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Abstract

Let F'G be the group algebra of a group G over a field F' and U(FG) be
its unit group. In this thesis, we investigate the algebraic structure of the
unit group of certain classes of finite group algebras. We also discuss the

Wedderburn decomposition of some finite semisimple algebras.

We use the Wedderburn Malcev theorem to prove that for any field F' and
a finite group G, U(FG) = (1+ J(FG)) x U(FG/J(FG)). Therefore, to
understand the structure of the unit group of F'G, it is required to explore the
structure of the normal subgroup 1 + J(FG) of U(FG) and the Wedderburn
decomposition of FG/J(FQG).

The unit group of FG is usually elusive when |G| = 0 in F. We place
special emphasis on this case and begin by studying the units in F'Dy, when
F' is a finite field of characteristic 2 and Dy, is the dihedral group of order
2n. If n > 3 is odd, we establish the structure of the unit group U(F Ds,)
and consequently compute an expression for the structure of U(FG), when G
is either Dy, or (4,, the dihedral group or the generalized quaternion group
of order 4n. For any n > 3, we give the order of the group U.(FDs,) of
x-unitary units in F'D,,,, where % is the canonical involution on F'D,,. However
a complete characterization of the structure of U, (F Dy, ) is provided only in

case n is odd. For a field F' of characteristic p > 2, we also explore the unitary



vi ABSTRACT

units in £ Daypyn.

Under suitable conditions, the application of Ferraz’s version of Witt-
Berman theorem and his results in [21] on the center of F'G/J(FG) simplifies
the computation of the decomposition of F'G/J(FG) to a great extent. We use
the same to find the decomposition of F'A;/J(F A;) when As is an alternating
group of degree 5 and F is any finite field.

For an abelian group H, the generalized dihedral group of H, denoted by
Dih(H), is the semidirect product of H and Cy with Cy acting(via conjugation)
on H by inverting elements. If H = C,,, then Dih(H) is the usual dihedral
group Dsy,. We generalize some previous results and determine the structure of
the unit group of FDih(H) when F is a finite field of characteristic 2 and H is
a finite abelian group of odd order n > 3.

Let C,, x, C, be a group with presentation ( a, b | a”, b?, b=tab = a" )
where 7 is a non-zero integer, ¢ is a prime, (n,rq) = 1 and the multiplicative
order of » modulo n is q. We obtain an expression to characterize the unit
group of F«(C,, 1, Cy) when ¢ is the multiplicative order of 7 modulo d for
every divisor d of n, d > 1.

In [32], Jespers, Leal and Milies have proved that there are exactly five
non-isomorphic classes of finite indecomposable groups G such that G/Z(G)
is the Klein’s 4-group. We obtain a general expression for the decomposition
of FG whenever G is any such group and F' is a finite field of characteristic

greater than 2.
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