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Abstract

People always look for strategies to protect their financial future while minimizing personal finance
and retirement planning risks. Variable Annuities have long been understood to provide a solid in-
come source for retirees. This is because it guarantees a consistent stream of payments over a spec-
ified period or for the duration of an individual’s lifetime. Moreover, contractual arrangement in a
variable annuity is characterized by a variable value that is dependent on the performance of a port-
folio consisting of sub-accounts. On the other hand, variable annuity consists of various embedded
options/guarantees provided by the insurer, which provide stability and safety as the policyholder

approaches retirement.

This thesis focuses on the pricing of variable annuities that include a range of advantages. We have
concentrated on several types of retirement benefits and lifetime assurances. We utilized asymmetric
GARCH models to incorporate the volatility of the returns of the index and the rate of interest returns,
taking into consideration the surrender benefit and the dynamic withdrawal method. Furthermore, we
have assessed a variable annuity product, which includes both health status and hospitalization cov-
erage benefits, as well as the GLWB (Guaranteed lifetime withdrawal benefit). This product operates
within a framework that combines a one-dimensional and inflation-linked multi-dimensional sub-
account structure, where the value of the fund is determined by a collection of interconnected assets.
We have utilized real option pricing to analyze an investment-disinvestment dilemma in a variable

annuity product that encompasses the GLWB and health status advantages.

We started by reviewing some literature and a brief introduction about variable annuity and various
embedded guarantees, which play a crucial role in the following chapters. First, we have used the gen-
eralized GARCH models with surrender benefit and dynamic withdrawal strategy to develop a time

series model for the pricing of annuity to capture all the “stylized” facts present in the returns.



vi ABSTRACT

We have also developed and assessed a novel insurance offering, specifically the variable annuity
plan, which includes the health status and the GLWB. As a result of particular challenges, the health
insurance sector has become one of the most precarious industries. This phenomenon can be at-
tributed to the increasing age of the population and the escalating expenses of medical services due
to developments in technology. Therefore, a fundamental requirement in the health insurance indus-
try is to develop an innovative product. A model that combines continuous and discrete time, with
constant volatility and interest rate, is proposed to determine the fair fee of the product. The fair
fee is derived based on the equilibrium condition between the premium and benefits. We took into
account the consistent level of volatility and interest rates, as well as the benefits related to health
status and coverage for hospitalization. To demonstrate the effectiveness of this product and explore
potential enhancements, numerical and sensitivity analysis have been performed. The findings indi-
cated that both the amount of withdrawal and the age of the individual have a substantial influence on
the cost. An increase in the minimum age at which one can be insured and the amount that can be
withdrawn initially leads to a higher price for the product. The withdrawal amount encompasses both

the guaranteed amount and medical expenses of the GLWB rider.

Conventional annuities sometimes lack adaptability and do not adequately account for the diverse
requirements of individuals, especially in terms of healthcare expenses. We have examined the impact
of the policyholder’s health condition on the most advantageous moment for the policyholder to cease
paying premiums that are dependent on their health and begin receiving benefits from a variable
annuities contract that includes a GLWB. A hybrid continuous-discrete time model is formulated to
determine the ideal timing for initiating a withdrawal phase. The model establishes the investment and
disinvestment triggers based on market conditions, considering both dynamic and static scenarios. In
the static scenario, the optimal time is calculated at the moment when the policy is first established. On
the other hand, in the dynamic scenario, the best time to start is determined by repeatedly calculating

the exercise frontier of an actual deferral option.

Variable annuities typically utilize single-asset models for pricing, hedging, and fee analysis despite
the fact that guarantees usually incorporate multiple assets. This practical solution poses challenges,
including the potential for basis risk. We examined the use of inflation-linked variable annuities (IL-
VAs) with GLWB using a sophisticated quantitative model. More precisely, we have examined a
framework that involves multiple dimensions and sub-accounts, where the value of the fund is de-
termined by a collection of interconnected assets. In addition, the research has included Markovian
health benefits, which enhances the complexity of the modeling. A hybrid discrete-continuous time

model is suggested to determine the equitable fee of the product by considering the balance between



vii

premiums and benefits. A quadratic utility optimization problem has been formulated to maximize
the sub-account fund value of an insurance firm while maintaining a certain level of risk. An empiri-
cal analysis and sensitivity evaluation was conducted to show the potential of this financial instrument
and examine possible improvements. A comprehensive comparative study was also undertaken, com-
paring an existing model that incorporates only one high-risk asset and does not consider the benefits

of inflation.

In addition, we have examined two crucial elements in the field of financial planning: the insurer’s
strategic reduction of fees using a Q-learning framework, and the evaluation of the fair fee structure
embedded in the contract. The Finite-Horizon Q-Learning technique is employed to effectively min-
imize the charge from the insurer’s perspective, taking into account the health and market returns.
The Heston model is used to represent the value of a fund. Additionally, our model offered Financial
Security Benefits (FSB) to the policyholder, which includes benefits for both the survivor and the chil-
dren. A numerical research is conducted to showcase the capabilities of this financial solution and to
examine possible improvements. A comparative analysis was conducted using an established model
that had fixed costs and did not include the FSB. The study found that cutting fees based on health
and the Volatility Index (VIX), which is a real-time index that represents the market’s expectations for
the relative strength of near-term price changes of the S&P 500 Index (SPX) enhances the advantages

and reduces the likelihood of lapsation for the product.
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