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SYMMS 

This thesis, divided in three parts, comprises the 

solution of some problems in (i) Rotation, of blades 

(11) Torsion of bars (iii) Elastodynamice. The closed 

form solutions for thegeneralized plane stress and 

torsion problems are obtained using complex potential theory 

and conformal mapping. Problems of elastodynamics have been 

solved by the application of Laplace transforms and 

Cegnlardts technique and frequent use hos been made of 

integral representations-of Bessel functions and their 

properties to find the-inverse transforms. 

Part A 

Rotation of blades 

This part is concerned with the generalized plane 

stress problems of finding stresses in certain thin curvi-

linear isotropic elastic blades rotating steadily about axes 

within or perpendicular to their planes. The stress and 

displacement combinatione are expressed In terms of two 

functions of a complex variable, a body force potential 

and a mapping function. The mapping function maps the 

region within the blade in x-plane onto the interior of 

unit circle, in C-plane. The tentative method of solution 

consists in assuming suitable forms.  for complex potentials 

and to evaluate the constants involved from the boundary 

condition satisfied by them The forms of the body force 



potential and mapping function vary with the position ,of, 
axis of rotation and the shape or the blade respectively. 
The following problems have been. considered: 

1. Curvilinear elastic blades rotating steadily about-a normal 
axis passing through the centre: 

The region within the blade in le-plane is mapped 
on the unit circle in re-plane by the mapping function 

where cos and p are real constants, p being a positive integer. 
The closed form expressions for complex potentials (involving 
integrals, which are evaluated) and hoop-stress are obtained. 
The hoop-stress is found symmetrical about the lines 0 =Ol-
and it is maximum at 1 end minimum at 0 = °1141)1r  
where ror = 001.20 ..... p. The following particular cases 
are discussed in detail 
(a) p = 1, the blade is of Booth's Lemniscate shape 
(b) p = 2, the shape is inverse of a curvilinear equilateral 
triangle with respect to the circle jai 
(c) p = 3, the shape of the blade is inverse with respect 
to the circle 1st = c of a curvilinear square. 

Fbr (a), the variation of hoop-stress froca,0= 0 to 
6 =11  form for= 0.5, 0.4, 0.5 and of maximise hoop-stress for 
different values of 0 < ns <I is tabulated and illustrated 
by graphs. It is concluded that hoop-stress decreases 
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continuously from maximum value to minimum value for all 
values of the parameter 0 < m < I and the maximum hoop-stress 
increases continuously with the parameter* fbr (b) and (c) the 
variation of naxiterue hoop-stress for different values of 
0 < m < 0.4, is tabulated and illustrated by a graph. Another 
figure illustrates the variation of hoop-stress for p 2) 

-- 0.2, 0.3 and .p = 3) m = d. i, 0.2. In all the cases the 
maximum and minimum hoop-stresses are found to occur at points 
closest and farthest from the axis of rotation respectively. 

2.(a) Booth's Lemniscate shaped blade rotating with uniform 
angular velocity about the axes of symmetry in its plane 
(b) Blade bounded by .a loop of Bernoulli's Lemniscate rotating 
about the axis of symmetr3r. 

The complex potentials and hoop-stresses are found in 
closed forms, for both (a) and (b). For (a), variation of 
hoop-stress tor ditrcent values of ra at stationary points 
o 0 and 0 	is tabulated and graphed. A point of 
maxima in 0 < 0 < is found to vary with ts. Por (b) the 
numerical values of hoop-stress are tabulated and illustrated 
by a graph.' 

3. (a) Limacon shaped blade:- 
The exact closed form expressions are obtained for 

complex potentials and hoop.stresses for the following four 
positions of axis or rotation:- 

CO the line of symmetry of Limacon. 
(11) Any line perpendicular to the line of symmetry and 

lying in the plane of the blade. 



(iii) Any line passim through a point on the line of 
symmetry and perpendicular to the plane of the-b.lade. 

(iv) Normal axis passing through the centroid. 
In general for (ii), (iii) the body forces are found 

to have a resultant due to non-balance of inertia forces. 
The hoop-stress and its stationary points have been calcu-
lated in all cases* iiimerical data is illustrated by graphs to 
show variation of hoop-stress and maxims hoop-stress in 
cases (1) and (iv), 
(b) Results are derived from (1l) and (iii) for circular blade 

rotating steadily about:- 
(I) a chord al) a normal axis passing through am 

point within or on the boundary respectively. The difference 
in hoop-stresses in normal and chord cases is found constant 
and is equal to the hoop-Wass of a blade rotating about a 
diameter. The numerical values of hoop-stress are contained 

in tables and illustrated by graphs. 

Part B 
Torsion of Bars 

This part deals with Saint Venantt s problem of 
torsion of isotropic elastic cylinders. We give .a ,short 
account td' the general theory and the basic equations 
The region within the cross-section in a-plane is mapped 
conformally onto a semi-circle in 4-plane. Considered in 
detail are the followis -  problems: 
f. 	Elastic cylinder with regular curvilinear semi- 
polygonal cross-section:.  



