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ABSTRACT

Highly flexible manipulators offer unique advantages in various applications due to their
dexterity, lightweight design, and ability to navigate complex environments. However, their
inherent flexibility presents significant challenges in terms of modeling, control, and accurate
positioning. This thesis investigates the mechanics of highly flexible manipulators to ad-
dress these challenges and enable their effective utilization in diverse fields. Understanding
the mechanical behavior of highly flexible manipulators is crucial for their successful design,
control, and operation. Due to their significant deflection and complex dynamic character-
istics, traditional rigid-body manipulator models fail to capture their behavior accurately.
This thesis explores the mechanics of highly flexible manipulators, developing models and

analysis techniques to predict their motion and design them for optimal performance.

First portion of the thesis describes the modelling approaches in highly deformable struc-
tures. Generally, conventional approaches such as Euler-Bernoulli beam models are insuf-
ficient to model highly deformable structures due to their inherent assumptions of small
rotation. Hence more sophisticated methods are required which relaxes the assumptions.
Geometrically-exact beam theories are of such category. Mainly, continuous, and discrete
methods are employed to model highly deformable bodies. Continuous methods treat de-
formable bodies as continuum and derive the governing partial differential equations that
represent the dynamic behaviours. One of such methods is Cosserat rod modelling, which
is very popular in modelling continuum manipulators. On the other hand, discrete meth-
ods such as the Finite Element Method (FEM) discretize the continuum structures into a

finite number of elements to obtain a numerical solution for the manipulator’s mechani-
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cal response. Cosserat rod model offers a robust framework to model flexible manipulator
mechanics considering the external interactions and are widely used in various applications
involving slender deformable bodies called rods. The flexible manipulator is modelled under
the formalism of Cosserat Rod theory where the link is assumed to be inextensible and un-
shearable but can bend and twist. It can simulate complex deformations such as combined
twisting and stretching. The static equilibrium equations of Cosserat rod are nonlinear

coupled ordinary differential equations (ODEs), where numerical solution is only viable.

The second part of the thesis presents a medical application of cable driven continuum
surgical manipulator specially designed for minimally invasive neurosurgical procedures.
The study focusses on the designing of such manipulators based on the specific requirement
of a surgical task such as manoeuvrability and stiffness. The designing process and mod-
elling was carried out by employing Cosserat rod theory. The primary characteristics of
the design are simplicity, compactness, and inherent ease of sterilization. The prototype

demonstrated adequate dexterity during a basic functionality test.

The third portion of the present thesis is an exploration of the behavior of highly flexi-
ble initially curved manipulators, and beam like structures. Curved beams have inherent
nonlinearity due to their initial curvature, which makes their analysis difficult. A new dis-
cretization approach is presented using piecewise clothoid elements. The clothoid curves
interpolates the initial shape of the centreline of the beams in terms of piecewise linear
curvatures. The use of clothoid curves for discretization is found to yield accurate results
with lower computational effort. In addition, the model is simple, intuitive, and easy to
implement. Incorporating the clothoid curves in the Cosserat rod model resulted in an iso-
geometric method, where a unified set of parameters govern the geometric design as well as

static simulation.

The final portion of the thesis presents a preliminary attempt to model the dynamic be-
haviour of planar curved beams by incorporating piecewise clothoid interpolation into the

dynamic Cosserat rod model Cosserat rod dynamic equations are a system of coupled partial

© 2025, Indian Institute of Technology Delhi
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differential equations (PDEs) and are very difficult to solve. An implicit numerical solution
algorithm discretizes the time variable, and a shooting method solves the resultant bound-
ary value problem (BVP) in space variable. The effect of number of control points and the

numerical damping on the dynamic response of cantilever beam systems was discussed.

Keywords: Highly flexible manipulators, continuum manipulators, Cosserat rod theory,

clothoid interpolation.
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ARIQA

I eiiel AfAYeTed faffa 3yl & 36! U, goob B371eH, 3R Sifee ararerur # Ao A 6
&I & BRUT AGAT A Y B &1 Teiiip, 3eh! 3fafied et Afsfen, f=Eo, 3k ads
R & I & Aecaqul gAIfaT 92T ST &1 I8 2T 31 AT BT e &< 31 fafder &=
3% JUTe 3UIPT &Y e R & fore 3o oreliet AfAgeies] B i Y stia wvar 81 33 el AfY-
oled 3 i3S FAER Bl THSIHT 370 Ahd (83118, =0T, 37k Wdme & fav Agaqui &1 3% Hgaaqu!
fa&rmor 3k Sifea afaehia a3t & BRI, IRIRG HoR IRR AfAYeIeR Hisd 3P HTER B AP
R 81 gps U1 &1 I8 A 3 ol AfAgeied i Fifddhl i siie ol &, 30 I1fd Y widsgarof
A 3R 3¢ STAH U & fol fEsTe vl & foiu Higel 3iR fAAw0T deb-iepl ol fdebr ol 2

