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SOME PROBLEMS IN INFINITE GROUP RINGS

Throughout the thesis ring will mean associative ring with identity 

1^0. Let A be a ring and let G be a group. Let A[G] denote the group 

ring of the group G over the ring A. Thus, A[G] is the free left A-module 

with the elements of G forming a free basis. A typical element of A£G]

is a finite formal sum Z a g, a c A, g e G. Letting the elements of A
& S

commute with those of G, the multiplication in A[G] is induced by the group 

operation in G.

The algebraic study of group rings is a fairly new subject and there 

are a number of unsettled problems. Both the knowledge of Group Theory as 

well as Ring Theory is needed for any reasonable understanding of the problems 

and techniques in the subject. The recent book "The Algebraic structure of 

Group Rings" (Wiley Interscience, 1977) by D.S. Passman describes the present 

state of several problems in the subject of infinite group rings. This thesis 

was motivated by several open problems connected with the determination of the 

structure of certain ideals and quotients of infinite group rings. We attempt 

here to find necessary and sufficient conditions on the group G and the ring 

A so that the group ring A[G] will have certain standard ring theoretic 

property; among the properties considered are those of being semilocal, 

semiregular, weakly perfect and finite-dimensionality of all proper 

quotients. We give here ? brief outline of the work done.



In Chapter I, we have attempted to solve the following problem.

PROBLEM : hhat are all infinite groups G such that K[G]/I is finite

dimensional over the field K for every non-zero ideal I of the group 

algebra K[G] ?

This problem is intimately related to the problem of determining all 

just-infinite groups i.e., infinite groups with every proper quotient finite. 

We have obtained a complete solution to the problem if the infinite group G 

possesses a non-trivial normal abelian subgroup (for example solvable groups) 

or the FC-subgroup A(G) (x e A(G) if and only if x has only finitely many 

conjugates in G) is non-trivial. We have also given two families of infinite 

simple groups which are solutions to the problem, and which show that every 

infinite group can be embedded in a group (of the same cardinality) that is 

a solution to the problem.

In Chapter II, we study semilocal, semiregular and weakly perfect rings 

and group rings. A ring R is semilocal if R/J(R) is Artinian. Here J(R) 

denotes the Jacobson radical. R is called semiregular if R/J(R) is regular 

and idempotents can be lifted modulo J(R). A ring R is left weakly perfect 

if and only if R satisfies the minimum condition on principal right ideals 

which are not direct summands. Certain type of subrings of semilocal rings 

are shown to be semilocal, and this has interesting applications to group 

rings. A characterization of semiregular rings has been obtained.

Semiregular group rings have been studied in details. For nilpotent groups, 

we have obtained a complete characterization of semiregular group rings. 

Necessary and sufficient condition for the group,algebra K[G] to be weakly 

perfect has been obtained in characteristic 0. Also in characteristic p > 0, 

necessary conditions are obtained. Some examples of interest are given.

(vii)



(viii)

Chapter III studies the maximal semiregular ideal S(R) of a ring R.

For specific examples S(R) has been computed. S(K[G]) of the group algebras 

has been studied. The significance of its relation to the maximal regular 

ideal M(R),due to McCoy, is given. Some more examples are illustrated.

Finally in Chapter IV, we have studied certain special types of 

subgroups of infinite group G which are very useful in determining the 

structure of certain important ideals in the group algebra K[G], For a 

given ideal I of the group algebra K[G], the quotient '?5(I)/ftI has been 

shown to have typical significance, where £?(I) denotes the controlling 

subgroup of I and M  = {x e G|x-1 el}.
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