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Abstract

Partial differential equations (PDEs) have many important applications in var-
ious fields of science and engineering, such as fluid dynamics, materials science,
inverse problems, computer graphics, and pattern formation. However, analytic
solution of these type of problems is either not known or very difficult to develop.
Therefore, one should look for accurate and efficient numerical methods to solve such
type of problems. Finite element method is one of the numerical techniques which
may be used to solve the time dependent problems as well as steady state problems.
The classical finite element method uses low order piecewise polynomials defined
on polygonal domains. This thesis comprises both the theoretical and numerical
results obtained for linear and non-linear problems using web-spline based FEM.
The domains are discretized into simple polygons called the mesh. These polygons
might be triangles, quadrilaterals, etc., for two-dimensional domains, and tetrahe-
dra, hexahedra, etc., for three-dimensional domains. In classical two-dimensional
finite element methods, the basis functions are usually hat functions defined on
triangulations. Another possible selection of a finite element basis in two dimen-
sions are tensor product b-splines. In engineering applications, the description of
geometry and mesh generation are often the most time consuming process in finite
element methods. It is presently a marked interest for meshless methods as a tool

for solving complex boundary-value problems in science and engineering. Choe et



vi ABSTRACT

al. [19, 20] has investigated the use of moving least squares reproducing kernel in
the Galerkin formulation of Navier-Stokes equations. Weighted extended B-spline
based mesh-free methods for boundary value problems are proposed as a natural
generalization of standard B-splines to address two important issues of exact fulfil-
ment of the boundary conditions and well-conditioning of the Galerkin system. The
development of this new strategy for the Laplace operator problem is due to Hollig
et al. [40-42]. The concepts of weight and extension procedure will be described
in the next chapter.

Motivated by the fact that Laplace operator (in Poisson problem) is a special case
of p-Laplace operator (in p-Laplacian problem) and web-spline method is well de-
veloped for linear elliptic PDEs, in this thesis, we have proposed web-spline method
for quasi-linear p-Laplace problem. We also have made some numerical experiments
to show the convergence of the numerical solution.

Further we have solved non-local problem of Kirchhoff type using web-spline
based mesh free finite element method. We also have derived web-spline based a
priori error estimates.

Authors V.V.K Srinivas et al. have studied stationary Stokes and Navier-Stokes
problems [49]. With this motivation we proposed web-spline method for time de-
pendent heat equation and Navier-Stokes equation. Error estimates are also being
provided.

We extend the web-spline based mesh free finite element results from linear
Stokes problem [17, 49-51] to p-Stokes problem (quasi-Newtonian flow problem). We
prove the well-posedness of mixed formulation for p-Stokes at continuous level as well
as at the discrete mixed formulation. We discuss the solvability of the matrix system
arising after applying web-spline method and have given a priori error estimates for
the solution of quasi-Newtonian flow problems based on web-spline method.

We also give a new class of web-spline based finite elements for the stable ap-

proximation of Maxwell equations.



Contents

Certificate i
Acknowledgements iii
Abstract v
List of Figures xi
List of Tables xiii
List of Symbols XV
1 Introduction 1
1.1 p-Structure Problems . . . . . . . .. ... oL 2
1.2 Nonlocal Kirchhoff Problem . . . . .. ... ... ... ........ 5)
1.3 MHD Problem . . . . . . . . ... ... ... 6
1.4 Saddle Point Problems . . . . . . . . ... ... ... ... ... ... 7
1.5 WEB-Spline Method . . . . . . . .. .. ... ... ... . ..., 10
1.5.1  Inner and Outer B-splines . . . . . .. ... ... ... .... 11

1.5.2  Weight functions . . . . . ... ... ... L. 12

vil



viii CONTENTS
1.5.3 Extension Procedure . . . . ... ... ... ... .. ... 15
1.5.4 Approximation Properties of the WEB-Spline Bases . . . . . . 18
1.5.5 Condition number of the Galerkin System . . .. ... .. .. 20
1.6 Organization of the Thesis . . . . . . . . ... ... ... ... .... 20
2 WEB-Spline based mesh-free finite element approximation for p-

