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Abstract

Integro-differential equations containing non-local operators (fractional operators and integrals) can
be characterized as an extended form of the classical integro-differential equations. Similarly, dif-
ferential equations containing non-local operators (fractional operators) can be characterized as an
extended form of classical differential equations. The word stochastic comes because, sometimes,
many random perturbations come from many sources; we cannot ignore them and must incorporate
them into the integro-differential and differential equations containing non-local operators. Incorpo-
rating these terms produces stochastic integro-differential equations and stochastic differential equa-
tions containing non-local operators. There are two types of problems, forward and inverse, regard-
ing stochastic integro-differential equations and differential equations containing non-local operators
discussed in this thesis. In the forward problems, due to the complex nature of stochastic integro-
differential/differential equations containing non-local operators, it is only sometimes possible to ob-
tain the analytical solutions of these equations. Therefore, accurate and efficient numerical methods
and data-driven approach are required to solve them. On the other hand, for inverse problems, it is
not always possible to obtain these equations with the help of available information. Therefore, effi-
cient methods are required to solve inverse problems using the available information (data and some

physics).

In this thesis, we are concerned with the stochastic fractional integro-differential equation (Ca-
puto fractional derivative, Volterra integral, and Ito integral as non-local operators), the variable order
stochastic fractional integro-differential equation (variable order Caputo fractional derivative, Volterra
integral, and Ito integral as non-local operators), the stochastic space fractional diffusion equation
(Riesz fractional derivative as a non-local operator), and linear and non-linear time fractional differ-
ential equations (Caputo fractional derivative as a non-local operator) for forward problems. We con-
sidered linear and non-linear time fractional differential equations and stochastic fractional integro-

differential equation for inverse problems.



vi ABSTRACT

The high-order polynomial approximation methods are numerically unstable. To overcome this
problem, we develop a wavelet collocation method to solve stochastic fractional integro-differential
equation based on orthogonal polynomials (Legendre polynomials) and operational matrices. Find-
ing the operational matrices of fractional derivatives and integrals for the Legendre wavelet without
using other functions is difficult. Therefore, the block pulse functions are used to find the Legen-
dre wavelet’s operational matrices. Moreover, we discuss the different types of approximation errors
present in the numerical method and provide some examples to demonstrate the applicability of the
numerical method. Results are compared with the existing literature for the stochastic fractional
integro-differential equation. We introduce one of the approximation errors using the block pulse
function for finding the operational matrices. Therefore, the operational matrices have been derived
without introducing approximation error for the Legendre wavelet at a later stage. Moreover, the Leg-
endre wavelet collocation method is proposed to solve the stochastic fractional integro-differential
equation. The convergence analysis of the proposed numerical method is discussed, and illustra-
tive examples are included to demonstrate the applicability of the proposed method. We have also
compared the numerical results with some existing numerical methods to show the superiority of the

proposed method.

We also encounter fractional orthogonal polynomials in the literature, which have one additional
degree of freedom compared to the classical orthogonal polynomials. Moreover, fractional deriva-
tives and integral of fractional orthogonal polynomials are again fractional orthogonal polynomials.
Because of the abovementioned advantage, one may get better accuracy with the low-degree approx-
imation with the fractional orthogonal polynomials. Thus, we discuss how to generate the fractional
orthogonal polynomials with respect to general weight functions and develop a spectral collocation
method for the stochastic fractional integro-differential equation based on one of the fractional orthog-
onal polynomials, which are the Miintz-Legendre polynomials (orthogonal with respect to unit weight
function) with the help of operational matrices. However, due to the additional parameter, there are
uncountable choices of approximation space for fixed degrees or orders of the Miintz-Legendre poly-
nomials. Therefore, an algorithm is proposed with the help of differential evolution to find the pa-
rameter for which we get the best approximation results. The convergence analysis of the proposed
numerical method is discussed, and examples are provided to demonstrate the applicability of the
numerical method. Further, using a modified least squares method, we apply fractional orthogonal

polynomials to some test examples for the comparative study over the Miintz-Legendre polynomials.

