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Abstract

This thesis is devoted to the study of various families of functions between met-
ric spaces. A function between two metric spaces is said to be Cauchy-regular if
it preserves Cauchy sequences. In the literature, we have various weaker forms of
Cauchy sequences such as cofinally Cauchy sequences, pseudo-Cauchy sequences,
Bourbaki-Cauchy sequences, and cofinally Bourbaki-Cauchy sequences. The corre-
sponding spaces in which these sequences cluster are called cofinally complete, UC,
Bourbaki-complete, and cofinally Bourbaki-complete respectively. All these spaces
lie strictly in between the class of compact metric spaces and that of complete metric
spaces.

Similar to the idea of the well-studied class of Cauchy-regular functions, we
have functions that preserve the aforementioned classes of weaker Cauchy sequences
known as CC-regular, PC-regular, BC-regular, and CBC-regular functions. Along
with these functions, various properties of other functions such as almost bounded,
Cauchy-subregular, Cauchy-regular, uniformly continuous, strongly uniformly con-
tinuous, and some Lipschitz-type functions are also investigated. This study leads to
various characterizations of cofinally complete metric spaces and the spaces that are
stronger than the cofinally complete ones that are UC spaces and cofinally Bourbaki-
complete spaces. Furthermore, cofinally complete metric space are characterized in

terms of some function space topologies as well.
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Introduction

Functions play an important role in the theory of metric spaces, more precisely
in analysis on metric spaces. Two important classes of functions, namely the class
of continuous functions and that of uniformly continuous functions are well-known
to all of us. In [79], Snipes has studied the functions that lie strictly in between
these two important classes of functions, which he called Cauchy-regular functions.
A function between two metric spaces is said to be Cauchy-regular if it preserves
Cauchy sequences, that is, it takes Cauchy sequences to Cauchy sequences. These
functions were further investigated by Snipes and Borsik in [80, 24, 25]. Since
Cauchy-regular functions are continuous, they have also been widely known as
Cauchy-continuous functions in the literature [1, 17, 18]. It is well-known that
every continuous function on a metric space (X, d) is Cauchy-regular if and only
if (X,d) is complete, whereas every Cauchy-regular function on (X, d) is uniformly
continuous if and only if the completion (X,d) is a UC space [7]. Cauchy-regular
functions play a vital role in the analysis of complete metric spaces as well as the
spaces which are stronger than the complete ones. Recall that a metric space is
compact if and only if it is totally bounded and complete. Thus there is a huge gap
between compact metric spaces and complete metric spaces. The role of these two
classes of metric spaces in mathematical analysis is beyond question. Thus many
researchers have been inspired to study the metric spaces which lie strictly in be-

tween these two classes of metric spaces. The classes of cofinally complete metric



2 INTRODUCTION

spaces, UC spaces, Bourbaki-complete metric spaces, cofinally Bourbaki-complete
metric spaces are some better-known examples of such spaces. Let us first discuss
various weaker forms of Cauchy sequences which define or characterize these spaces
and then we will discuss the functions that preserve such sequences.

Recall that a sequence (x,) is Cauchy if for every € > 0, there exists a residual
set of indices N, such that each pair of terms, the indices of which, come from N,
are within e distance of each other. If we replace “residual” by “cofinal” then we
obtain sequences that are called cofinally Cauchy. A metric space is called cofinally
complete if each cofinally Cauchy sequence in it has a cluster point. We all know
that every continuous function from a compact metric space to an arbitrary metric
space is uniformly continuous. But this property does not characterize compactness.
It is a characteristic property of a larger class of metric spaces called UC spaces (also
widely known as Atsuji Spaces). A metric space is said to be UC if every real-valued
continuous function on it is uniformly continuous. The corresponding weaker form
of Cauchy sequence used to characterize UC spaces is pseudo-Cauchy sequence. The
notion of pseudo-Cauchy sequence was introduced by Toader in [82]. More precisely,
a metric space is UC if and only if each pseudo-Cauchy sequence in it with distinct
terms has a cluster point, where a sequence is called pseudo-Cauchy if there exists
a pair of terms arbitrarily close frequently. Since every cofinally Cauchy sequence is
pseudo-Cauchy, every UC space is cofinally complete. In 1958, Atsuji [4] introduced
the notion of finitely chainable metric spaces in order to characterize the metric
spaces on which every real-valued uniformly continuous function is bounded. At-
suji proved: every real-valued uniformly continuous function on a metric space is
bounded if and only if the metric space is finitely chainable. The class of finitely
chainable metric spaces strictly lies in between the class of bounded metric spaces
and that of totally bounded metric spaces (see also [60]). Finitely chainable metric
spaces are also called Bourbaki bounded in the literature because these sets were
considered in the book of Bourbaki [26]. To characterize finite chainability sequen-

