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ABSTRACT

Matrix equations of the form,

(1), m-ist . A(r“.)>\ - A(m+1)1 X -0
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where A(i)'s are n x n matrices, A the eigenvalue, X the eigenv=ctor
and m a positive integer, are quite common in the study of Linear
Vibrations of Dynsmic Systems, Information System Design, Control
System Theory, Nonlinear Optimization, Mathematical Economics, and
numerous other Engineering Applica*‘ons and fathematical Problems

[1,2 L.

[a-nx1lx

]
o

and

['a-xe 1x=

f
D

are special cases of the above gensralized eigen problem [ 1,2 ],
where A and B are n x n matrices, acd I the identity matrix. The
-generalized eigen problem has non-trivisl solutions if the chara-

cteristic determinant is zero, i-.2.,

1“(1) AT 32\(2> AT e A(i) AT s A(m>l-:- A(mM) | =0
(1)

In the quadratic cese (when m = 2) using A, B and C for repre-
sentation of the matrices and corrasponding smazll case letters for

the representation of matrix elements, thz characteristic determi-

nant can be written as

AN aEL +C| =0 (2)
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or more explicitly as
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In many practical problems, especially in the study of stability

characteristics of dynamic mechanical systems, it is sufficient to knou

the coefficients pj of the characteristic polynomial,

nxm

S P, A" =0 (4)
=0

obtained from the characteristic determinant (1). The construction of
(4) from (1) is a problem of grest interest. The majority of methods
which construct the characteristic polynomial of the generalized eigen
problem are based on approximations or iterative in nature. According
to Someya {3 ],
"Because of the high degree of fresdom the algebraic deter-
mination of the coafficisnts of the characteristic equation
was very difficult and 2 numerical method was used. The
value of the desterminant was calculated for different values
of A, for the number of coefficisnts of the characteristic
equation, and linear equstions for C; were sclved. To the
charactaristic 2quation so derived Routh stability criteria

were applied. Tha accuracy of tha results depends in some
cases heavily on tha accuracy of Ci.“

C;'s are the coefficisnts of the charascteristic equstion (polynomial).
Choudhury and Gunter [ 4 ] have given two appnrnximate methods, viz.

the method of interpolation and the method of undetermined coefficients.
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Exact valuas are not obtained by these methods azs truncation orrar
is involved. A computer program by Hennion [ 5 ] is availaghle in
ALGOL, wherein the matrix is reduced to the upper triangular form
and polynomial multiplication of the elem2nts on the diagonal done.
This procedure may produce a lot of numerical inaccuracy as simul-
taneous triangularization of more than one matrix is involved.
According to Vernon [ 6 ] who succeeded in row {column) expansion

of the quadratic characteristic determinant equation (3).

MMhe efficient expansion by digital computer of a high order
determinant of gquadratics of the form shown in 1-47 is an
EXERCISE 1IN LOGIC.®

(Equation 1-47 refers to the one given in [ 6 ) ),

Construction of (4) by expanding (1) and evalusting coefficient
determinants of powers of A is a direct method. This method is
seldom attempted because of the computational complexities. Tha
assence of this doctoral thesis is the development of various algo-
rithms for the expansion of (1) and construction of (4) overcoming
all computationzl complexitins/difficulties and ensuring numerical
accuracy. Every effort is made to make the algorithm most gensral,
simple, and easy to understand. Since the bulk of the users of
such algorithms ar= Scientists and f£ngineers, complete scftware is

developed in FORTRAN IV for easy usage.

Expansion of (1) is achicved through a combinatorial enumsra-
tion [ 7 ] process of the coefficient determinants.Normally, matricrs
are stored in FORTRAN IV in two dimensional arrays, snd enumeration is

achieved by the use of nested loops. Such an =lgorithm, if attempted,
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is data dependent, i.e. the 2lgorithm is dependent on the order n
of the matrices and the degree m of the polynomial elements. In
other words, one has to write different programs for different
values of n and different velu=s of m, as there will be n nested
loops and m+1 different matrices. Such a program is not general.
Therefore, it is of importance to have s proper data structure {8]
to stors the coefficient mstrices of (1). The simplest data stru-
cture available for data storage in FORTRAN IV is linear arrays.

In the developed algorithms, coefficient matrices of (1) are stacked
in linear arrays, column by column, and the @numeration process is
achieved by reducing the n nested loops to a single loop. For large
values of n and m, the enumerstion process results in a 'combina-
torial axplosion'. Therefore, efficient handling of this explosion
is vital. In practical problems, it is observed thet the coeffi-
cient matrices encountered are sparse. The combinatorial explosinn
is, therefore, efficiently handled by exploiting sparsity. Tha
algorithms developed are s (i) data dependent, (ii) deta independent,

and (iii) data independent sparse.

The algorithms are aspplied to solve practical engineering
problems. In the study of stability of single flo=ting bush bearings,
the equation of equilibrium leads to 2 6 x G characteristic detarmi~
nant eguation [ 9,10 } with polynomizl elements in gquadratics. In
this casec, results ev=luated through anrlytical expansion of thz
determinant equation is aveilable for comparison. The results

obt=ined by the developed =lgorithms are compared with the analytically
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ohtained results nd excallznt agreement is noticed. An error in
R, 1t ams e PR T ' PPN e 1 -‘ o 3
pne of the coefficients obtained by Tarnaka z2nd Hoei | 10 1 during

enalytical expansion is located. A& modified dasion 0T the z=fcoresaid

A
1"}
°

bearing ia the doubls Flosting bush k=zaring L 3 In this c=s=
ths eguetions of equilibrium lead to an & X 8 characteristic deter-
minsznt eaustion with quadratic elements, where analytical avalustion
is extremaly difficult. Becsuse of the data indspendence of the
devrloped algorithm, same computer program is used to solue this

*
problem zlsc.

There is a class of problsms in structural dynamics which ars
solved by Transfer Matrix Method, whers the characteristic deftarmi-
nant itself is to be constructed =as a product of trznsfer matrices
with polynomial slements. Methods developed by lyklestad and Prohl
[ 12,13 ] are extensively used for computing the sigen frequencies
of a complex beam structure. By this method the state vector is
progressively computed frem ons station o the next and the eigen
value A is determined by successive iteration such thst it satis-
fias the stats vector st the boundarizs. Rao and Banerjes [ 14 ]
tried to develop the characteristic polynomial from these trensfer
matrices and succerded in the formulation of th~ cozfficients of tho
polynomizl only in the casee of soms probl=ms of ce=ntilaver nlade
vibrations. This formulation lacks in their universal apnlicaﬁion

to any transfer metrix problems. Since each individual ‘transfar matrix

*
Part of the above uwork is puhlished in Traps. A5SME, Jourral of M= cha-

nical Design [117].
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has its elements as polynomials, a technigque is nendcd, which may
generate a product of such matrices, snd fineslly detsrmine the
characteristic polynomial. This would certainly reducc th» itera-
tion time, otherwise involved. In this thesis, a data indezpsndent
sloorithm is also developed for the constructien of such a characte~
ristic determinant. Some numerical examplas for which results are
available in literature are solved by this new algorithm and the
results are found to be in good agreement. In case, the eigenvalues
are required the same can be obtained by finding the zercs of the
characteristic polynomial using the Jenkins algorithm [ 15 ]. All
the algorithms developed in the thesis can be converted easily to

handle problems in complex variablss.
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