Various real world phenomena cannot be described by integro-differential equations contain-
ing constant order fractional derivatives. Therefore, a variable order stochastic fractional integro-

differential equation is proposed. Using the Banach contraction principle, we prove the existence and



vii

uniqueness of the solution to the considered problem. Moreover, due to the unavailability of the exact
solution to the considered problem in many cases, we also developed a spectral collocation method
based on the Miintz-Legendre polynomials. Further, the numerical method’s accuracy and efficiency
are demonstrated through some test experiments. Moreover, the advantage of the variable order model

over the constant order model is shown through a real world example of mathematical finance.

We have considered differential equations containing non-local operators with respect to spatial
variables (stochastic space fractional diffusion equation). Finite difference schemes are one of the old-
est and most well-established techniques for the numerical solution of partial differential equations,
and the scarcity of work regarding numerical methods for the considered problem in the literature.
Therefore, we develop a stochastic version of finite difference methods (explicit and implicit) for the
considered problem. Due to non-local operators, proving the consistency, stability, and convergence
of the developed stochastic version of finite difference methods is very challenging. The consistency,
stability, and convergence of the developed numerical methods are proved in the mean square sense.
The accuracy and efficiency of the proposed numerical methods are investigated through test exam-

ples.

Finally, we develop a data-driven approach for forward problems (solving differential equations)
containing non-local operators. For the forward problems, the time fractional differential equations
(time fractional Burgers and diffusion equations) and stochastic fractional integro-differential equa-
tions are considered. A non-local physics informed neural network is proposed for solving such
problems, which is a deep learning framework. Test examples are used to investigate the accuracy
and efficiency of the proposed method. Moreover, we develop a data-driven approach for inverse
problems (learning differential equations) containing non-local operators. The methodologies are
classified into two parts for the inverse problems based on the available information. Firstly, the
data-driven approach based on sparse regression is proposed for the differential equations where the
form of the right-hand side of the differential equation (containing all the spatial derivative terms)
is unknown. Secondly, for the differential equations where the parametrized form of the differen-
tial equation is unknown, we propose a non-local physics informed neural network for data-driven
discovery of differential equations containing non-local operators. Finally, the efficiency of both

methodologies is demonstrated through test examples.
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IR-TUET AT (haereTer TR 3R SEared) arer SEran-RBHifge aaol
P FoATTARA SEM-TBHIRNTT FHERON & TR 0 & aforg Far a1 ghar g
T YR, IR-TARNT 3T (HTTRAS HATRERN) aTel IR FHAION Bl Felliehel
IR gHRON & faraRa &7 & aftia frar o1 G&ar g1 Tsitesd Ase safaT
3T § Fifeh, Fel-well, Fg AreTcod T3S FS Fdl F AT §; §H 3eg TGS
QAT AT ARV 5 sl T AT Fed T IR-TUTAT TR aTel TEIhiTeh
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FHIRION AT el Tpfd & PROT, FoT THAON & TARATUNcHS FATUTA FTed AT
el & HHT gIaT §1 AT, 37 T el & AT FéTF R FA TEACHS
adrent 3R Ser-warfard TfSeemior & 3aedehdr gl &1 qud 3, Sead WHAEAT3N
& TOIT, 3T ATAPRT T TEAAT F ST THIAIUN Pl U HlAT gHLT T Tl
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A3 T §T Fel & T FHorel aAehi T ITaeTendT gieil |

sg NAT &, g7 BRas gHEEBT & QU wafes haead sda-Buifkge
FHIHOT (et Shereletel SRAfea, ateewr gérd, 3R get Séorar IR-TURiT TRt
& & #), INTee 3T TRiffesd haeeTar SEa-RBwIRIge gefiaor (QRTee 3R
el el SRAfed, dlecdl S&Ie 3R ger S&arel IR-TUENT TR & &7 ),
TRitesh T0F haeeie TR FH0T (IR-FUET 3O & & H Jor Shaeredol
sRafea), 3k WEs IR NI g7 e BHiRge a@laor (R-vae
3RS & & F HYer hereietel SRATET) W faaR Tl | 67 Seadl FHREABN &
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o 3R IR-YE g5 haeaa BEiRTe aaieor 3R wesiRes heeraa -
BmifrTer gdeor o faar foha

