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ABSTRACT

M a t r i x  e q u a t io n s  o f  th e  fo rm ,

[  s ^ x "  + « ( 2 )  A 1" - 1 + . . .  + » ( i \  l" - 1+1  * . . .  + « ( m ) x  + A ( m + I ) l  X „  0

where s re  n x  n m a t r i c e s ,  X  th e  e i g e n v a lu e ,  X th e  e ig e n v e c t o r

and m a p o s i t i v e  i n t e g e r ,  a re  q u i t e  common i n  th e  s tu d y  o f  L in e a r  

V i b r a t i o n s  o f  Dynamic S ys te m s, I n f o r m a t io n  System  D e s ig n ,  C o n t r o l  

System  T h e o r y ,  N o n l in e a r  O p t i m i z a t i o n ,  M a th e m a t ic a l  E c o n o m ic s ,  and 

numerous o t h e r  E n g in e e r in g  f tp p l ic a 1" ' ons and M a th e m a t ic a l  P ro b le m s  

[  1 , 2  ] .

- [  A -  X I  ]  X = 0 and •

[ ' A  -  ^ 8  ]  X =  0 ,

a re  s p e c i a l  cases  o f  th e  above g e n e r a l i z e d  e ig e n  p ro b lem  [  1 , 2  1 , 

where A and B are n x n m a t r i c e s ,  ar.d I  th e  i d e n t i t y  m a t r i x .  The 

g e n e r a l i z e d  e ig e n  p ro b le m  has n o n - t r i v i p l  s o l u t i o n s  i f  th e  c h a ra ­

c t e r i s t i c  d e te rm in a n t  i s  z e r o ,  i « e « ,

U ^ x ™  + „<2> x m- 1 + . . .  + n<i5 x " - i+1+ . . .  + A( m, x ^  A(m*l )  I .  0

d )

In  th e  q u a d r a t i c  case (when m = 2) u s in g  A ,  B and C f o r  r e p r e ­

s e n t a t i o n  o f  th e  m a t r ic e s  and c o r r e s p o n d in g  s m a l l  case l e t t e r s  f o r  

the r e p r e s e n t a t i o n  o f  m a t r i x  e le m e n ts ,  th e  c h a r a c t e r i s t i c  d e t e r m i ­

n a n t  can be w r i t t e n  as

A X 2 + BA * C | = 0 (2 )

IV



V

o r  more e x p l i c i t l y  as

a 11 x 2 + bn x  + ci i a 12
2

X + b X 
12

+
C12 a 13 x2 + b 1 3 X

a 21
2

X + b2, x  +
°21 a 22

2
X v b 22X *

C22 a23 X 2 b 23X

331 x2 + cr
00

*

°31 a32
x 2

+ b32X
+

C32 a33
x2 b 33X

'13

C23

'33

= 0

(3 )

In  many p r a c t i c a l  p ro b le m s ,  e s p R c i a l l y  i n  the  s tu d y  o f  s t a b i l i t y  

c h a r a c t e r i s t i c s  o f  dynam ic  m e c h a n ic a l  s y s te m s ,  i t  i s  s u f f i c i e n t  t o  know 

t h e  c o e f f i c i e n t s  p^ o f  th e  c h a r a c t e r i s t i c  p o l y n o m ia l ,

nxm .
2  P ,  X J = 0 (4 )

j =0 J

o b t a in e d  from  the c h a r a c t e r i s t i c  d e te rm in a n t  ( 1 ) .  The c o n s t r u c t i o n  o f  

( 4 )  from  ( 1 )  i s  a p ro b le m  o f  g r e a t  i n t e r e s t .  The m a j o r i t y  o f  methods 

w h ic h  c o n s t r u c t  th e  c h a r a c t e r i s t i c  p o l y n o m ia l  o f  th e  g e n e r a l i z e d  e ig e n  

p ro b le m  are  based on a p p r o x im a t io n s  o r  i t e r a t i v e  i n  n a t u r e .  A c c o r d in g  

t o  Someya [  3

"B ecause  o f  th e  h ig h  degree o f  freedom  th e  a l g e b r a i c  d e t e r ­
m in a t io n  o f  th e  c o e f f i c i e n t s  o f  th e  c h a r a c t e r i s t i c  e q u a t io n  
was v e r y  d i f f i c u l t  and 3 n u m e r ic a l  method was u s e d .  The
v a lu e  o f  th e  d e te rm in a n t  was c a l c u l a t e d  f o r  d i f f e r e n t  v a lu e s  
o f  X  , f o r  t h e  number o f  c o e f f i c i e n t s  o f  th e  c h a r a c t e r i s t i c  
e q u a t io n ,  and l i n e a r  e q u a t io n s  f o r  Cj_ were s o l v e d .  To th e  
c h a r a c t e r i s t i c  e q u a t io n  so d e r i v e d  Routh s t a b i l i t y  c r i t e r i a  
were a p p l i e d .  The a c cu ra c y  o f  th e  r e s u l t s  depends i n  some 
cases  h e a v i l y  on th e  a c cu ra c y  o f