The expressions in closed form are obtained for the 

complex torsion function, torsional rigidity, shearing and 

peripheral stress for an elastic bar of regular curvilinear 

semi-polylonal cross-section whose region can be mapped 

conformally onto the interior of semi-circle in 4-plane 

by the mapping funCtion 

euotstn) 	 1<.i  

where c and a are real constants and n is a positive integer. 
The results for the following different shapes of cross-

sections are derived:- 

(a) Semi circle 	(4 0) 

(b) CO Semi-Elliptic LimaCon (n,  = 2, 0 < a <1.) 
0.0 Semi Cardid  2 	' 

(c) Semi-dumb-bell 	•(n = 3, 	I < I) 

(d) Right-angled triangle with 

30°  and 60°  angles 	(it= 41 	I < f) 

(e) (i) Isosceles right-angled 
triangle 	( 	5#  0 < a < ) 

(ii) Rectangle with one 
side half the other 5,. - < a 4 0) 

For (a) and (b) results,  found. agree with those already.  known. 

The variation of torsional rigidity for 

(I) 	2 I < < 

(ii) n N, < <  

are shown in tables and numerical data is illustrated by a 

graph. Fbr (i) torsional rigidity is found increasing with a. 



2. Elastic cylinder whose cross-section is bounded by semi-

inverse of an ellipse with respect to any point on the 

major or minor axis: 

The exact Closed form expression for the torsion 

function is obtained for the isotropic elastic cylinder 

whose region within its boundary in si-plane is mapped 

conformally onto the interior of semi-circle by the mapping 

function 

c and p being real constants. Taking m = 0, the shape 

of the cross-section becomes a semi-Booth's Lemniscate. 

The expressions for torsional rigidity and shearing and 

peripheral stresses are derived. 

Part C 

Blasto-dynamice 

The following problems are discussed in this part: 

Dynamic stresses in a rotating cylinder' 

qynamic stresses are set up when a -solid or hollow 

isotropic elastic cylinder rotates with variable angular 

velocity. The equations of motion have been written down 

by includim the reversed mass acceleration terms. The 

solution of equations of motion, for any arbitrary angu 

velocity is obtained making use of Laplace transforms, 

Beesel functions and their properties and Cauchy's residue 

theory. The equations of motion have also been solved 

by the method of separation of variables when the angular 



velocity has a wrier series expansion. In the first case, 

displacements and stresses are expressed in the integral 

form, and in the second case these are expressed as infinite 

series. 

The following specific examples are discussed. 

U) Sudden motion of a solid cylinder 

(ii) Solid cylinder -moving with periodic angular 
velocity* 

2. *namic Thermoelastic prob 	of 

(0 a cylinder 

(ii) infinite medium with a cylindrical hole. 

The stress in (I) or ?(II) results from. the temperature 

applied on the boundary surface. Initially the medium is 
assumed to be undisturbed and at zero temperature. Inertia 

effects are Included in equations of motion. Solution is deve- 

loped through the method of variation of parameters and 

Laplace transforms. Bessel's function and their properties 

and Cauchy's residue theorem have been used for evaluation 
of inversion integrals, Prom the general-solution, the 

solutions for two specific, ftrms of temperature are derived. 

Expression for displacement at the surface, for small values 

of time, in case of sudden heating or solid cylinder, has 

been obtained using asymptotic expansions of Bessel functions. 



3. Time-dependent thermal stresses in an Elastic layer t 

Laplace's transform technique is employed to obtain 
solution of dynamic thermoelastic equations for an infinite 

isotropic elastic layer of thickness h resting on a rigid 
foundation. The expressions for displacements and stresses 
are worked out. The specific example or constant tempe-
rature suddenly applied to the upper surface of elastic 

layer is examined. An inertia parameter is introduced 

and solution for the quasi-static case is obtained by 

letting it approach zero. 

4. Disturbance prodaced in an elastic halt space due to 

normal pressure on a circular portion of its boundary. 
The normal pressure on the boundary surface 

x== 0, in the general case, Is specified by 

= R(r) P(t) 	(o a) 

= 	 ( r > a ) 

where R(r) and P(t) are arbitrary functions of r and of 
time t respectively. Laplace and Henkel transforms are 
applied to the equations or motion: Pbr two specific 
forms or tik(rot), displacement components are obtained 
in the forms of definite integrals. Limiting processes 
determine the surface displacements which have been split 
up in terms representing P,wave and Rayleigh wave contrlau 
'rations. Solution is obtained using Cagniard's technique, 
residue theory and convolution theorem. ' 



• 

COMM 

Page 

Synopsis 	 I 

Introduc tion 	 9 

PART - A 

STRESS ES SET UP BY STEADY 
ROTATION IN THIN ISOTROPIC 
ELASTIC BLADES 

1. Introduction 	 18 

2. Rindamental Equations 	 20 

CHAPTER I 

3.  

