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Abstract

A simplicial cell complez is a collection of simplices that is closed under taking faces, and
the non-empty intersection of any two simplices is a face or union of faces of both simplices.
A (d + 1) colored graph (I',v) is a graph I' = (V(I"), E(I")) with proper edge coloring
v+ E(') — {0,1,...,d}. There exists a simplicial cell complex I(T") corresponding
to each (d + 1) colored graph (I',7) such that the simplices in K(I') are in one-to-one

correspondence with the components of subgraphs of (T, 7).

Crystallization theory provides a combinatorial tool for visualising piecewise-linear (PL)
manifolds using edge colored graphs. Crystallizations are a specialised class of edge colored
graphs. The theory begins with the existence of crystallizations for every closed connected
PL manifold, a result by Pezzana, also known as the Father of crystallization theory. The

result subsequently extends to PL manifolds with boundary.

This thesis primarily deals with combinatorial invariants: regular genus and gem-complexity,
and Theorems 2.3.7, 3.2.8, 3.3.3, 4.3.10, 6.3.1 and 6.3.2 give some significant results of com-
binatorial topology. It consists of seven chapters which comprise the preliminaries, known
results, and the conclusion with future work directions. In Chapter 1, we review the
preliminaries used in the subsequent chapters. In Chapter 2, we give the lower bounds
for the gem-complexity of PL 3-manifolds with boundary in terms of their regular genus
and number of boundary components. Further, we show the sharpness of bounds for sev-

eral 3-manifolds with boundary. Moreover, we characterize the manifolds with connected
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boundary that attain the bounds as handlebodies i.e., the regular neighbourhood of a
graph embedded in three dimensional Euclidean space. In Chapter 3, we give several
lower bounds for gem-complexity and regular genus for PL 4-manifolds with boundary.
These lower bounds enable strict improvements over previously known estimates for the
regular genus and gem-complexity of a PL 4-manifold with boundary. Further, the sharp-
ness of these bounds has also been shown for a large class of PL 4-manifolds with boundary.
In Chapter 4, we introduce a combinatorial invariant: weighted regular genus for man-
ifolds with boundary. We find a relation between regular genus and weighted regular
genus. Further, we give a lower bound for the weighted regular genus of PL 4-manifolds
with boundary. Consequently, the theorems 4.3.3 and 4.3.10 imply a lower bound for the
regular genus of PL 4-manifolds with boundary. Also, the bound for the regular genus
is improved over the bound obtained in Chapter 3. In Chapter 5, we study a class of
closed connected orientable PL 4-manifolds admitting a semi-simple crystallization and
which have an infinite cyclic fundamental group. We show that each manifold in the class
admits a handle decomposition in which the number of 2-handles depends upon its second
Betti number and the number of other h-handles (h < 4) is at most two. In Chapter 6,
we introduce the notion of (fo, f1,..., f4)-type semi-equivelar gem for closed connected
d-manifolds, related to regular embedding of the gem on a surface such that the face-cycle
at each vertex of the gem on the surface is of the same type. Semi-equivelar gems carry
interesting geometric structures due to its symmetric properties and so make manifolds
visualising easier. Given a surface S with non-negative Euler characteristic, we find all
regular embedding types on S and then construct a genus-minimal semi-equivelar gem (if
it exists) of each such type embedded on S. Further, we construct a semi-equivelar gem
for each closed surface and for each d-manifold with regular genus at most one. In Chapter

7, we conclude the thesis and propose some future work directions.
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