2 I8 BT gl UPT AT faebr FRe13AT # Higfela1 ef¥epivl Bl guid Pl g1 AH:, IRIRD
eRPIT 31 1 JeR-sHTell i Higel Bl gATd Bl 3idfifed eRUMA & SRUT 3AAH fApd Ava137
&I HiSel PR & foIU 3937 Bl &1 29T, AP uRSpd ddep! HY 3Taedesdl el & 31 & RN B
IS P &1 AT F9 I JEIDb (Geometrically exact) §19 Rigid w1 2oft & 317d &1 @, FRAR
37R fafa AT o1 39N 3P fapd BRI BY Higd B3 & v fasa ST &1 FRAR fafSai faga
fiepTl Y feRaT & % J A1 & 37 “Tferefict SaeR &1 afafAfeia v arel ot 37ifes faree -
BT DI cId Bl ol STH A U A PRIRTE IS (Cosserat rod) ASfiT &, s AR AfAqcied &1
Higel By H Igd dlipid &1 gFrl 37K, fafdh fafddi 3 fas Afid acd fafd (Finite element method)
AR RT3 B U SfE e & dedl 8 fAfoid e Afgeies o Aifaes ufafosan 3 fow v dewe-
P THTT YT Bl & | PRITE (S HISH Ueb HT( &a Jal Bl & o el AfAgetex &b it
I Higel foaT 571 Hebdl &, STg] YHTAIcRUN bl 841 H 3 d §U, 3R 76 1< AHP Uclel fapd SRIRY I
QMRS A I1t FAfA= 3T & A9 WU A 39IPT BT 3111 ofeliel AfAgeier &l PRIRIE I8 2R &
377aTst § Hige b S 8, STeit foidh o 3ol 3R 37areiall 711 91971 8, @ifdh I8 gl Jehdl & 3R g1
Al &1 Fg fagpIcal bl 3hRUT B Wb & 514 1o 31 §S I 3R Widd (combined twisting and
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stretching) |"®RIRTE S & fRR A FHBOT IR-VERI JFHA ATe/RUT fUATHD THIBRUT (ODEs) g,
TRt AT FHTE & e 8|

QMY Yaief T GIRT WPT FAH HThHeb RNfaicbel Ufeha3i & faiv fadiy wu & 331 fabu 710 doeiet
Fanferd fRAR Afidet AfAgeIer o1 e RIS 31U IR SRl ¢ e Afsicba B i fafore
3MEIHAT3N I {35 TN 3R HSRAT & MR W T AAYcIe B 3118 B W Hfgd 81 13-
STEf1 gfosa 3R HiEfeiT Bl BRIRTE IS 2 BT ITART Beb fobaT I AT| 318 & wreifires fadreany
ATestl, Birdaed, AR FHEE! B 3R FReTal &1 WSSy 3 Ueb gfATel BRIGHAT W10l & R
QT el BT Faei o]

IAAT e Yeiel BT 3ifAH UPT H AT el RS Ieh AYeied 3R & SRf I3 & Faer
1 st g1 aeh A1 H GRS dehell &b BRUT Hdffed SRIGIA Eiell &, S ad 371 [ A1 B3 &
STl €1 Ueh =11 fAfahicRu effeiur didrsst deneliss dal &1 3UART B IRd foba IR &1 aelieigs
e S b dbg, ¥aT & ARG 3THR B! TRIaTsst 3w a3t & dey & gexticle Hedr g1 fafachr-
DR &b feIU Fell2Se dehl bl 3UAPT A B LA-ct TIR b A1 TcTcb IRUMH & o fell T IR sdcb
31T, HART AISA IR, W&, 3R AP B H 3 g1 DRINIE IS Hisd H Fles aobl i e
Be1 Ueh FATAA fAfe) & GRUTA g3, STl Uehlgpd HIUES| &b A SATACAIY 83718 3R RRAR 31gevor &l
&I AT B &l

QMel eief BT YRMAP TR & A1 JAMYA fasa1 171 €, 371 @R aeh diHl & ITfaefie 2IdeR & Aisd
A P folu TIaTSsT Fliss Serulcier B Iaefiel PRIRIC IS Hiset H M Bl &1 PRIRIC IS
& Jnferefiet FHitesRuT A 3HifAeh =TT FHIBRUN (PDES) @1 Ueb RReH ld & 3R 5% &1 e agd
B BT g1 U idHEd Iad® I UEiiReH I0d @R $I fafdws &l &, 3R v ofe fafd
3ieRTe TR & gRoTHt Himr 719 JH=AT (BVP) B & el g

T 2A: RS eTdiel AYeled, AR AfYcied, HRIARIE IS 22K, Felless S|
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PCS Piecewise Constant Strain

MEMS Micro Electro-Mechanical Systems
UVMS Underwater Vehicle Manipulator System
RMSE Root Mean Squared Error

ABS Acrylonitrile Butadiene Styrene

CFL Courant-Friedrichs-Lewy

BDF Backward Differentiation Formula

2D Two dimensional

3D Three dimensional
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NOTATION

The following rules are followed throughout this thesis for the notations:

A bold lower-case letter represents a vector.

