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SYNOPSIS

This thesis, divided in three parts, comprises the
solution of some problems in (i) Rotation of blades
(11) Torsion of bars (iii) Elastodynamics, The closed
form solutions for the generalized plane stress and |
torsion problems are obtained usirg complex potential theory
and conformal mapping. Problems of elastodynamics have been
solved by the application of Laplace transforms and
Cagniard's technique and frequent use has been made of
integral representatiors-of Bessel functions and their
properties to find the-inverse transforms.

Part A
Rotation of Blades

This part is concerned with the generalized plane
stress problems of finding stresses in certain thin curvi-
linear isotropic elasti¢ blades rotating steadily about axes
within or perpendicular to their planes, The stress and
displacement combinations are expressed in terms of two
functions of a complex variable, a body force potential
and a mapping function., The mapping function maps the
region within the blade in s-plane onto the interior of
unit cirele, in X-plane, The tentative method of solution
consists in assuming éﬁitab'l,e forms for complex potentials
and to evaluate the constants involved from the boundary
condition satisfied by them. The forms of the body force
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potential and mapping 't‘umuon vary with the position of
axis of rotation and the shape of the blade respect ively,v. _
The following problems have been conslideredi~ S
t.CQurvilinear elastic¢ blades rotating steadily about-a- normal
axis passing through the centres . R
The region within the blade in-aép;ane is mapped
on the unit circle in %-plane by the mapping function -

| 'x:: ;ﬁ%ﬁ e> 0, |nl <% » &= pe”e

where ¢,n and p are real constants, p-,ﬁging a positive integer,
The closed form expressions for complex potentials (involvirg
integrals, which are evaluated) and hoop-stress are obtained,
The hoop-stress is found symmetrical about the I;nes 6= -‘;%
and it is maximum ata‘z%%gnd minimum at Gm&%}m
where n = 0,1,2,5 seeee p» The Pollowing particular cases
are discussed in detajli:- ‘ _ e o
{a) p = 1, the blade is of Booth's Lemniscate shape
(b) p = 2, the shape is inverse of a curvilinear equilateral
triangle with respect to the circle lfaj» = .
(c) p =3, the shape of the blade is inverse with respect
to the circle |z} = ¢ of a curvilinear square., -- --

For (a), the variation of hoop-stress from-6.= 0 to
6= % for o = 0.5, 04y 0.3 and of maximum hoop-stress for
gifferent values of 0 < m <!1 is tabulated and illustrated
by graphs. It is concluded that hoop-stress decreases



contimously from maximum value to minimum value for all
valueq _ot_‘, the parameter 0 < nm ,<'- ¥ and the maximum hoop;étress
increases contimuously with the parameter. For (») and (c) the
_variation of maximum hoop-stress for different values of
Q <_ m < 0_.4 is t.abu.lated anci illustrated by a graph. Another
figure illustrates the variation of hoop-stress for p = 2; |
W= 0.2, 043 and p =33 B = 0.1, 0,2, In all the cases the
maxinixm and minim lioop-etresses are found to occur at points
closest and farthest from the axis of rot.at.ian respectively.
2,.{a) Booth's Lemniscate shaped blade rotat.tng with uniform
angular velocity about the axes of symmetry in its plane _
{b) Blade bounded by a loop of Bernoulli's Lemniscate rotating
about the axis of symmetry, -

The complex potentials and hoop-stresses are found in
closed forms, for both {a) and (b). For (a), variation of
hoop-stress for diffgrent values of m at stationary points
6 = 0 and 6 == & is tabulated and graphed, A point of
maxima in 0 < 0 < % 1ls found to vary with m, For (b) the
mnerical values of hoop-stress are tabulated and ;,Luust.rated'
by a graphs |

3.(a) Limacon shaped blades-

The exact closed form expressions are obtained for
complex potemtials and hoopwstresses for the following four
positions of axis of rotation:- _

(1) the 1ine of symmetry of Limacon.

- {i41) Any line perpendicular to the line of symmetry and
lying in the plane of the blade.



(1i1) Any line passirg through a point on the line of
symmetry and perpendicular to the plane of uheu.‘h;ade.

(w) Normal axis passing through the centroid. <!

