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Abstract

In this thesis, we investigate the M-elliptic pseudo-differential operators and Fourier in-
tegral operators. M-elliptic pseudo-differential operators extend the concept of elliptic
operators to more general contexts in which the classical concept of ellipticity may be
inadequate or unsuitable. They offer a framework to study and solve quasi-elliptic equa-
tions in more complex or generalized contexts. M-ellipticity is frequently relevant in the
examination of partial differential equations that do not satisfy classical ellipticity in the
investigation of boundary value problems on general manifolds.

Fourier Integral Operators (FIOs) are a type of linear operator that extends the concept
of differential operators by integrating integral transforms. They are important in the
study of partial differential equations (PDEs), as well as harmonic and microlocal analysis.
Fourier Integral Operators are very useful for addressing oscillatory integral problems and
serve as a link between diverse branches of mathematics and physics.

As an introduction, Chapter 1 gives background information and the state of the study,
which will be explored in subsequent chapters. We also provide an outline of the thesis’s
structure and highlight our key contributions. In Chapter 2, we examine the M-ellipticity
of Fredholm pseudo-differential operators linked to weighted symbols on LP(R"), with
1 < p < 0o. We additionally prove Garding’s inequality for M-elliptic pseudo-differential
operators and for the hybrid class of pseudo-differential operators, namely SG M-elliptic
operators. Next, we show a version of Gohberg’s lemma for pseudo-differential operators
with a weighted SG M-symbol. By using Gohberg’s lemma, we establish a condition that
is both necessary and sufficient for SG pseudo-differential operators to be compact when

mapping from L?(R") to L*(R™) with symbols belong to the class Mg’g. As an application,



we demonstrate the existence and uniqueness of initial value problems for parabolic equa-
tions. In Chapter 3, we explore the elements of symbolic calculus for pseudo-differential
operators linked to the weighted symbol class M (T x Z). This involves developing
formulas for asymptotic sums, composition, adjoint, and transpose. We additionally es-
tablish the parametrix for M-elliptic pseudo-differential operators on T. We also present
a version of Gohberg’s lemma for pseudo-differential operators in the weighted symbol
class Mg’ AT X Z). As a result, we give a necessary and sufficient condition to guarantee
the compactness of the related pseudo-differential operator on the space L?(T). Finally,
we show Garding’s and Sharp Garding’s inequality for M-elliptic discrete and periodic
pseudo-differential operators, respectively. In addition, we apply these inequalities to find
strong solutions to the pseudo-differential equation T,u = f in the Hilbert space L* (T).
In Chapter 4, we investigate M-elliptic pseudo-differential operators in the framework of
non-harmonic analysis of boundary value problems on a manifold €2 with boundary 0f).
We specifically analyze a weighted £-symbol class, represented as M, 5, where m € R.
We construct formulas for the composition, adjoint, transpose, and parametrix. Further-
more, we analyze the minimal and maximal expansions for M-elliptic pseudo-differential
operators and prove their equivalence when the symbol o € M , is M-elliptic. We
then provide a condition necessary and sufficient to identify if the pseudo-differential
operators T,, whose symbols belong to the £-symbol class M;(J),O, A are compact opera-
tors in L*(Q) or Riesz operators in LF({2). In the context of non-harmonic setting, we
finally derive Garding’s inequality for pseudo-differential operators connected to symbols
from the class MS,Q A- In Chapter 5, we examine the wave equation for the Schrodinger
operator on R™, represented as Hy := —A + V', where A is the conventional Laplacian
and V' is a multiplication operator. Following the work of Colombini, De Giorgi, and
Spagnolo, we establish the well-posedness of the Cauchy problem with regular coeffi-
cients in the corresponding Sobolev spaces. Additionally, we demonstrate that when the
propagation speed is Holder continuous or possesses a higher degree of regularity, the
problem is well-posed in Gevrey spaces. Moreover, we demonstrate that it is very weakly
well-posed when the coefficients possess a distributional singularity. In Chapter 6, we
investigate the behavior of multilinear Fourier integral operators in weighted modula-

tion spaces. We use Gabor frame theory to investigate the boundedness of multilinear
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Fourier integral operators on weighted modulation spaces. Furthermore, we examine at
the periodic multilinear Fourier integral operator. Finally, we investigate the continuity
of bilinear pseudo-differential operators on modulation spaces for specific symbol classes,

particularly the SG class.
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SSIKS

39 T H, T $M$-3TUSIR Bal-37a¥ 3T 3R BRI e 3TuRe Bl STid ¥ &1 $M$-31UETBR
USTBRAT bl ATATY AR UG AT IJUGeRd &1 Febdll 8| A 37feie STfeet T ATHT=ATpd Heuf # 37ef-
3{USTHR HHIBIUN T 3763 3R FHATH B &b oG Ueh BUIET JeH Bd 21 $M$-3TUETBRAT 31Tf2ldb 3ick
FHIBRUT BT ST H 3R TG Bl & S G AfAhIes IR A1 Jod RT3 61 e § ey
3{USTHRAT Pl T T&! Bec g

BRI ST TR (THATEIN) TF YBR &b olfoR WX & Sl ST B Bl Yhlpd BRb
fEwiferae 3iToReH &Y IALRUT PT faRaR &= &1 T 371f2ld 3R THHON (WNEHE) & 3negaT & qre-Jqry
BT (b 3TR HISEhIciehel fA2eTT0T H HEYUT & | BRIR SEITCT 3TUReH 3iTRicied! $IUel A3 1 Halferd
B & IT ggd 3ugt § 3iR 7f0rd 3R Hifdeht b1 fafi=T 2memsi & sffer veb el & U § BTH &ed 21

