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Abstract

In this thesis, we study the classical problem of multicommodity flow and cuts. In multicommod-
ity flow problems, we are typically given an edge capacitated graph (called the supply graph)
and a number of source-sink pairs. The graph formed by joining the respective source-sink pairs
is called the demand graph. The objective is to route flow between the source-sink pairs without
violating the edge capacities. A flow is integral if each path carries an integer flow. A flow is
half-integral if the flow carried by each path is an integer multiple of half.

In sum multicommodity flow, we seek to find a flow that maximizes the total flow routed
between the source-sink pairs. A set of edges whose removal disconnects all the source-sink
pairs is called a multicut. The value of a multicut is at least the value of the sum-multicommodity
flow, and the ratio of the minimum multicut to the maximum (integral/half-integral) sum
multicommodity flow is called the (integral/half-integral) multiflow-multicut gap.

We prove a half-integral multifiow-multicut gap of 2 when the union of the supply and the
demand graph is planar. To prove this result, we make an interesting connection of multicut in
such instances to a connectivity augmentation problem. We also give a sequence of instances
where the half-integral multiflow-multicut gap approaches 2, showing that our result is tight. We
then go on to give an algorithm for computing an integral flow of value at least half the value of
the half-integral flow, which implies an integral multifiow-multicut gap of 4 for such instances.

In demand multicommodity flow problem, we are given a demand value for each source-sink
pair. The objective is to find a feasible routing of all the demands if possible; otherwise, give a
proof that such a routing does not exist. A necessary condition for routing the demands is as
follows: the total capacity of the supply edges across any cut should be at least the total value of
demand edges across it. This is known as the cut-condition. The cut-condition is also sufficient
when the supply graph is a tree, outerplanar, etc., but in general, it is not. The following is a
natural relaxation of the cut-condition: across every cut, the total supply is at least c times the
total demand, for some ¢ > 1. The minimum value of ¢, which implies the existence of a feasible

flow, is called the flow-cut gap of the instance. The minimum ¢, which implies the existence of



an integral flow, is called the integral flow-cut gap of the instance.

It is known that the flow-cut gap for the series-parallel graphs is exactly 2. Chekuri et al.
showed that the integral flow-cut gap for series-parallel graphs is at most 5 and conjectured
that it is at most 2. We make progress on this conjecture by showing a tight integral flow-cut
gap of 2 when the demand graph has a special levelled structure. These instances capture the
“hard” instances used to prove a lower bound of 2 for the flow-cut gap and turn out to be quite
challenging. We make an interesting connection with matching in general graphs to prove our
results.

Okamura-Seymour showed that the cut-condition is sufficient when all the source-sink pair
lie on one face of the planar graph. Seymour showed that if the union of the supply and the
demand graph is planar, then the cut-condition is again sufficient. We consider a common
generalization of the two settings: any source-sink pair lies on one of the faces of the planar
graph. We prove an upper bound of 3 on the flow-cut gap when the sources and sinks on a face
are contiguous. We use this result to prove a flow-cut gap of O(logt) when the sources and
sinks on a face may not be contiguous, where ¢ is the maximum number of source/sink vertices
on any face. We come up with a new notion of approximating demands on a face by a convex

combination of non-crossing demands to prove our result.
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