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Abstract

The main topic of the thesis is the study of nonlocal elliptic partial differential equa-
tions. In recent decades, the interest in nonlocal PDEs got a huge growth because of
its ample amount of applications in many branches of engineering, biology, Physics,
and so forth. Nonlocal operators have the characteristic of capturing the long range

dynamics. The thesis is divided into five chapters.

In Chapter 1, we give a brief survey, preliminaries used in subsequent chapters and

organization of thesis which gives a summary to the contribution of our work.

In Chapter 2, we investigate the spectral properties of the nonlocal operators. We
established the existence of second eigenvalue and first nontrivial curve in the Fucik
spectrum of different types of nonlocal operators by means of variational methods.
Next, we develop the sharp lower bounds for the first and second eigenvalue like “Faber-

Krahn inequality” and “Nonlocal Hong-Krahn-Szego” inequality.”

In Chapter 3, we present the effect of the geometry of the domain on the existence
and multiplicity of solutions to Choquard equations involving critical nonlinearity. We
have established the global compactness result, which is of independent interest. We
first prove the Coron type result for the critical Choquard problem. Next, We adapt
the tools of critical point theory, degree theory, and variational methods to prove the
existence of four positive solutions to a nonhomogenous problem. Further, we have
also discussed the convex problem and prove that the peculiarity of the topology of

domain yields a lower bound on the number of positive solutions.

In Chapter 4, we demonstrate the regularity of solutions for a class of doubly nonlocal
problems. Precisely, we have studied a problem involving fractional Laplacian with a
general critical Choquard non linearity. We develop a nonlocal Brezis-Kato techniques
to obtain the uniform bound. We concluded the uniform a-priori bound of the weak
solutions by developing the Brezis-Kato technique in the doubly nonlocal framework
even in case of singular nonlinearity. We also have Sobolev versus Holder weighted

minimizers result for the problem.



Vi Abstract

In Chapter 5, we further investigate the doubly nonlocal problem with singular nonlin-
earity. Here first, we established a very weak comparison principle we help us to find a
relation between the solution of the problem and the solution of a translated problem.
By using this relation, we further prove the Holder regularity and asymptotic behavior
of solutions. Moreover, we prove the optimal Sobolev regularity of the solutions. Next,
to prove the existence and multiplicity of solutions, we use the nonsmooth analysis of

critical point theory.
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NAT T A& A9 IR-TAAT 37STHR MRS 7aehel THHION HT IETTA ¢ g1l
AT #H, IR-TUT 31w IR G & 3T 7 seifaaier, sha faae, sifadr ik
S8 S1G I S ATETHT H $8G TATCT HTHT H 3TN o HROT Ueh §37 g & Tred 1 3
IR-FUTHAT HTREI T T g1 T ATAMNTAT T Fwoll et bl TARIVAT &1 MTEF @l ey
et A fasnfara foram aram g

Uge AT H A T Hiared gdator g §, 916 & sreart 3R Afee & d@erea &
39T fhT 91T IR ST §AR 1A & ANITGTe T HRIA 1 IRET ST 3|

STacT 31EAT H, §HA IR-TAHIT IR o Tl 0N ol Iqaee fhar &1 gaa
aRULA AT T ST Fkeh [ATHeeT TehR & IR-TUTAIT IHTORERT T fdi goidey
3R BTl ThoreH H Tgel IR-3UH Tsh & HTEccd ohl TATTEAT T | $Heh 16, §HA “Hhax-
shet” 3R “IR-TUTAT GIaT-SIA-TSN ST AT Sl TR fhaT § T 6T Tger 3R
gfad Sofaey & fav yax foael €T fasfad s &

T AT H §HA HEcdqUT Tshieehel AlTelliIANCT dTel dTehTs HHIHIUI o HHTLTST
& Hfedea AR SgeIdT T A HI SAFATT & JTT HT T¥dd A &1 §He IR
HIFdFeAd aRUTH T TATTAT 1 §, S FGdT e H1 81 &7 TGH Igel Agcaqul Tlhrs
FAEAT & foIT kel IR & IROTH ahl A1fad i & | 31T, §H Ueh IR-TATIAT GHET
& IR ThRIcHS THATHTAT o HTTcdcd ol TTlad el & ToT fohfeael dise &any, f3aft
T Vs aRUAATST AYSH & AL 1 AeThioled I & | S8 3TeTal, §H Sciel GHET
oX ot AT T g AR g aifad fhar g for S1Ae & crataisl st @ifadd HhRIcHe AT
$r TE&TT X AFT aiey & B

T I H g aled IR-TUTHT TATAT3T o 31 o Folv GATeT=r Fr afAdaar gefia
frar &1 T8I H, g Ueh AT Tohfeahel AIhIS slieT ol TeT o T2 Sherelaol ol foraeT
O ST HATAT 1 T a1 §1 §HA FHISA T35 WIS i & [T Teh Alel-Bichel
ST -ah1eT dTehotleh TR AT R &1 §He FHIeR FleTellaRe! & HIA 7 o sfaa-are
dehelleh I algY IN-FUAT T A [9hf8d ieh HHASIR AT Sl TH&adl Hr