C ^ 's  a re  th e  c o e f f i c i e n t s  o f  th e  c h a r a c t e r i s t i c  e q u a t io n  ( p o l y n o m i a l ) .

C h ou d h u ry  and G unter [ 4 3  have g i v e n  two a p p ro x im a te  m ethods, v i z .

th e  method o f  i n t e r p o l a t i o n  and th e  method o f  u n d e te rm in e d  c o e f f i c i e n t s .



E x a c t  v a lu e s  are n o t  o b ta in e d  by th e s e  methods as t r u n c a t i o n  « r m r  

i s  i n v o l v e d .  A com puter p rogram  by Hennion [ 5 1 i s  a v a i l a b l e  in  

ALGOL, w h e re in  th e  m a t r i x  i s  re d u ce d  t o  the  u p p e r  t r i a n g u l a r  form  

and p o l y n o m ia l  m u l t i p l i c a t i o n  o f  th e  e le m e n ts  on th e  d ia g o n a l  done* 

T h i s  p ro c e d u re  may p ro du ce  a l o t  o f  n u m e r ic a l  in a c c u r a c y  as s im u l ­

ta n e o u s  t r i a n g u l a r i z a t i o n  o f  more th a n  one m a t r i x  i s  i n v o l v e d .  

A c c o r d in g  t o  Vernon  [  6 ]  who succeeded i n  row  (c o lu m n )  e x p a n s io n  

o f  t h e  q u a d r a t i c  c h a r a c t e r i s t i c  d e te rm in a n t  e q u a t io n  ( 3 ) .

!,The  e f f i c i e n t  e x p a n s io n  by d i g i t a l  com puter o f  a h ig h  o r d e r  
d e te rm in a n t  o f  q u a d r a t i c s  o f  th e  fo rm  shown in  1-47 i s  an 
EXERCISE IN LOGIC.

( E q u a t io n  1-47 r e f e r s  t o  th e  one g i v e n  in  [  6 ]  )^

C o n s t r u c t io n  o f  ( 4 )  by  e xp a n d in g  ( l )  and e v a l u a t i n g  c o e f f i c i e n t  

d e t e rm in a n ts  o f  pow ers  o f  X  i s  a d i r e c t  m ethod. T h i s  method i s  

se ldom  a tte m p te d  because o f  th e  c o m p u t a t io n a l  c o m p l e x i t i e s .  The

e sse n ce  n f  t h i s  d o c t o r a l  t h e s i s  i s  th e  d eve lop m en t o f  v a r io u s  a lg o ­

r i t h m s  f o r  th e  e xp a n s io n  o f  ( l )  and c o n s t r u c t i o n  o f  ( 4 )  o ve rco m in g  

a l l  c o m p u t a t io n a l  c o m p l ^ x i t i e s / d i f f i c u l t i e s  and e n s u r in g  n u m e r ic a l  

a c c u r a c y .  E v e ry  e f f o r t  i s  mad<=> to  make .the a lg o r i t h m  most g e n e r a l ,  

s i m p l e ,  and easy  to  u n d e r s ta n d .  S in c e  th e  b u lk  o f  th e  u s e rs  o f  

such  a lg o r i t h m s  a re  S c i e n t i s t s  and E n g in e e r s ,  com ple te  s o f t w a r e  i s  

d e v e lo p e d  in  FORTRAN IV  f o r  easy  u s a g e .