4.  

5.  

6.  

7.  

8.  
'9. 

10. 

ROTATION OF CERTAIN THIN 
CERVILI NEAR BLADES ABOUT 
AN AXIS NORMAL 10 THEIR 
PLANE AND PASSIM THROUGH 
THE CENTRE 

A general curvilinear blade 

Inverse of an ellipse 

Inverse of a curvilinear 
triangle 

Inverse of a curvilinear 
square 

Circle 

CHAPTER II 

ROTATION OF THIN BLADES ABOUT 
THEIR AXES OF SYMETRY 

BOOTH'S LEMNISCATE 

Gereral solution 

Rotation about x-axis 

Rotation about y-axis 

MOW, 29 

39 

41 

43 

45 
49 
52 

41111011110 

0101=1, 

a 

MOE 

010.10 



BERNOULLI'S LEWES 	S. 

Rotation about the li 
symrst try 

Ciii,PTER III 

ROTATION OF LIMACON AM) CIR-
CULAR SHAPED ELM= 

55 10000 

12. General solution 59 

13, Rotation about .-axis worm X63 
14. Rotation about y-axis 66 

15. Rotation about a normal axis 67 

16. Rotation about the normal 
axis through the centroid 69 

17. Conclusions• 71 
18. Circular blades 13 

PART 

TC1ISION OP ISMOPIC ELASTIC 
CYLINDERS 

19. Intro due tion 80 
20. fUndasertal ec 	tions 83 

TORSION OP AN YSOtRDPIC 
ELASTIC CYLINDER win SEMI-
POLYGONAL CROSS-SECTION 

21. General regular au rilin 
semi-polygon 



22.  

23.  

24.  

25.  

26.  

27.  

28.  

29.  

30.  

31.  

Semi circle. 

Semi elliptic limacon and 
semi-cardioid 

Sem104imb-bell and semi-
epicycloid 

Riht-anglgd triangle with 
30 	and 60 	angles- 

Isoscles right-angled-- 
triangle and a rectargle 

CHAPTER V 

TORSION OF AN ISOTROPIC 
ELASTIC CYLINDER MIME 
CROSS-SECTION IS SEMI-
INVERSE OF AN ELLIPSE WITH 
RESPECT TO ANY POINT ON THE 
MAJOR OR MINOR AXIS. 

General solution 

Semi-Boothi a lemniscate 

PART - 

CHAPTER VI 

DYNAMIC STRESSES IN A 
ROTATI N3 CYLINDER OR 
A DISK 

Introduction 

FUndamental equations 

General solution by Laplace 
transforms 

(A) Solid cylinder 

(B) Hollow cylinder 

Page 

96 

98 

100 

102 

103  

105 

110 

122 

123 

125 

126 

131 

01•41110 

10111■10, 

rallraftS 

IMMO 

*MOMS 

011.080 

ONION 

ftlial• 

SWISS 



32.  

33.  

34,  
35,  
36.  

37.  
38.  

39.  

40.  
41.  

42.  

General solution by the 
method of separation of 
variables 
(A) Solid cylinder 
(8) Hollow cylinder 

Examples 

CHAPTER VII 

DYNAMIC THERMAL STRESSES IN 
A SOLID CYLINDER AND INFINITE 
WHIM WITH A CYLINIRICAL'HOLE 

Introduction 
Fundamental equations 
General solution 

SOLID CYLINDER 

Solution for T = e` (t) 
Surface tempe,rature4 = To  

Surface temperature. 
T = To  sin mt 

INFINITE SOLID WITH A 
CYLINDRICAL HOLE 

Solution for T =K(t) 
Surface temperature T 

Surface temperature 
T = T0  in cot 

Page 

157 

159 
140 

143 

146 
147 
141 

151 
162 

166 

167 
177 

178 

401111. 

411•0•• 

110140 

Miaow 

■■••00 

GOMM 

OMMI• 



45. 

44.  

45.  
0111151*M 

46. Inversion of integrals 

47. Examples 

Introduction 80 

Ebhdemental eqUa.ons  181 
,Solution by Laplace 182 

190 

184 

CHAPTER VIII 

17111011C THERMAL STRESSES, IN 
AN ELASTIC LAYER 

CHAPTER IX 

RESPOME OF AN ELASTIC HALF 
'SPACE HUE TO IMAM LCO,.DIM 
ON A CIRCULAR AREA OF ITS 
lOUNDULY 

48. Introduction 	 195 

49. Formulation of the-problem 	 195 . •awas.r.r, 
50. General rotation by.-Laplace  197 

and HanXel tramsfWmav 
51', Solution for  411000 	201 

po(a2-rA)t(t) 0 < r < 
it = 

0 	 r > a 

52. Solution for 
P0(1-e-  )1I(t) 0 < r < a 

mu 
0 	 r > a 

Appendix 
Bibliography 

a 

222 

228 
251 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17

