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Abstract

The principal aim of this thesis is to investigate finite element methods applied to both frictional
and frictionless contact problems. Contact problems play a central role in a wide range of
mechanical structures and hold significant importance in various fields such as hydrostatics
and thermostatics. Within this study, we emphasise on the contact problems characterized by
various conditions, including the Signorini non-penetration condition and normal compliance
condition while the frictional force is modeled using Coulomb’s law of dry friction and Tresca
friction laws. The variational inequalities, which represent the variational formulations of
contact problems, have provided a powerful tool in the mathematical analysis of these models.
In this thesis, we examine both elliptic and parabolic variational inequalities. Within the
context of elliptic variational inequalities, our investigation encompasses the Signorini contact
problem and the frictional contact problem with normal compliance. In the realm of parabolic

variational inequalities, we conduct a detailed analysis of the quasi-static contact problem.

The regularity of the solution plays a pivotal role in determining the qualitative behavior
of the approximation. However, there are situations where the solution to the variational
inequalities exhibit irregularities, stemming from factors like the presence of free boundaries,
reentrant corners within the domain etc. Due to the inherent non-smooth and non-linear nature
of variational inequalities, there has been a growing interest in a posteriori error control for
these variational inequalities and discretization methods in recent years. A pivotal step in the
development of adaptive finite element methods is the derivation of a posteriori error estimators.
These estimators establish a connection between the error and variables that can be computed
using the discrete solution and the available data. In the pursuit of reducing computational
costs without compromising the accuracy of the numerical solution, adaptive mesh generation
emerges as a highly advantageous approach. To this end, a rigorous theoretical framework

is developed to establish these a posteriori error estimates and obtain convergence rates for

Vil
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some variational inequalities. These estimates serve to quantify the accuracy of the numerical
approximation and provide essential insights for evaluating the reliability of the computed

solutions. The theoretical discoveries are substantiated by the numerical investigations.

This thesis comprises of seven chapters. The first chapter of the thesis lays the foundation for
the subsequent chapters by conducting an extensive review and analysis of relevant literature.
The next two chapters of the thesis delve into the derivation of residual-based a posterior:
error estimates for the unilateral contact problem. Specifically, quadratic finite elements are
employed in the conforming setting in the first chapter, while the second chapter focuses on
the discontinuous Galerkin (DG) methods. The analysis primarily hinges on the utilization
of several intermediate operators, which in turn, confirms the reliability and efficiency of the
error estimators. Furthermore, in Chapter 3, we establish optimal a priori error estimates
in DG norm with the appropriate regularity assumption on the exact solution. Subsequently,
Chapter 4 is devoted to the derivation of reliable and efficient pointwise a posteriori estimates
for the Signorini problem, utilizing quadratic DG methods. The analysis primarily relies on the
existence of super and sub-solutions corresponding to the continuous solution u and standard
a priort error estimates for the Green’s matrix of the divergence type operator. The numerical
analysis of the frictional contact problem with normal compliance in DG setting is studied
in Chapter 5. In this chapter, we have also established the medius analysis along with a
posteriori error analysis. An enriching map that bridges the DG finite element space with the
conforming finite element space has been constructed and used extensively in the analysis of
Chapter 3, Chapter 4 and Chapter 5. Additionally, a common property shared by various DG
methods aids in formulating the analysis within a unified framework. In Chapter 6, we consider
the numerical solution of a non-linear evolutionary variational inequality, arising in the study
of quasi-static contact problem. Therein we study spatially semi-discrete and fully-discrete
schemes for the quasi-static contact problem using non-conforming discretization in space and
finite difference discretization in time. In order to validate the theoretical results, numerical
results are presented at the end of each chapter from Chapter 2 to Chapter 6. Finally in the

last chapter, we conclude the thesis and propose potential directions for the future work.
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