T URT & B H, 3e7: 1 TR BT STHGRT 3R 316997 HF AT a1 €, 519 91 & s3reamal ¥ @iot
SITQTT | & AT T TEAT bl BT HY W & 8 3R §AR T ITEHI IR YTl STeTd 81 3Teamd:2 H,
&H L p(R"n) W HIRA Hcitepl ¥ ¢ e Bal-3iaR TR bl $MS-3USIBRAT bl STid Bd 8, $1 < p
<c0$. BF 3MfARad BT I $MS$-3TUSTHR Bal-31dR TR & To1y 37R BaT-37aR 3TIReRT & T atf, 31afq SG
$M$-3TUSTBR TIReRT & feT G\r {a} rding BT 3HTAT P1 HTfed Bd & | TP 918, §F HIRT SG $MS$-Tdid
& A1 B-faied 3TOReR] & g Miga Bl oFiT &1 Uep TXBRUT faaTd 81 TIgeT b TIHT ol 3TANT b,
B U U T Temfud &Xd 8 <11 $LA2(R n) H $LA2(R n) 0 HY &3d THY Yol Bal-fadigd TR &

BRI g & Ty 31aegds 33 gafed aF1 81 R n Uil & A1 a1 $M_ {\rho,\Lambda}~{0,0}$ & Haferd

viil



2| Tob 3TN & BU H, 7 Wb FHIPBUN & T URME Je T3l & 31 3iR fafersedr o

Teffd B €1 313 |, §H MR Weltes a1f $M_{\rho, \Lambda}*m(T\times Z) & & BaT-3feR 3O

& ol Q UcliepTcHe dergpet™ & dedl T UdT oTTd 8| §H YARRIfeds I, TR, Si1g 3R FRHR0T &6 fofg
g3 faofad et enfiet 21 g 31fdferd BU F $TS W $M$-31USIHBR Bal-3icR TR & foivw WRrtfeey

21U a1 87 MTRA Weftes a1f $M._ {\rho, \Lambda}~0(T\times Z)$ ¥ &aI-faiees 3fTmRext & forg mganf

% TTHIT BT U FIBOT HY TR X 2 | TRUTTAERGY, EH $LA2(T)$ T W Heftid Bal-fhied 3iTue &
PTG DI TR & v U 3rmaedds 3R Al od &d &1 37 |, 89 HHel: $M$-37USThR 3:-9dd 3R
3Tafeed BaT-3aR TR & AT Gir{a}rding 3R AT G\r{a}rding &Y 3RTHFAT fG&TA €1 $TFb 37eATdT, H
feead | SLA2}(T).$ W Ba-3(cR THIGROT $T {\sigma} u=f$ & A THHH T & fAg &7
ST Y AT A 21 3EAT:4 H, g9 HHHT $\31712Ib \Omega$ &b A1 BS AT $\Omega$ W HH oI
TRRITAT &b IR-gMTAE faReTooT & S H $MS$-37USTHR Bal-3R TR B S HBYd 81 &H A Bu 4
Tep MTRA SL$-Ycileh aif T faoeisor &ed &, SR $M. {\rho, 0, \Lambdal* {m}$ % B0 & AT STTdT 8, et
$m \in \mathbb {R}$| &H 5T, SIS, IYTTROT 3R RINERT & AT I g1d &1 595 37T, 9 M-
IUETHR Bal-3R TR F T Aaw 3R s1fodmand fawar o1 fdeavor avd 2 31R 519 Ui $\sigmalin
M_{\tho, 0, \Lambda}"{m}$ $M$ BdT & a1 37HT JereT TIfd P &1 -3USTHR. fR &H I8 Ygar &
g 3mmaead 3R i ofd UeH aRd € 6 T Ba-fdiesd 3R $T {\sigma}$ €, 5P Udid
$\mathfrak {L}$-5die a1f $M~{0} {\rho, 0,\Lambda} ¥ T&fad &1 $L"{2}(\Omega)$ H BIRITE TR &
IT $LA{p}(\Omega) H Riesz TR Bl R-gMMA® JfcT & Ff & 87 3f@d: @ $M {\rho,
0,\Lambda}~{0}$ & Ucitepl I T BaT-37a¥ 3ITUR b AT G\r{a}rding BT SRTHFAT T A &1 A5

H, 81 $R™{n}$ TR SR 3R & ol q a8 THIGRUT Pl STid B &, S/ $H_ {0} :=-\Delta+V$ & BT &

SRATAT ST 1, ST&T $\Delta$ TRURSD ATATEAT & 3R $V$ T UM 30X &1 blaifel, St AT 3R
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TIAT & BT F 918, g7 T fod Aaterd TH1 H FRaftd ToTies & A1 i THRIT $I 37e8T e I T1fiadr

T & &1 39 31T, 89 U8 Wafld id & fo 5Td TR &I fd I 31fEies FRaR Bt & a1 3=a TR &Y

FraffadT @t 2, a1 THT B T R H 38T R A TG BT STaT &1 P 37T, BH Yaffd eid &
o5 I% 9gd PSR BU F 376! @8 Y WA a1 ST € 519 UTip] H Ve fqeRoTees e gt 1
IEATT:6 W, B WIRA A1 WITFT H TgEd HRIT S TR &b JIgR B Siid Y 81 gH HIRA
ATSEIRM T TR TgRE HRIR ST TR Y a1 6 S e & farg NaR 6w f&gid o1 3w
A 1 I AT, TH TAfEE TR BRIR SET IR B 517 R &1 31 W, g fafere uetes amf,

{9y B9 I $SG$ Tf P AT ATegeiM T W ferwiia Bar-faieds 3iTReR] &l fARaRdT & Sfid aXd g
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