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Abstract

This thesis is concerned with the design and analysis of overlapping Schwarz domain
decomposition methods for singularly perturbed reaction-diffusion problems. These
problems arise in various application fields, such as fluid dynamics, gas dynamics,
elasticity, control theory and chemical kinetics. In general the solutions to these
problems exhibit layers behavior. Classical numerical approaches for these prob-
lems are inadequate as they require prohibitively large numbers of mesh points to
produce satisfactory approximations. It is of both theoretical and practical interest
to construct special numerical methods for these problems where accuracy is guar-

anteed independent of the size of the perturbation parameter.

A high order overlapping Schwarz domain decomposition method is designed
for solving singularly perturbed linear reaction-diffusion problems. The numerical
approximations obtained from this method are proved to be almost fourth order
uniformly convergent. Furthermore, we address the accelerated convergence of the
algorithm for small . To be more precise, we prove that, when £ is small, only
one iteration is required to achieve almost fourth order uniform convergence. We
then extend the method to systems of M (> 2) singularly perturbed linear reaction-

diffusion problems.

We next propose an overlapping Schwarz domain decomposition method for solv-
ing singularly perturbed semilinear reaction-diffusion problems. We prove that the

method is almost fourth order uniformly convergent, and that for small e, we only
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vi ABSTRACT

require one iteration. Further, this method is extended to systems of M (> 2) sin-

gularly perturbed semilinear reaction-diffusion problems.

Two overlapping Schwarz domain decomposition methods are designed for solv-
ing time dependent singularly perturbed linear reaction-diffusion problems. The first
method gives uniform numerical approximations of first order in time and almost
second order in space. The second method gives uniform numerical approximations
of first order in time and almost fourth order in space. Furthermore, it has been
proved that, when ¢ is small, one iteration is sufficient to achieve the expected ac-
curacy. These two methods are extended to systems of M (> 2) time dependent

singularly perturbed linear reaction-diffusion problems.

Numerical experiments support the theoretical results and demonstrate the ef-

fectiveness of all the designed methods.



Contents

Certificate i
Acknowledgements iii
Abstract \%
Notation xi
List of Tables xiii
1 Introduction 1
1.1 Parameter-Uniform Numerical Methods . . . . . . ... ... ... .. 2
1.2 Domain Decomposition Methods . . . .. ... ... ... ...... 4
1.3 Literature Survey . . . . . . . . . ... 6
1.3.1 Linear Reaction-Diffusion Problems . . . . . .. ... ... .. 6

1.3.2 Systems of Linear Reaction-Diffusion Problems . . .. .. .. 7

1.3.3 Semilinear Reaction-Diffusion Problems . . . . . .. .. .. .. 8

1.3.4 Systems of Semilinear Reaction-Diffusion Problems . . . . . . 10

1.3.5 Time Dependent Linear Reaction-Diffusion Problems . . . . . 10

1.3.6 Systems of Time Dependent Linear Reaction-Diffusion Problems 12
1.4 Organization of the Thesis . . . . . . . .. .. .. ... ... ..... 13

vii



viii CONTENTS

2 Singularly Perturbed Linear Reaction-Diffusion Problems 17
2.1 Properties of the Exact Solution . . . . . . . ... ... ........ 18
2.2 Domain Decomposition Method . . . . .. ... ... ... ...... 21
2.3 Error Analysis . . . . . . . . . .. e 24
2.4 Numerical Results . . . . . .. .. ... ... oo 33
2.5 Conclusions . . . . . . . . .. e 37

3 Systems of M (> 2) Singularly Perturbed Linear Reaction-Diffusion

Problems 39
3.1 Properties of the Exact Solution . . . . ... ... ........... 41
3.2 Domain Decomposition Method . . . . .. .. .. ... ........ 43
33 ErrorAnalysis. . . .. .. ... ... ... 46
34 Numerical Results. . . . . .. .. ... ... ... L. 54
3.5 Conclusions . . .. .. .. .. . ... e 58
4 Singularly Perturbed Semilinear Reaction-Diffusion Problems 59
4.1 Properties of the Exact Solution . . . . . . ... ... ... ...... 60
4.2 Domain Decomposition Method . . . . . . .. ... ... ... .... 62
4.3 Error Analysis . . . . . . . . ... e 64
4.4 Numerical Results. . . . . .. ... ... ..o oL 72
4.5 Conclusions . . . . . . . . .. .. e e 74

5 Systems of M (> 2) Singularly Perturbed Semilinear Reaction-Diffusion

Problems 75
5.1 Properties of the Exact Solution . . . . . . ... ... ... ...... 77
5.2 Domain Decomposition Method . . . . . .. ... ... .. ...... 78
53 Error Analysis . . . . . . . .. ... ... 80
5.4 Numerical Results. . . . . .. .. ... .. ... . 90

5.5 Conclusions . . . . . . . . o i, 94



CONTENTS ix

6 Time Dependent Singularly Perturbed Linear Reaction-Diffusion

Problems 95
6.1 Properties of the Exact Solution . . . . .. .. .. ... ........ 97
6.2 Domain Decomposition Method . . . . .. ... ... ... ...... 100
6.2.1 Method-I . .. ... ... .. ... ... 101
6.2.2 Method-IT . . . .. . . . . . ... ... . .. 102
6.3 Error Analysis . . . . . . . . . . .. L. 104
6.3.1 Method-I . ........... ... . . . ... ..., 105
6.3.2 Method-IT . . . .. .. .. ... .. ... . ... ... . ... 111
6.4 Numerical Results. . . . . .. .. ... ... ... ... ........ 119
6.5 Conclusions . . . . .. .. .. . ... e 125

7 Systems of M(> 2) Time Dependent Singularly Perturbed Linear

Reaction-Diffusion Problems 127
7.1 Properties of the Exact Solution . . . . .. .. .. ... ........ 129
7.2 Domain Decomposition Method . . . . .. .. .. ... .. ...... 131
721 Method-I . ... ... .. . ... 132
722 Method-II . . ... .. ... ... .. ... 133

7.3 Error Analysis . . . . . . . . . . .. e 136
731 Method-I . ... ... ... ... .. ... ... .. ... ... 136
7.3.2 Method-IT . . . .. . . .. ... . ... . .. 143

7.4 Numerical Results. . . . . .. .. ... ... ... ... ... ... 150
7.5 Conclusions . . . . . . .. .. e 156
References 157

Bio-Data 167



€
k

N, N,

0]

Q

g

O, 0,

ﬁN
Q=0x(0,T]
Qe Qm, Qr
GN’Nt

(@), (@)
v
[lvllp

[lvllp

-1
U;
Upsi

v;

Notation

singular perturbation parameter

iteration number

mesh discretization parameters

Landau symbol

given space variable domain

subdomain parameter

subdomains of 2

@ \2r) U U () \ On)

given domain for non-stationary problems
subdomains of )

\@m) U@ U@\ Q)

function spaces

—~N,N,
@
(’Ul, e ,’UM)T

max [v(z)|, D C ©

max{||v1||p, -, |lvmllD}

when domain is obvious, or of no particular significance
v(z:)

p(Zs)

'U(.T,) = (’U1;z', [ ’UM;,;)T

xi



xii NOTATION
Upsi Vp(2i) = (Vp,tiis - - - Up,ria) T
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