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Abstract

The analysis of wave propagation in solids is desired in a number of applications, for example,

impact response, characterization of elastic waves for nondestructive evaluation (NDE), guided

waves for structural health monitoring (SHM) of thin-walled structures, tremor propagation

through ground and thermal shock waves in elastic and piezoelectric components. The finite

element method (FEM), which is otherwise a robust numerical tool for solving boundary value

problems, has been found wanting in case of different classes of wave propagation problems due

to either prohibitively large computational efforts required or errors like numerical dispersion,

dissipation and Gibbs phenomenon, introduced in the solution. The various non-conventional

finite element methods proposed in the literature suffer from limitations such as the lack of

generality of the standard FEM, requirement of prior knowledge of the type of solution, appli-

cability for only a specific class of problems and involving computationally expensive inverse

Laplace transform for time domain solution.

In this thesis, a new wave packet enriched finite element (FE) formulation is presented,

which is capable of accurately solving a wide range of wave propagation problems in one and

two dimensional elastic domains under narrowband and broadband excitations. The Lagrangian

interpolation functions of the standard FEM are enriched with the local element domain spatial

harmonic functions which satisfy the condition of partition of unity. The nodal displacements are

used as the DOFs for the conventional Lagrangian interpolation, while the enrichment functions

are made to vanish at the nodes. It allows prescription of boundary conditions in the same way as

in the conventional FE method. The Newmark-β implicit time integration is employed to solve

the equations of motion in time domain. The method is assessed for different classes of wave

propagation problems such as the impact and high-frequency guided wave propagation in bars

and plates, and surface and body wave propagation in semi-infinite solid media for which the
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classical FE method either fails to yield accurate results or is prohibitively expensive. It is shown

that the present formulation gives accurate solutions to the former and significant improvement

in computational efficiency for the latter category of problems. The performance is also assessed

against other special FEs such as the spectral FE and a recently proposed enriched FE with

global harmonic basis functions.

Further, a coupled multiphysics enriched FE formulation based on the L–S and G–L gener-

alized piezothermoelasticity theories is presented for accurately solving transient electroelastic,

thermoelastic and electrothermoelastic wave propagation problems in 2D elastic and piezoelastic

continua. The formulation considers the full thermoelectromechanical coupling consisting of the

direct and converse piezoelectric effects, thermoelastic effects and pyroelectric effects and the

momentum, charge and energy balance equations. The solution for impact in a piezoelectric

plate is shown to alleviate the spurious undulations in both velocity and electric potential fields,

which are encountered in the conventional FE solutions. For the problem of high frequency Lamb

wave actuation and sensing in a thin plate bonded with piezoelectric actuator/sensor patches,

the element shows significant improvement in the computational efficiency over the conventional

FE. The free edge effect of steep gradients in the shear stress distribution at the actuator-plate

interface is accurately captured by the proposed element using much fewer degrees of freedom

than the conventional FE. For the thermoelastic and electrothermoelastic shock wave propaga-

tion problems of generalized thermoelasticity/piezothermoelasticity, the method is assessed in

comparison with the Laplace transform based analytical solutions and FE solutions with dy-

namic remeshing available in the literature. The present solution with a static uniform mesh

captures the sharp discontinuities in various fields and the wave properties of heat conduction

very accurately, practically eliminating the severe drawbacks of the conventional FE solutions.

The solution is then used to study the characteristics of wave propagation in thermal shock and

the effect of various time constants of the generalized theories on the same.

Finally, the wave packet enriched multifield FE formulation is extended to solve axisymmet-

ric wave propagation problems in elastic and piezoelectric solids and its performance is assessed

for the problems of axisymmetric Rayleigh wave propagation in elastic semi-infinite domain and

thermal shock propagation in annular elastic disc and hollow piezoelectric cylinder.
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sAr

Wos pdATo� m�\ tr\g s\crZ kA Ev[l�qZ kI an� þyogo\ m�\ vAE�Ct h{ , udAhrZ k� Ele , s\GAt