tially, Garrido and Merono defined Bourbaki-Cauchy and cofinally Bourbaki-Cauchy



INTRODUCTION 3

sequences [41]. Corresponding to these sequences, Garrido and Merofio have intro-
duced two new types of complete metric spaces, namely Bourbaki-complete metric
spaces and cofinally Bourbaki-complete metric spaces. A metric space is said to be
(cofinally) Bourbaki-complete if every (cofinally) Bourbaki-Cauchy sequence in it
clusters. The concept of cofinally Bourbaki-Cauchy sequences is similar to that of
cofinally Cauchy sequences, in fact, every cofinally Bourbaki-complete metric space
is cofinally complete. There is no direct relation between cofinally complete met-
ric spaces and Bourbaki-complete metric spaces, but interestingly, the collection of
cofinally Bourbaki-complete metric spaces is positioned in between the class of UC
spaces and that of cofinally complete metric spaces.

In the literature, one can find a comprehensive list of characterizations of the
aforementioned variants of complete metric spaces in terms of geometric function-
als, certain sequences and functions, Cantor-type conditions, etc. In [15, 16, 17,
18, 19, 37], various authors have considered some Lipschtiz-type functions such as
locally Lipschitz, Cauchy-Lipschitz, uniformly locally Lipschitz and Lipschitz in the
small. In these articles, various interesting properties of these functions have been
investigated. In fact, complete metric spaces and their variants have also been
characterized in terms of these Lipschitz-type functions in context of their relation
with each other. Also, having been motivated by the significance of Cauchy-regular
functions and complete metric spaces, in 2016, Aggarwal and Kundu [2] have de-
fined the functions that preserve various weaker forms of Cauchy sequences that
we have discussed, and characterized the corresponding classes of complete metric
spaces using those functions. The functions that preserve cofinally Cauchy sequences
are called CC-regular functions, whereas the functions that preserve pseudo-Cauchy
sequences are called PC-regular functions. Similarly, the functions that preserve (co-
finally) Bourbaki-Cauchy sequences are called (CBC-regular) BC-regular functions.
The primary objective of the thesis is to investigate various interesting properties
of the functions that have been talked about so far. We also present some analy-

sis on strongly uniformly continuous functions which were first defined in [21] and
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Cauchy-subregular functions, where a function is said to be Cauchy-subregular if
takes Cauchy sequences to sequences having a Cauchy subsequence. Some rela-
tions among not necessarily continuous functions such as CC-regular, PC-regular,
Cauchy-subregular along with their relations to continuous, Cauchy-regular, uni-
formly continuous and Lipschitz-type functions in various combinations have been
established. As consequences, we obtain nice characterizations of cofinally complete
metric spaces and the spaces which are stronger than cofinally complete spaces, that
is, UC spaces and cofinally Bourbaki-complete spaces. The study of boundedness of
various combinations of Lipschitz-type functions and other functions gives us char-
acterizations of totally bounded and finitely chainable metric spaces. We also give
characterizations of cofinally complete metric spaces in terms of some function space
topologies. Before going into the details of the organisation of the thesis, we would
like to give a brief historical review on cofinally complete metric spaces and UC
spaces.

Out of the four variants of complete metric spaces that we have talked about,
the concept of UC spaces is the oldest one. According to [27], the study of UC
spaces can be traced back to at least 1947 [33], if not earlier. Then Nagata studied
such spaces in 1950 in [69], followed by Monteiro and Peixoto [66] in 1951. The
UC spaces were first extensively studied by Atsuji [4] in 1958 and hence they have
widely been known as Atsuji spaces also in the literature. The UC spaces have been
the subject of study for a number of articles over the decades [6, 7, 8, 30, 73, 83].
A wide collection of equivalent conditions for a metric space to be a UC space can
be found in the survey article [61] of Kundu and Jain. Cofinal completeness was
first considered implicitly by Corson [31] in 1958 and then by Howes [51] in 1971
in terms of nets and entourages. A few years later, Rice [74] introduced the notion
of uniform paracompactness for a Hausdorff uniform space X and subsequently in
[78], Smith, the reviewer of Rice’s paper for Mathematical Reviews, observed that