A bold upper-case letter represents a tensor or a matrix.

An [talics letter represents a scalar.

Points are represented using upper-case letters.

Independent Variables

Quantity Description Unit
s Arc-length parameter (m)
t Time (s)

Coordinate Frames

Symbol Description
O Origin
{e1,es,€3} Global frame
{dy(s),da(s),ds(s)} Director frame

XX



NOTATION xxi

Groups and Algebras

Symbol Description

E3 Right-handed orthonormal basis

R3 Three-dimensional Euclidean space

SO(3) Group of all rotations about the origin of R?
50(3) Lie Algebra of the Lie Group SO(3)

Accents and Notation

Symbol Description

() Derivative with respect to arc-length parameter s
(:) Derivative with respect to time ¢

() Mapping from R? to s0(3)

b1 0 —ps po
E.g., For any vectorp= |p, |, P=|p; 0 —p

ps —p2 p1 0
(j) Distributed terms such as force and moment in Cosserat rod theory
) Unit vector
(%) Cross product
ol Modulus of a vector or quaternion
AT Transpose of a matrix A
At Inverse of a matrix A
e Exponential of a matrix A
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NOTATION

xxii

Scalar quantities

Quantity
L
As

oy >

=

G

0

1,492,493, q4
I11, Ing, I33
N

Ne

M

T

Roffset

D

B

H

Oy

Ya

-2

C

A

Q;, O, Bi? Bm Hi, Ho

(0%

lla l2

Description

Undeformed length of rod

Space step or increment in the arc-length parameter
Density of material of rod

Area of cross-section of rod

Young’s modulus of material of rod

Poisson’s ratio of material of rod

Shear modulus of material of rod

Angle of rotation in quaternion representation
Components of unit quaternion

Second moment of area along principal axes
Number of nodes/control points in FEA or IGA

Number of control points in clothoid interpolation

Unit

kg/m3

Pa

Pa

rad

Bending moment at the tip of cable driven manipulator Nm

Tension in the cable in manipulator

Cable offset from the centreline of manipulator
Diameter of circular cross-section of rod

Breadth of rectangular cross-section of rod

Height of rectangular cross-section of rod
Maximum bending stress in the cross-section of rod
Distance from the neutral axis to the extreme fiber
Angle of tip-concentrated follower load

Radius of curvature of a circular arc rod

An arbitrary constant

A parameter used to define curves

Parameters in sandwiched beams

Parameter in BDF-a method

Lenght parameters of surgical manipulator

N

m

Pa

rad
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NOTATION xxiii

Vector quantities

Quantity Description Unit
r(s,t) Centreline position of rod, r = [7”1 o rg]T m

T
q(s,t) Unit quaternion, q = [(]1 @ g q4] -
a Unit vector along axis of quaternion representation -
f(s,t) Internal contact force, f= [ fi fo f3} ' N
n(s,t) Internal contact moment, n = [m o n3]T Nm
f(s,1) Distributed force per unit length, f = [f1 fo fg} ' N/m
n(s,t Distributed moment per unit length, n = [ﬁl iy ﬁS} ' Nm/m

T
Strain vector, v = |:U1 Vs U3] -

<
—~
»
.
~— ~— ~— ~

k(s,t Curvature vector in the local frame, k = [kl ks ks} ' 1/m
u(s,t Velocity in the local frame, u = [U1 Us u3]T m/s
w(s,t) Angular velocity in the local frame, w = [w1 Wy wg] : 1/s
v*(s,t) Reference strain, [0 0 1} ' for a straight rod -
k*(s,t) Reference curvature [0 0 0} ' for a straight rod 1/m
y Initial guess for solution of rod equations -

dy Increment in solution of rod equations -

Z Residual vector -

h A function which evaluates residual -

k A unit vector in the direction of k -

A 3 x 1 null vector -

=]
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NOTATION

XxXiv

Matrices

Quantity
R(s, 1)
B

Kt

Description

Rotation matrix for material orientation

A 4 x 3 matrix for quaternion derivative

—q2

q1

q4

—dqs3

—qs3

—q4

q1

q2

—q4

q3

—q2

q1

Second mass moment of inertia tensor
Iiy 0 O

J=10 In 0
0 0 Is3

Stiffness matrix for shear and extension

(G4 0 0
Ke=|0 GA 0
0 0 EA

Stiffness matrix for bending and torsion

ElL, 0 0
Kbt = 0 EIQQ 0
0 0 Gl

Damping matrix for shear and extension
Damping matrix for bending and twisting
Jacobian matrix

A 3 x 3 identity matrix

Unit
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