þEtE�yA , aEvnAfF m� SyA\kn k� Ele þ(yA-T tr\go\ kA aEBl"Z , ptlF dFvAro\ vAlF s\rcnAao\ kF

s\rcnA(mk -vA-Ly EngrAnF ( es� ec� em� ) k� Ele End�
Eft tr\g�\ , B� k\p s\crZ tTA þ(yA-T

aOr dAbv{�� t GVko\ m�\ tApFy þGAtF tr\g�\। pErEmt avyv EvED ( eP� I� em� ), jo pErsFmA mAn

sm-yAao\ ko hl krn� k� Ele ek s� d� Y s\HyA(mk sADn h{ , yA to Enq�DA(mk !p s� bw� aEBklnA(mk

þyAso\ kF aAv[yktA yA s\HyA(mk pEr"�pZ aOr ap&yy j{sF /� EVyo\ tTA EgNs kF pErGVnA k� kArZ

tr\g s\crZ sm-yAao\ k� EvEB�n vgo� k� mAmlo\ m�\ apyA
=t pAyF gyF h{। sAEh(y m�\ þ-tAEvt EvEB�n

g{r pArMpErk eP� I� EvEDyA\ kI þkAr kF kEmyo\ , j{s� sAmA�y eP� I� em� j{sF &yApktA kF

kmF , smDAn k� þkAr k� p� v
 âAn kF aAv[yktA , k�vl sm-yAao\ k� ek Evf�q vg
 k� Ele upy� ?ttA

tTA smy "�/Fy hl k� Ele aEBklnFy !p s� mh\gF i�vs
 lA=lAs V~ A\sPAm
 k� upyog s� sFEmt h{\।

is foD þb\D m�\ ek nyA tr\g p{k�V s\vED
t pErEmt avyv s� /FkrZ þ-t� t EkyA gyA h{ jo

n{rob{\X aOr b}AXb{\X u��jn k� a�tg
t ek aOr do aAyAmF þ(yA-T mA@ymo\ m�\ tr\g s\crZ sm-yAao\

kF ek Ev-t� t f�\KlA ko sVFk !p s� hl krn� m�\ s"m h{। pArMpErk eP� I� em� k� lg}A\Ejyn

a\tv�
fn ko -TAnFy avyv "�/ k� -TAEnk aAvtF
 Pln s� s\vED
t EkyA h{ jo pAVF
fn aA�P y� EnVF kF

ft
 ko s�t� 	V krt� h{\। noXl Ev-TApn pArMpErk lg}A\Ejyn a\tv�
fn k� Ele EXg}F aA�P �FXm ( XF�

ao� eP� ) k� !p m�\ upyog EkyA gyA h{ , jbkF s\vD
n Pln noX̂s pr f� �y kr Edy� ge h{\। yh

pArMpErk eP� I� EvED kF trh hF sFmA fto� k� EnDA
rZ kF an� mtF d�tA h{। �y� mAk
 - bFVA a�tEn
Eht

smAkln ko gEt kF smFkrZo\ ko smy "�/ m�\ hl krn� k� Ele þy� ?t EkyA gyA h{। EvED kA aA\kln

tr\g s\crZ k� EvEB�n vgo� kF sm-yAao\ k� Ele EkyA gyA h{ j{s� Cwo\ aOr cAdro\ m�\ s\GAtF tTA uQc

aAv� E� vAlF End�
Eft tr\go\ kA s\crZ , a�
 an\t Wos mA@ym m�\ sthF aOr aA\tErk tr\go\ kA s\crZ

Ejsk� Ele pArMpErk eP� I� EvED sVFk pErZAm þA=t krn� m�\ yA to EvPl h{ yA aEBklnA(mk !p

s� mh\gF h{। yhA\ EdKAyA gyA h{ Ek vt
mAn s� /FkrZ þTm ��ZF kF sm-yAao\ k� sVFk smADAn d�tA h{

tTA prvtF
 ��ZF kF sm-yAao\ kF aEBklnA(mk d"tA m�\ mh(vp� Z
 s� DAr lAtA h{। þdf
n kA m� SyA\kn

a�y Evf�q eP� I� j{s� -p�?V~ l eP� I� aOr hAl hF m�\ þ-tAEvt v{E[vk aAvtF
 aADAr Pln vAl�

s\vED
t eP� I� k� sAp�" BF EkyA gyA h{।

aAg� , E� - aAyAmF þ(yA-T aOr dAbv{�� t sAt(yko\ m�\ a-TAyF Ev�� t - þ(yA-T , tApFyþ(yA-T aOr

v{�� ttApFy - þ(yA-T tr\g s\crZ sm-yAao\ ko sVFktA s� hl krn� k� Ele el� - es� aOr jF� -

el� sAmA�yFk� t pF)oTmo
ilAE-VEsVF Es�A�to\ pr aADAErt ek y� E`mt mSVFEPE)?s s\vED
t eP� I�
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s� /FkrZ þ-t� t EkyA gyA h{। s� /FkrZ m�\ þ(y" aOr EvprFt dAbv{�� t þBAv , tApFy - þ(yA-T þBAv

aOr tApv{�� t þBAv tTA s\v�g , aAv�f aOr UjA
 s\t� ln smFkrZo\ s� y� ?t p� Z
 tApv{�� tyA\E/k y� `mn

kA smAv�f h{। ek dAbv{�� t =l�V m�\ s\GAt k� smADAn m�\ pArMpErk eP� I� smADAno\ m�\ pAy� jAn� vAl�

v�g aOr Ev�� t "�/o\ k� EmLyA tr\gZ ko km krnA dfA
yA gyA h{। dAbv{�� t þvt
k aOr s\v�dk pV̂EVyo\

s� an� b� ptlF =l�V m�\ uQc aAv� E� l{Mb tr\g þvt
n aOr s\v�dn kF sm-yA k� smADAn m�\ þ-tAEvt

s\vED
t eP� I� pArMpErk eP� I� kF t� lnA m�\ aEBklnA(mk d"tA m�\ mh(vp� Z
 s� DAr EdKAtA h{।

þvt
k - =l�V a�tp�
	W pr ap!pZ þEtbl EvtrZ m�\ tFv} þvZtA k� m� ?t sFmA þBAv ko pArMpErk eP�

I� kF t� lnA m�\ bh� t km XF� ao� eP� kA upyog krk� þ-tAEvt avyv �ArA sVFk !p s� aEBg}hZ

kr ElyA gyA h{। sAmA�yFk� t Tmo
ilAE-VEsVF pF)oTmo
ilAE-VEsVF kF tApþ(yA-T aOr v{�� ttApþ(yA-T

þGAtF tr\g s\crZ sm-yAao\ k� Ele EvED kA m� SyA\kn sAEh(y m�\ uplND lA=lAs !pA\tr aADAErt

Ev[l�qZA(mk aOr gEtfFl rFm�Ef\g vAl� eP� I� hlo\ kF t� lnA m�\ EkyA gyA h{। ek E-Tr eksmAn

m�f k� sAT vt
mAn hl EvEB�n "�/o\ m�\ tFv} EvEQC�ntA aOr U	mA cAln k� tr\g !pF g� Zo\ ko f� �tA s�

aEBg}hZ krt� h� e pArMpErk eP� I� hlo\ kF g\BFr kEmyo\ ko d� r krtA h{। is smADAn kA upyog

tApFy þGAt m�\ tr\g s\crZ kF Evf�qtAao\ aOr us pr sAmA�yFk� t Es�A�to\ k� EvEB�n smy E-TrA\ko\

k� þBAv k� a@yyn m�\ EkyA gyA h{।

a�t m�\ , tr\g p{k�V s\vED
t mSVFPFSX eP� I� s� /FkrZ ko þ(yA-T tTA dAbv{�� t Woso\ m�\ a"

smEmt tr\g s\crZ sm-yAao\ ko hl krn� k� Ele bYAyA gyA h{ aOr isk� þdf
n kA aA\kln þ(yA-T

a�
 - an\t "�/o\ m�\ a" smEmt r�l� tr\g s\crZ tTA vlyAkAr þ(yA-T cktF aOr KoKl� dAbv{�� t

EsEl\Xr m�\ tpFy þGAtF tr\g s\crZ sm-yAao\ k� Ele EkyA gyA h{।
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