In general for (ii), (iii) the body forces are found
to have a resultant due to non-balance of inertia forces,

The hoop-stress and its stationary points have beén calcu- -
lated in all cases., MNumerical data is fllustrated by graphs to
show variation of hoop-stress and maximum hoop-stress in

cases (i) and (iv). |

(b) Results are derived from (41) and {i1i) for circular blade
rotating steadily abouti-

(i) a chord (i1) a normal axis passing through any
point within or on the boundary respectively. The difference
in hoop-stresses in normal and chord cases is found constant
and 18 equal to the hoop-dgress of @ blade 'rotating about a
diameter. The mumerical values of hoop-stress are containcd
in tables and illustrated by graphs. |

Part B
Torsion of Bars

This part deals with Saint Venant's problem of
torsion of isotropic elastic cylinders. We give a short
account of the gereral theory and the basi¢ equations.
The region within the cross-section in s-plane is mapped
conformally onto a semi-circle in Z-plane. Conastidered in
detail are the followir problems: '

IS Elastic cylinder with regular curvilinear semi-
polygom_l. cross-sections |



The expressions in closed form are obtained for the
complex torsion function, torsional rigidity, shearirg and
peripheral stress for an elastic bar of regular curvilinear
semi-polygonal cross-section whose region can be mapped
conformally onto the interior of semi~circle in %-plane
by the mapping function

x = e(Zng’) » 0K [ mn | <1

where ¢ and » aie real constants and n §8 a positive integer,
The results for the following different shapes of c¢ross-
sections are derived:~

(a)  Semi circle - = 0)
(b)  (4) Semi-Elliptic Limcon (r=2, 0B <)
(11) Semi Cardiod m=28=4
(c)  Semi-dumb-bell =3, |n|<d
(d)  Right-angled triangle with
50° and 60° angles h=4 |n|< %)
(e) {1) Isosceles right-angled ' ,
triangle i h=5,08m< »%)

(11) Rectangle with one - |
‘ side half the other n=35, - % <m%0)

For (a) and (b) results found agree with those already known,
The variation of torsional rigidity for

(1) n=20<m<{

W) n=§-g<a<d (N = 3,4,5)

are shown in tables and rumerical data is illustrated by a
graph, For (i) torsional rigidity is found increasing with n,



2., Elastic cylinder whose cross-section is bounded by s,emi-.-
inverse of an ellipse with reséect. to any point on the
major or minor axiss

The exact closed form expression for the torsion
function is obtained for the isotropic elastic c¢ylinder
whose region within its boundary in s-~plane is mapped
conformally onto the interior of semi-circle by the mapping
function

gz— e L ipl<t, n]|<2
14mYap%e
B, ¢ and p bein_g' real constamts, Taking m = 0, the shape
of the cross-section becomes a semi-Booth's Lemniscate.
The expressions for torsional rigidity and shearing and

peripheral stressges are derived.

Part C
Elasto-dynamics
The following problems are discussed in this part:
1. Dynamic stresses in a rotating cylinder’

Dynamic stresses are set up when & '801id or hollow
isotropic elastic cylinder rotates with variable argular
velocity. The equations of motion have been written down |
by includirg the reversed mass acceleration terms. The
solution of equations of motion, for any arbitrary angular
velocity is obtained making use of Laplace transforms,
Bessel functions and their properties and Cauchy's residue
theory, The equatione of motion have also been solved
by the method of separation of variables when the angulapr
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velocity has a murier series expansion. In the first case,
displacements and stresses are expressed 1n the integral
form, and in the se_con‘dq eage these are expressed as infinite
series. . | )
The following spaciric examples are discussed.

(1) Sudden motion of a solid cylinder

{11) Solid cylinder-movirg with periodic angular
velocity,

i o

fynamic Thermoelastic probiem or

(1) a eylinder ,

(11) infinite medium with a cylindrical hole.

The stress in (1) or ?(4i) results from the temperature
applied on the boundary surface. Initially the medium is
assumed to be undisturbed and at zero temperature., Inertia
effects are included in equations of motion. Solution is deve-
loped through the method of variation of parameters and
Laplace tramrom, Bessel's function and their properties
and canchy's residue theorem have been used for evavluation'
of inversion integrals, From the general -solution, the
solutions for two specific forms of tmpé.l?ature are derived.
Expression for displacemert at the surface, for small values
of time, in case of sudden heating of solid cylinder, has B
been ohtained using asymptotic expansions of Bessel functions.




%. Time-dependent thermal stresses in an Elastic layer t

Laplace's transform technique is employed to obtain

solution of dynamiec thermoelastic equations for an infinite
isotropic elastic layer of thickness h resting on a rigid
foundation. The expressions for displacements and stresses
are worked out, The specific example of constant tempe-
rature suddenly abplied to the upper surface of elastic
layer is examined. An inertia parameter is introduced
and solution for the quasi-static case is obtained by

~ Jetting it approach zero.

4

Disturbance produced in an elastic half space due to

normal pressure on a circular portion of its boundary.
The normal pressure on the boundary surf‘ace.

8 = 0y in the general case, is specified by

sz = R(r) P(t) (0<1€a)
= 0 (r>a)

where R(r) and P(t) are arbitrary functions of r and of
time t respectively., Laplace and !_!ankél transforms are
applied to the equations of motion, For two specific
forms of sz(r,t), displacement components are obtained

in the forms of definite integrals, Limiting processes
determine the surface displacements which have been sblit
up in terms representing P-wavé and Rayleigh wave contri~
butions. Solution is obtained using Cagniard's technique,

3

residue theory and corvolution theorem.
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