3TU-5hA dgUG Alewiehes (ARl H&arcAs &9 @ W g1 5§ AT &Y g Aol
& fog, ga rdfolea diefAsed (oielg dlaaiased) AR ATwesTd Afded &
IR W TCIhikeh haelela SEMN-BHIfITe THaxor &I g o & v &
ddeic Fidtnere fafr fawfda axd g1 37 St &1 3udier fev foar oielg ddee
& T thereretel SRAfed 3R S&arer & AT Afearq &l gaol HheT &1 SATAT,
Aoig dgele & TR AT A @oet & AT sdld Tod Beled T 39T fHar
STl 81 $8eh 3T, §0 T&AcHs aft 7 #Hige [af#ieet gpR &1 dfewrerest Jfeat
W TE R § 3R e A f gaeaar & wefia e F v Fo samer
Yeld & g1 ARUMAT &I Jelell Telhifesd SharreTe sEa-fBmifarger gaieor &
foaw Alser arfeer @ $r S &1 g TR AfgFE @ete & AT sdle god
olel & 3UANT e Hieoses AT # & va & aR=y & g1 safaw, ag &
WO A Aol ddie & fov Afestaes I dor o ar siwerrer A groa
TRaT 3T &1 SHO 3TATdl, TCIhitedh haleTel SCIAT-TSHITAT THIHIUT &l §oT dlel
& [T ool adele @ldhere A gearfad g1 geaifad a&arcas fafer & 3ifaaRor
faeevor W T=t & 718 §, IR grafaa (B & gdisaar # weiia &= & v
3CTEIUTcHS 3aIeX0T ATfAS fhT 91T §1 gAs gariad A fr Ssaar fas & fou
TEIIcAS IRUTAT AT oIl T Aloferl T&acAw fafear @ s i g

g Wifgcd & therieiel Jiidfolerer sguel 1 8ff @ axd &, S Fonfee
3idfaieTer SgUel T Joielr H TacAdr H Teh HiAREd 3 gl 81 s@h 3rea,
SherereTer 3iTefanieTer aguel o1 therereiel SRAfed 3R g&arer T @ thereraTer 3iTfanerer
SgUe B 3UdFd o & FROL heRieTel idfNerel sgual & @y fAe-fsa
HieeAshcsl & 1Y Sga Felehdl UIed & Hhell ol
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38 YR, §F Tl I § foh AT dC Bl & TG A herereTor Jirafaerel sgue
HE 3= fohar ST R SherereTer 3iUfaieer Sgual # @ Teh & YR W FIhiEch
SheFereTel SERN-RBHIRITS THHIOT & T TR AT FI Fee T Ueh quishaA g
Tl fafr fAspf@a 1 ST, St A=t ague (3dfatee § e e wole
& Heer #)| greliior, AR WA & FHROT, Heol-oloisy agyar @1 fied 3
Jr 3BT & AU Fleadchesd TAA & IFATRIAd [Ahed g1 AT, 39 W &
ol & o SIfTer alegee i Gl & Ush TedliReA TEarfad foar aram
g foas fov g9 gafaw afeases aRume Bea &1 yearfaad geacas [’fg &
fAEROT faRewor ¥ gt i 9% §, 3R TxacAs /A & gdieTar « gefiia
e & U 3SR yeiT T AT §| $HE elrar, AT FgeaaA g9 e @
39T & gV, §H HCol-olloist agual TR JeldlcHs Meqdel & v o e
3CTEXUN WX SheReleTel JHTfaietel SgUe o] ad &

Affe aeafds A gt &1 avid R F7 heesa sRafea arer sEan-
fewiferae gl garr 81 fFar ST @&ar g1 safew, Te aRadsa &A
ke therielel SEN-FBHIRITS HHARIUT Tl &1 ST Hpdel ST 1
39T Y g, & faaRrelleT §orean & FaATere & 3Hiedca 3R fafsedr & arfad
A &1 S 3Heldl, Hs AH H TR TAEAT & Féloh FATUT T HeJTolstrdl
% PRI, AN Aal-elloly TgIal & 3MUN W Tk Juishatd Tt Y o Rpfla
& Bl 3 3HTEl, TEACHAS A & Tl R g&fdl F© WIET0T JEE &
ACTH § TeRId &7 Sl &1 $HS 37elar, TR s\ Alsel B Jololl # IRAdAT
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gl
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