Laplacian 23
2.1 Imtroduction . . . . .. ... 23
2.2 Variational Formulation of p-Laplace Equation . . . . . . . .. .. .. 24

2.3 Discretization of Variational Formulation using WEB-Spline basis

and Error Analysis . . . . . . . ... o 27
2.3.1  Error Estimate in W'P(Q) . . .. ... ... L. 30
2.4 WEB-Spline Based Mixed Formulation . . . . . ... ... ... ... 35

2.5 Discretization of Mixed Formulation Using WEB-Spline Basis Func-
tions and Error Analysis . . . . . . .. ... oo 37

2.6 Numerical Solution . . . . . . . . . . . 44

WEB-Spline based finite element solution for nonlocal problem of

Kirchhoff type 49
3.1 Introduction . . . . . . . . ... 49
3.2 Weak-Formulation and Well-posedness at Continuous level . . . . . . 51

3.3 WEB-Spline Based Finite Element Discretization and Well-posedness

at Discrete Level . . . . . . . . .o 53
3.3.1 WEB-Spline Based Error Estimates . . . . . . ... ... ... 58
3.4  Numerical Example . . . . ... . ... .. ... ... 59

WEB-Spline based finite element approximation of time dependent
Newtonian and stationary non-Newtonian problems 63

4.1 Introduction . . . . . . . . . 63



CONTENTS ix

4.2 WEB-Spline Method for Diffusion Equation . . . . . ... ... ... 64
4.2.1  Weak Formulation of Diffusion Equation . . . . . . . ... .. 65
4.2.2 Existence of a Weak Solution . . .. ... ... ... ... .. 65
4.2.3  Semi-discrete Galerkin Approximation . . . .. .. ... .. 67

4.3 Stability and Error Analysis . . . . . ... ... L 68

4.4 WEB-Spline Method and Unsteady Stokes Equations . . . . . . . .. 69
4.4.1  Discretization of the Stokes Problem Using WEB-Splines . . 72

4.5 Discretization of the Navier-Stokes Problem . . . . . . . .. ... .. 7

4.6 Approximation of Stationary Non-Newtonian Flow Problems by WEB-
Spline Method . . . . . . . . . ... 80

4.7 Approximation of Carreau Law Model . . . . . ... ... ... ... 82
4.7.1  Weak Formulation and Well-posedness at Continuous Level . 82
4.7.2 Web-spline Based Finite Element Discretization and Well-

posedness at the Discrete Level . . . . . . . .. ... ... .. 86
4.7.3  Well-posedness at the Discrete Level . . . . . . .. ... ... 87
4.8 Approximation of Power Law Model . . . . .. .. ... .. ... .. 89

4.8.1  Weak Formulation and Well-posedness at Continuous Level . 89
4.8.2 WEB-Spline Based Finite Element Discretization and Well-

posedness at Discrete Level . . . . . . ... ... ... .... 91
4.8.3 Well-posedness at Discrete Level . . . . . . . . ... ... ... 93

4.9 Matrix Form of the Discretized Mixed Problem and Solvability of the
System . ... 96
4.9.1 Solvability of the Matrix System . . . . . .. . ... ... ... 97
4.10 Error Estimates . . . . . .. . ... 99

5 A new class of stabilized WEB-Spline based mesh-free finite ele-
ments for the approximation of Maxwell equations 103
5.1 Introduction . . . . . . .. ... 103
5.2 WEB-Spline Method for Maxwell Equations . . . . . ... ... ... 104



CONTENTS

5.3 2-D Formulation
5.3.1
5.3.2 Finite Element Discretization of 2D Problem

5.4 3-D Formulation
54.1
5.4.2

6 Conclusion and Future Directions
6.1 Contributions
6.2 Future Problems

Bibliography

Bio-Data

Stabilized weak Formulation

Stabilised weak Formulation

Finite Element Discretization of 3D Problem



	thesis_suhhakar-for-print-28-Aug.pdf