WA &T| §H FHEIT & [oIT Fialleld T Joiel # AR glesy ATTATSR TRoms oY
g e §

e AT H, §HeA THIOR FAlAIATRE! & AL Gl IR-TATAT FHAEAT T HTHUTA
T &1 IgT ugdl, g5 U §gd & AR Jel=TT [T & TAT9=1T T fSad g gaea
& FATUT 3R JeJaried HAEAT & AU & &< Ueh HY Wiolel A FAeG X ol 39
HeET T 3T ch, §H 3T FATUA A glest Aaffiaar 3R Furifeaa sgagr
Ifad A &1 3G 37TaT, 85 THTUTET & Fafad etela Aaf@daar = arfed i £
373TIT, GHATHTSAT o 317 dca ﬁqgﬁdlﬁmmm%%,mwmtﬁét
2O Y AlAEH TARATOT T 3T T B |




Table of Contents

Certificate
Acknowledgements
Abstract

List of Symbols

1 Introduction

1.1 Nonlocal elliptic problem . . . . . . . . ... .. ... ... .. .....
1.2 Spectral analysis of elliptic PDEs . . . . . ... .. ... ... .....
1.3 Critical exponent problems . . . . . . . .. ... ... ... ...
1.4 The effect of geometry on the number of solutions . . . . . .. .. ...
1.5 Problems involving Singular nonlinearity . . . . . . . .. ... ... ..
1.6 Regularity of weak solution to the elliptic problems . . . . . . ... ..
1.7 Organization of the Thesis . . . . . . . . .. .. .. .. .. ... ...

1.7.1  Spectral analysis of nonlocal elliptic operators . . . . . . . . ..

1.7.2  The effect of geometry and critical Choquard problem . . . . . .

1.7.3 Regularity of doubly nonlocal problem . . . .. .. ... .. ..

1.7.4  Existence and regularity results with singular nonlinearity

2 Spectral Analysis of Nonlocal Elliptic Operators
2.1 Imtroduction . . . . . . . ..
2.2 Variational characterization of second eigenvalue . . . . . . . . .. . ..
2.3 Optimization problem . . . . . . . . ... .. ... ... .
2.4 Fucik spectrum . . . ... L Lo

2.5 Conclusions and remarks . . . . . . . ...

3 The Effect of Geometry on the Number of Positive Solutions to Non-

local Equation
3.1 Introduction . . . . . . . . ...
3.2 Homogeneous case . . . . . . . . . ...

3.2.1 Classification of solutions . . . . . . . . . . . . . ... ... ...

vii

iii

ix

10
11
13
15
16
16
18
20
22



viil

Table of Contents

3.2.2 Palais-Smale analysis . . . . . . ... ... ... L.

3.2.3 Existence of high energy solution . . . ... ... ... .. ...

3.3 Non-homogeneous case . . . . . . . . . . . ...

3.3.1 Nehari manifold and existence of first solution . . . . . . . . ..

3.3.2 Asymptotic estimates and Palais-Smale analysis . . . . . .. ..

3.3.3 Existence of second and third solution . . . . . .. .. .. ...

3.3.4 Existence of fourth solution . . . . . . . .. .. ... ... ...

3.4 Convex Problem . . . . . . . . . . . .

3.5 Conclusions and remarks . . . . . . . . ...

4 Regularity Results on a Class of Doubly Nonlocal Problems

4.1 Introduction

4.2 Preliminary results . . . . . . . ...

4.3 Technical results . . . . . . ..o

4.4 Proof of main theorems . . . . . . . . ...

4.5 Applications

4.6 Conclusion and remarks . . . . . . . ..

5 Global Multiplicity Result for a Singular Problem

5.1 Introduction

5.2 Preliminary results . . . . . . .. ...

5.2.1 Notions of nonsmooth analysis . . . . . . . .. ... ... ....

5.3 Very weak comparison principle . . . . . . . ... .00

5.4 Regularity of weak solutions . . . . . . . .. ... .. ... ... ...

5.5 Existence of first solution . . . . . . . . . .. ..

5.6 Existence of second solution . . . . . . . . . ...

5.7 Conclusions and remarks . . . . . . . . ...

References

Curriculum Vitae

95
95
98
101
108
110
115

117
117
119
122
123
127
131
140
147

149

165



Symbol

|A]
B, (z)
C(Q)

1f1lze

[l

el o

[ e

B (u) and B)X(u)
Bi(u) and Bl(u))

[ullwer@)

[ulrrs(a)

List of Symbols

Meaning

Lebesgue measure of a set A C RV,
Ball of radius r centered at z in RY.
Set of infinitely differentiable functions
with compact support in €.

Norm of f in LP(€2).

max(u,0) .

max(—u, 0).

{x e RN | 2y > 0}.

the standard convolution operator.
Dual space of Hj ().

Norm in dual space.

Closure of C%°(€2) in H(Q).

1
</ |Vl dx> norm of u in Hy ().
(/ |Vu\pdx> norm of v in Wlp(Q).

Laplacian.

p-Laplacian.

Norm of u in L* space.

Open and closed ball centered at v with radius p in X space.
Open and closed ball centered at u with radius p in C9(Q) space .

Norm of w in the fractional order spaces W*P(£2).

Ja Ja G dady.

1X



	Divya Goel.pdf