E x p a n s io n  o f  ( l )  i s  a c h ie v e d  th r o u g h  a c o m b in a t o r ia l  enumera­

t i o n  [ 7 3  p ro c e s s  o f  th e  c o e f f i c i e n t  d e t e r m in a n t s . N o r m a l l y , m a t r ic e s  

aro  s t o r e d  in  FORTRAN IV  i n  two d im e n s io n a l  a r r a y s ,  and e n u m e ra t io n  i s  

a c h ie v e d  by the  use o f  n e s te d  lo o p s .  Such an a l g o r i t h m ,  i f  a t te m p te d ,



i s  d a ta  d e p e n d e n t,  i . e .  th e  a l g o r i t h m  i s  dependent nn th e  o r d p r  n 

o f  th e  m a t r ic e s  and th e  d e g re e  m o f  th e  p o l y n o m ia l  e le m e n ts .  In 

o t h e r  w o rd s ,  one has to  w r i t e  d i f f e r e n t  p rogram s f o r  d i f f e r e n t  

v a lu e s  o f  n and d i f f e r e n t  v a lu e s  o f  m, as th e r e  w i l l  be n n e s te d  

lo o p s  and m-f-1 d i f f e r e n t  m a t r i c e s .  Such a p rogram  i s  n o t  G e n e r a l .  

T h e r e f o r e ,  i t  i s  o f  im p o r ta n c e  t o  have a p r o p e r  data  s t r u c t u r e  [83 

t o  s t o r e  th e  c o e f f i c i e n t  m a t r ic e s  o f  ( l ) .  The s im p le s t  d a ta  s t r u ­

c t u r e  a v a i l a b l e  f o r  d a ta  s t o r a g e  in  FORTRAN IV  i s  . l in e a r  a r r a y s .

In  th e  d e v e lo p e d  a l g o r i t h m s ,  c o e f f i c i e n t  m a t r i c e s  o f  ( l )  a re  s ta c k e d  

i n  l i n e a r  a r r a y s ,  column by co lum n, and th e  e n u m e ra t io n  p r o c e s s  i s  

a c h ie v e d  by r e d u c in g  th e  n n e s te d  lo o p s  to  a s i n g l e  loop* F o r  l a r g e  

v a lu e s  o f  n and m, th e  e n u m e ra t io n  p r o c e s s  r e s u l t s  i n  a 'c o m b in a ­

t o r i a l  e x p l o s i o n * .  T h e r e f o r e ,  e f f i c i e n t  h a n d l in g  o f  t h i s  e x p lo s io n  

i s  v i t a l .  In  p r a c t i c a l  p ro b le m s ,  i t  i s  o b s e rv e d  t h a t  th e  c o e f f i ­

c i e n t  m a t r ic e s  e n c o u n te re d  a re  s p a r s e .  The c o m b in a t o r ia l  e x p l o s i o n  

i s ,  t h e r e f o r e ,  e f f i c i e n t l y  h a n d le d  by e x p l o i t i n g  s p a r s i t y .  The

a l g o r i t h m s  d e v e lo p e d  are  s ( i )  da ta  d e p e n d e n t ,  ( i i )  d a ta  in d e p e n d e n t ,  

and ( i i i )  d a ta  in d e p e n d e n t  s p a r s e .

The a lg o r i t h m s  are  a p p l i e d  to  s o lv e  p r a c t i c a l  e n g in e e r in g  

p r o b le m s .  In  th e  s tu d y  o f  s t a b i l i t y  o f  s i n g l e  f l o a t i n g  bush b e a r in g s ,  

th e  e q u a t io n  o f  e q u i l i b r i u m  le a d s  to  a 6 x  S c h a r a c t e r i s t i c  d e t e rm i ­

n a n t  e q u a t io n  [ 9 , 1 0  1 w i t h  p o l y n o m ia l  e le m e n ts  in  q u a d r a t i c s .  In 

t h i s  e a s e ,  r e s u l t s  e v a lu a t e d  t h r o u g h  a n a l y t i c a l  e xp a n s io n  o f  th e  

d e t e r m in a n t  e q u a t io n  i s  a v a i l a b l e  f o r  c o m p a r is o n .  The r e s u l t s  

o b t a in e d  by the  d e v e lo p e d  a lg o r i t h m s  are  compared w i t h  th e  a n a l y t i c a l l y

vii
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o b t a in e d  r e s u l t s  and e x c e l l e n t  agreem ent i s  n o t i c e d .  An e r r o r  i n  

onp o f  th e  c o e f f i c i e n t s  o b t a in e d  by Tanaka and H o r i  1. 10 1 d u r in g  

a n a l y t i c a l  e xp a n s io n  i s  l o c a t e  do ft m o d i f ie d  d e s ig n  o f  the  a f o r e s a i d  

b e a r in g  i s  th e  d o u b l1’ F l o a t in g  bush b e a r in g  [ .3  1. In  t h i s  c^se 

th ?  e q u a t io n s  o f  e q u i l i b r i u m  le a d  to  an f> x 8 c h a r a c t e r i s t i c  d e t e r ­

m in a n t  e q u a t io n  w i t h  q u a d r a t i c  e le m e n ts ,  where a n a l y t i c a l  e v a lu a t io n  

i s  e x t r e m e ly  d i f f i c u l t .  Because o f  the d a ta  independence  o f  the

d e v e lo p e d  a l g o r i t h m ,  same com puter p ro gram  i s  used to  s o l v e  t h i s  

■*
p ro b le m  a l s o .

