . . . . . .. ... 13
2.2 Preliminary Results . . . . . . . . . .. ... ... .. 16

2.3 Generalized Derivations of Order Two Vanishing on Commutators
with Derivations in Prime Rings . . . . . . . .. .. .. .. ... ... 18
2.4 An Identity Involving Derivations and Generalized Derivations on

Multilinear Polynomials in Prime Rings . . . . . . . .. ... ... .. 29

3 Left Annihilator of Identities Involving Generalized Derivations

and Automorphisms on Prime Rings 51
3.1 Introduction . . . . . . . ... 51
3.2 Preliminary Results . . . . . . .. . .. ... o0 54
3.3 Generalized Derivations with Annihilating Conditions . . . . . . . . . 55
3.4 Automorphisms with Annihilating Conditions . . . . . .. ... ... 62
4 Generalized (o, §)-Derivations on Prime Rings 67
4.1 Introduction . . . . . . . .. 67
4.2 Preliminary Results . . . . . . . .. ... ..o 70
4.3 Lie Ideals and Generalized («, §)-Derivations . . . . . . . ... .. .. 71
4.4 Ideals and Generalized (o, f)-Derivations . . . . . . .. ... ... .. 7

5 Multiplicative (Generalized)-(«, f)-Derivations on Prime Rings 85

5.1 Introduction . . . . . . . ... 85
5.2 Preliminary Results . . . . . . . .. .. ... oo 89
5.3 Lie Ideals and Multiplicative (Generalized)-Derivations . . . . . . . . 89
5.4  Left Ideals and Multiplicative (Generalized)-(c, 8)-Derivations . . . . 97

6 Additivity of Multiplicative Generalized (o, 5)-Derivations on Rings103
6.1 Introduction . . . . . . . .. ... 103
6.2 Preliminary Results . . . . . . . . . .. ... ... 106



CONTENTS ix
6.3 Additivity of Multiplicative Generalized (a, 8)-Derivations . . . . . . 107
6.4 Multiplicative Generalized (v, §)-Derivations on M,,(C) . . . .. . .. 114

7 Conclusion and Future Work 117
7.1 Contributions . . . . . . ... 117
7.2 Future Work . . . . . . ..o 121

Bibliography 125

Curriculum Vitae 133



CONTENTS




XCR
XCR
XZR

U, N

AxB

A®B
A=B

x =y (mod m)

<a>

Z(R)

List of Symbols

the set of natural numbers

the set of integers

the set of complex numbers
the group of integers modulo n
equal to

not equal to

s is a member of §

s is a member of S

X is a subset of R

X is a proper subset of R

X is not a subset of R

union, intersection

cartesian product of A and B
A direct sum B

A is isomorphic to B

x congruent to y modulo m
the cyclic group generated by a
permutation group on n symbol

center of a ring R

x1



xi1i

LIST OF SYMBOLS

char(R)
1(S)

GPI
soc(R)

characteristic of R

left annihilator of S

right annihilator of S

ideal of R

Lie ideal of R

left ideal of R

right ideal of R

dense right ideal of R

Utumi quotient ring
Martindale ring of quotients
extended centroid of a prime ring R
generalized polynomial identity

socle of R



	Chirag Garg.pdf



