A Thesis
on

VARTATIONAL FORMULATIONS FOR NON-LINEAR DIFFERENTIAL

EQUATIONS AND INITIAL VALUE PROBLEMS

by

NEEL/AM ARORA

submitted to the Indian Institute »rf Tbchnnlogy, Delhi
for the award of the degree of
DOCTOR OF PHILOSOrH
in Mathematics

Department of Mathematics
Indian Institute Wf Technology
Hauz Khas, New Delhi-110029

1980



ACKNOWLEDGEMENTS

I am profoundly grateful to Professor 0.P. BHUTANI,
Head of the Department of Mathematics, Indian Institute
of Technology, Delhi, for his valuable guidance throughout
the preparation of this thesis. But for his keen interest,
generous encouragement and affectlonate efforts, this work
would not have been possible.

- My thanks are also due to Prof. 0.P. JAIN, Direc cor,
Indian Institute of Technology, for providing me necessary
facilities for carrying out this work.

; I am deeply indebted to all my friends in general
and Dr. (Mrs.) Girija Jayaraman, Mrs. Rita Bhatia and
M}és,Pdﬁrnima in particular for their helpful suggestions
and advice,

Finally, I thank Miss Neelam Dhody for her excellent
typing of the thesis.

Neelomy  Ayora

( NEELAM ARORA )
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The Thesis 3:ntitled "Variational formulati~ns ror
nen-linear differencial equations and initial value pro-
blems tan be envisaged as consisting of two <parts. Firss
part, which comprises of five chapters, deals with the
Problems of existence and formulations of variational
principles for nonulinearjlinear differential equations
and Hamilton's principle based on variational principle.
Part-II, which has only two chapters is concerned with
the develcpment of approximate variational methods that
provide solutions %o non-linear initial value problems.

The chapterwise details of the work put up in this thesis

arc as fnllnws:



CHAPTER-1I

Introduction and Scope of the Subject

The aim »I this chapter is two fold in the sense
that besides giving a critical review of the related lite-
rature we have, for our future reference, re-derived
necessary and sufficient conditions for the exlstence and
formulation of variational principle for a system of fourch
order non-linear differential equations. This 1s followeid
by the deductions of the consistency conditions for the

situations dealt in Chapters II-IV.

CHAPTER-II

on_the Existence and Formulatioms of Variational
Principles for Single Scalar Nonlinear Differen-
tial Equations

Hereiq)we have utilized the conditions derived in
Chapter-I, to stud: vhe existence and fcrmulationsof pocen-
tial)alternate potential principles for nonlinear differen-

tial equations g verning the following physical situaticns.

(1) generalized Korteweg de-Vries equation,
(ii) two-dimensional irrotational diabatic flow,

(iii)  two-dimensicnal isoenergetic rotaticnal adiabatic
flow, and

(iv) large oscillations of a moving thread-line.



CHAPTER-III

on_the Existence and Formulations of Variational
Principles for Systems of Nonlinear Parital
Differential Egquations

Unlike Chapter-II, wherein we had confined our
attention to study the existence and formulations of varia-
ticnal principles for single scalar nonlinear differential
equations, we have in this chapter, applied the consistency
conditions to construct functicnals for systems of non-
linear differential cquations. More specifically, potentialj
alternate pntential principles for the following prcblems

have been formulated:

(1) nen-linear waves in a cold plasma,
(1i) two~-dimensional irrotational diabatic flow,

(1ii1)  visco-plastic torsion of a prismatic bar of square
cross secticn and

(iv) non-linear buckling of a thin circular plate.
CHAPTER~IV

Variaticnel Principles for Linecar-Initial
Value Probleus

The purpoase of this chapter is to develop a pro-
cedure te fermulate pctentiallalternate potential princioples
for linear initial value prcblems with homogeneousfnon—

homcgeneous initial as well as boundary ccnditicns. The



preocedure evolved has been illustrated by means of the

following problems:

(1) burning of gas in a rocket,
(11) isothermal reactor with axial mixing and

(i1i) unsteady meagneto-hydrodynamical flow.

CHAPTER-V

Hamilton's Principle in Magnetogasdynamics

Using variational principle based on Hamilton's
principle for the case of three dimensional unsteady mag-
netogasdynamical flow we have, in this chapter, attempted
fo 1llustrate the importance of Lagrange multipliers with
special reference to thelr existence. The main results
of the 1nvest1gati§ns have been put up in the form of
certain Lemmas and Theorems. In order to have an insight
to the lemmas derived for the general case we have dis-

cussed the case of transverse flow.
CHAPTER~VL

Composite Variational Principles for Nonlinear
Initial Valwe Problems

Keeplng in view the fact that the consistency
conditions for the cxistence of a potentiallalternate
bPotential principlc are quite stringent and severely
restrict the class of operators which admit variational

formulations we have, in this chapter,utilized the



apparatus of the theory of composite variational principles
to deduce the lumped models for the followlng physical

situations:

(1) the transverse deflection of an extensible beam and

(11) isothermal reactor with axial mixing.

These models are, further, used to find approximate

solutions to the rcspective problems.

CHAPTER-VII

Quasi Variational Methodsand Nonlinear Waves

After developing quasi variational principlesue
have, In this chapter, studied the asymptotic behavioums of

nonlinear wave probleus governing the following physical

situations:
(1) generalized Korteweg de-Vries equation and
(11) unsteady two-dimensional incompressible meteoro-

logical flow equation.
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