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Abstract

This thesis is devoted to the study of certain aspects of the convolution and
Fourier transform associated to a vector measure on compact (not necessarily abelian)

groups.

Let G be a compact group. We present some results about the Orlicz space w.r.t.
a vector measure on GG. Let v be an absolutely continuous norm integral translation
invariant vector measure. Then, we prove that the space L®(v) is homogeneous.
We show that the Haar measure is precisely a Rybakov control measure with some
density. With the help of this, we show that the space L®(v) becomes an L(G)-
module with respect to the usual convolution of functions. We determine certain
vector measures for which the (weak) Orlicz spaces w.r.t. a vector measure becomes
a Banach algebra (with respect to convolution). We also define one more convolution

structure on L*(v).

We determine the optimal domain and the associated extended operator for
both Fourier transform and the convolution operator defined on the classical Orlicz
spaces L*(G). In fact, first, we consider the Fourier transform operator obtained
by restricting the usual Fourier transform to the space L?(G). On the other hand,
there is also a Fourier transform on the space L?(G), obtained by the Hausdorff-
Young inequality for Orlicz spaces on compact groups. The convolution operator

is considered on Orlicz spaces defined via complex-Radon measures. Further, we
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study the properties of the optimal domain and the extended operator.

We introduce and study the Fourier transform of functions which are integrable
with respect to a vector measure on G. We also study the Fourier transform of vector
measures. We prove that the Fourier transform operator is completely bounded.
We also discuss analogues of the classical uniqueness theorem and the Plancherel
theorem. We find a sufficient condition for an analogue of the classical Riemann-
Lebesgue Lemma to hold. We also introduce and study convolution of functions from
LP-spaces associated to a vector measure. We prove some analogues of the classical
Young’s inequalities. Similarly, we also study convolution of a scalar measure and

vector measures.
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§H 31 Harled & HRAT FATAOT T IR S § 3 3T Xl § ol G W
afger AT & U H SCATA Bl &1 & AiGer AT & HRIT FITAROT &7 Y 3ETTT Hid
g1 §H AIfad o § o PRIAT FAAOT HRX FHFcellcall d1388 g1 §H Follidehol
fafersear oA 3R colake 9AT & TaTaied W AT Tt R g1 §H Feridhe AH-
ATEITT AFAT & TATATIT hl TRUT e o [l Uah TATCT AT 91 &1 & Uah Ffeer AT
A S8 17 -TI0H @ Bl & hialelleT T IR AR 31eTTeT 8 vid &1 §H Fellflehel
a1 T ITEATANIN & FHT TATAIH T T I &1 ST O, §H Teh 3Hfeer A9 3R
qfeRr AT & shidlefereT s 8 3T I &




Contents

Certificate i
Acknowledgements iii
Abstract A
List of Symbols xi
1 Introduction 1
1.1 General . . . . . . . .. 1
1.2 Present work . . . . . .. ... 5
2 Preliminaries 9
2.1 Fourier analysis on compact groups . . . . . . . .. .. .. ... 9
2.2 Orlicz Spaces . . . . . . . . . 11
2.3 Vector measures . . . . . . . . ... 12
2.4 Integration w.r.t. a vector measure and the associated LP-spaces . . . 14
2.5 Orlicz spaces associated to vector measures . . . . . . . ... ... .. 16
2.6 Operator Spaces. . . . . . . . . . . e 16
3 Convolution structures for an Orlicz space 19

X



X CONTENTS
3.1 Homogeneity of the space LT(v) . . . . . . . .. ... .. ... .... 20
3.2 Convolution product for LE(v) and L¥(v) . .. . .. ... ... ... 25
3.3 Another convolution product for L®(v) and L*(v) . . . . . . . .. .. 31

4 Optimal extension of the Fourier transform and convolution oper-
ator 33
4.1 Optimal extension of the Fourier transform . . . . . . . . . ... ... 35

4.1.1 Optimal extension of c¢p-valued Fourier transform . . . . . .. 36
4.1.2 Optimal extension of the Hausdorff-Young inequality . . . . . 38
4.2 Optimal extension of the convolution operator . . . . . . . . .. ... 40
4.2.1 Optimal extension . . . . . . . ... ... L. 40
4.2.2 Properties of the optimal domain . . . . . .. . ... ... .. 45
4.2.3 Compactness of the extended operator . . . . . . . ... ... 48

5 Fourier analysis of vector measures 51
5.1 Tensor integrability . . . . . . ... ..o oo 53
5.2 Fourier transform for L*'(v) and LY (v) . .. ... ... ... ... .. 56
5.3 Invariant measures . . . . . . . ... 61
5.4 Convolution of functions associated to vector measures . . . . . . .. 63
5.5 Fourier transform of vector measures . . . . . . . ... ... ... .. 68
5.6 Convolution of a vector measure and a scalar measure . . . . . . . .. 70
5.7 Integrability properties of the convolution product . . . . . . . .. .. 73

6 Future Work 77

Bibliography 81

Bio-data 87



Symbol

-
= Z2 = O N H» m W

Meaning

for all

equal to

not equal to

belongs to

does not belong

subset or equal

union, intersection

empty set

the set of natural numbers

the set of real numbers
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the compact group
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the space of complex-valued continuous functions on GG
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the Fourier transform of f
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