uniform paracompactness is equivalent to net cofinal completeness for a Hausdorff
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uniform space. In the context of metric spaces, a metric space (X, d) is called uni-
formly paracompact if for each open cover V of X, there exists an open refinement U
and § > 0 such that for each x € X, B(x,d) intersects only finitely many members
of U. In [13], it has been shown that sequential cofinal completeness in metric spaces
is equivalent to uniform paracompactness. In 1981, Hohti [47] gave a nice equivalent
characterization of a uniformly paracompact metric space in terms of uniform local
compactness. Much later in 2008, Beer [10] cast a new light on cofinal completeness
and gave various nice characterizations of cofinally complete metric spaces, present-
ing unanticipated parallels between this class of metric spaces and UC spaces. Later
on, in 2016, Aggarwal and Kundu added various characterizations of UC spaces and
cofinally complete metric spaces [1, 2].

The entire work of the thesis has been presented in five chapters.

In Chapter 1, we define the variants of complete metric spaces which we have
mentioned earlier and various examples are given to illustrate the relation of these
spaces with each other. Moreover, various Lipschitz-type functions, strongly uni-
formly continuous functions, Cauchy-subregular functions, functions preserving cer-
tain sequences, are briefly introduced. The connections of these functions with the
variants of complete metric spaces, which have already been established in the lit-
erature are also discussed. Some properties of Lipschitz-type functions and some
extension results related to continuous, Cauchy-regular, and uniformly continuous
functions are mentioned as well. Since the thesis is a bit long, we have avoided
giving proofs of the results given in this chapter.

In Chapter 2, we focus on CC-regular functions and their relations with other
functions. In 2017, Keremedis has defined almost bounded functions and AUC
spaces [56]. We show that an almost bounded function is nothing but a CC-
regular function and an AUC space is nothing but a cofinally complete metric
space. We study stability of never zero continuous CC-regular functions under

reciprocation and boundedness of various combinations of Lipschitz-type functions
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with CC-regular functions. Further, we compare CC-regular functions with Cauchy-
subregular functions. In the entire process, we obtain characterizations of cofinally
complete metric spaces and the spaces which have cofinal completion. We also ex-
plore the condition under which a Cauchy-subregular function is Cauchy-regular.

In Chapter 3, we characterize UC spaces in terms of uniform continuity of various
thin subclasses of continuous functions. The comparison of Cauchy-subregular func-
tions and PC-regular functions leads to various characterizations of metric spaces
having UC completion. Conditions under which PC-regular functions, strongly uni-
formly continuous functions, CBC-regular functions are stable under reciprocation,
are also studied. Investigation on some properties of CBC-regular functions gives us
characterizations of cofinally Bourbaki-complete metric spaces and finitely chainable
spaces.

In Chapter 4, we study metric spaces with cofinally complete completion; for
brevity, we say that such spaces have cofinal completion. Since cofinally complete
metric spaces are complete, it is natural to pay attention towards the metric spaces
which have cofinal completions, as some metric spaces are deprived of being cofi-
nally complete just because they are not complete (same goes with any other vari-
ant of complete metric spaces). We study such spaces in terms of some properties
like boundedness, uniform continuity of Cauchy-regular functions, Cauchy-Lipschitz
function, and uniformly locally Lipschitz functions defined on them. One of the key
tools that we use is the local total boundedness functional which measures the local
total boundedness of a metric space at its each point.

In Chapter 5, we characterize cofinally complete metric spaces in terms of some
function space topologies. It is well-known that if a metric space (X, d) is compact
and (Y, p) is any other metric space, then on the set of continuous functions from
X to Y, the topology of uniform convergence is same as the topology given by the
Hausdorff metric [70, Theorem 4.7]. This equivalence plays a significant role in
approximation theory, for instance see [77]. However, in general, one may need to

deal with non-compact metric spaces. Thus we establish the same equivalence on
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some particular subsets of continuous functions and locally Lipschitz functions from
(X, d) to (Y, p), where the equivalence also characterizes the cofinal completeness of
the space (X, d).

Unless mentioned otherwise, R and its non-empty subsets carry the usual dis-
tance metric and all metric spaces are considered to be infinite. Finally, in the
thesis, we take one numbering for the Definitions, one for the Examples, one for the
Remarks and another one for the Propositions, Lemmas, Theorems and Corollaries,

each numbering being restricted to its own chapter.
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