T h e re  i s  a c la s s  o f  p ro b lem s  i n  s t r u c t u r a l  dynam ics  w h ich  are  

s o l v e d  by T r a n s f e r  M a t r i x  M ethod, where th e  c h a r a c t e r i s t i c  d e te rm i ­

n a n t  i t s e l f  i s  to  be c o n s t r u c t e d  as a p r o d u c t  o f  t r a n s f e r  m a t r ic e s  

w i t h  p o l y n o m ia l  e le m e n ts .  Methods d e v e lo p e d  by N y k le s t a d  and P r o h l  

[  12,13 1 a re  e x t e n s i v e l y  used f o r  com puting  the e ig e n  f r e q u e n c ie s  

o f  a com plex  beam s t r u c t u r e .  By t h i s  method the s t a t e  v e c t o r  i s  

p r o g r e s s i v e l y  computed from  one s t a t i o n  to  th e  n e x t  and th e  e ig e n  

v a lu e  X i s  d e te rm in e d  by s u c c e s s iv e  i t e r a t i o n  such t h a t  i t  s a t i s ­

f i e s  the s t a t e  v e c t o r  a t th e  b o u n d a r ie s .  Rao and B a n e r je e  [  14 1 

t r i e d  to  d e ve lo p  th e  c h a r a c t e r i s t i c  p o l y n o m ia l  from  th e s e  t r a n s f e r  

m a t r i c e s  and succeeded i n  th e  f o r m u la t io n  o f  th P  c o e f f i c i e n t s  o f  t h "  

p o l y n o m ia l  o n ly  i n  th e  cases o f  some p ro b le m s  o f  c - n u i l s v e r  o la d s  

v i b r a t i o n s .  T h is  f o r m u l a t i o n  la c k s  i n  t h e i r  u n i v e r s a l  a p p l i c a t i o n  

t.o any t r a n s f e r  m a t r i x  p ro b le m s .  S in c e  each i n d i v i d u a l  t r a n s f e r  m a t r i x

* P a r t  o f  th e  above work i s  p u b l i s h e d  i n  T r a n s .  A3RE , D c u r n a l  o f  Mecha­
n i c a l  D e s ig n  [ 1 1 >



♦

has i t s  e le m e n ts  as p o l y n o m ia ls ,  a te c h n iq u e  i s  needed, w h ic h  may 

g e n e r a t e  a p r o d u c t  o f  such m a t r i c e s ,  and f i n a l l y  d e te rm in e  th e  

c h a r a c t e r i s t i c  p o ly n o m ia l*  T h i s  w ou ld  c e r t a i n l y  reduce  th ^  i t e r a ­

t i o n  t im e ,  o t h e r w is e  i n v o l v e d .  In  t h i s  t h e s i s ,  a d a ta  in d e p e n d e n t  

p l o o r i t h m  i s  a ls o  d e v e lo p e d  f o r  th e  c o n s t r u c t i o n  o f  such a c h a r a c t e ­

r i s t i c  d e t e r m in a n t . Some n u m e r ic a l  exam ples  f o r  w h ich  r e s u l t s  a re  

a v a i l a b l e  i n  l i t e r a t u r e  are  s o l v e d  by t h i s  new a lg o r i t h m  and the  

r e s u l t s  a re  found to  be i n  good a g re e m e n t.  In  c a s e ,  th e  e ig e n v a lu e s  

a re  r e q u i r e d  th e  same can be o b ta in e d  by f i n d i n g  th e  z e ro s  o f  the  

c h a r a c t e r i s t i c  p o l y n o m ia l  u s in g  th e  D e n k in s  a lg o r i t h m  [  15 1* A l l  

th e  a lg o r i t h m s  d e v e lo p e d  i n  th e  t h e s i s  can be c o n v e r te d  e a s i l y  to  

h a n d le  p ro b lem s  i n  com plex  v a r i a b l e s .

ix
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