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ABSTRACT

Graphene, with its low-energy quasiparticles described by massless Dirac fermions (MDFs),
provides an unparalleled platform to study and manipulate quantum transport phenomena. In
condensed matter physics, the role of external electrostatic, magnetic, and periodic potentials in
controlling quasiparticle dynamics and generating emergent transport regimes has been exten-
sively studied and established as a key paradigm. This thesis investigates three such problems,
establishing theoretical connections to optics, superconductivity, and quantum Hall physics,

while highlighting pathways toward graphene-based device applications.

In the first part, we studied quasiparticle scattering from two-dimensional quantum dot lat-
tices using the Lippmann—Schwinger approach in the first Born approximation. We showed
that the differential scattering cross-section is governed by the Fourier transform of the poten-
tial, drawing a precise analogy to Fraunhofer diffraction in optics. Angle-resolved resistivity
revealed clear signatures of lattice configuration, defects, and moiré patterns, suggesting that
electronic transport can serve as a probe of structural features. Importantly, this constitutes
the first demonstration of fractional Fourier transform behavior in a condensed matter system,

thereby extending the scope of optical analogies to electronic scattering.

In the second part, we analyzed superconducting transport in graphene Josephson junctions
incorporating one-dimensional electrostatic and magnetic barriers. Within the Dirac — Bogoli-
ubov — de Gennes formalism, we found that such barriers act as effective refractive-index media
for MDFs, tuning the strength of Andreev reflection and modulating the Josephson current. This
establishes condensed matter analogues of reflection and refraction phenomena, while providing
a mechanism for external control of dissipationless current flow in graphene-based supercon-

ducting devices.

In the final part, we examined graphene-based superconductor—quantum Hall-superconductor

junctions under external electrostatic modulation. Employing a transfer-matrix framework, we



demonstrated that barrier-induced intermediate chiral edge states supply new current-carrying
channels and strongly influence Josephson transport. The analysis further underscored the role
of interface scattering and revealed how periodic modulation introduces additional tunability
of conductivity, emphasizing the rich interplay between superconductivity and quantum Hall

physics.

Taken together, these studies demonstrate that engineered external potentials offer a versa-
tile means of controlling MDF scattering and superconducting transport in graphene systems.
By elucidating optical analogues of electronic scattering,tuning the Josephson current in mag-
netically modulated josephson junctions and the emergence of intermediate chiral edge states
in superconductor-quantum Hall-superconductor junctions with electrostatic barrier, this thesis
advances a unified perspective on graphene transport with implications for electronic imaging,

superconducting device design, and quantum information technologies.
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1.1

2.1

LIST OF FIGURES

(a) The schematic diagram of a plane wave (direction shown in blue arrows)
of MDFs in ballistic graphene, getting scattered by a two-dimensional array
of Gaussian quantum dot(QD) potentials. (b) The polar plot of the DSC for
a square lattice of QDs. In (c) the angle-resolved dc-resistivity of the system
parallel to the direction of propagation of the incoming plane wave of graphene
electrons is plotted under this scattering potential rotated at an arbitrary angle.
In (d) the schematic depiction of the SGS type JJ with periodic electric and
magnetic field in the graphene region is shown. In (e) and (f) we show the
propagation of electron and hole for our SGS system where only one barrier is
present in RAR and SAR domains respectively. The blue solid circle denotes
a hole and an electron is represented by a red solid circle. In (g) we show
the schematic diagram of the system we are considering. The red and blue
semicircles denote the classical electron and hole orbits. In (h) we show the
conductivity of this system, In the inset we provide the intermediate chiral edge
states which contribute to the fluctuation in conductivity. Figure (a)-(c) is taken

from our published work [44], Figure (d)-(f) is taken from our published work

Schematic diagram of (a) retro Andreev reflection and (b) specular Andreev
reflection. The arrows denote the direction of velocity. The red circle denotes

negatively charged electron and blue circle denotes positively charged hole.

viii
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3.1

32

(a) The schematic diagram of a plane wave (direction shown in blue arrows) of
charge carriers in ballistic graphene that are modelled as MDF under ambient
conditions, getting scattered by a two-dimensional array of Gaussian quantum
dot(QD) potentials created by STM tips. (b) The polar plot of the DSC for a
square lattice of QDs as given by Eq. (3.3a), of dimension N; = 10,N, = 0 and
orientation ¢ = 0. The central maxima at # = 0 is multiplied with 1.6 x 1073
for better visibility. The first maxima on both sides are multiplied by 0.8 x 1072
The second ones are multiplied by 0.32 for better visibility with respect to the
other smaller peaks. In the inset we have shown the differential scattering cross
section for a single QD for differential values of 3. In (c) and (d) the angle-
resolved dc-resistivity of the system parallel to the direction of propagation of
the incoming plane wave of graphene electrons is plotted under this scattering
potential rotated at an arbitrary angle. The resistivity pattern for square and
hexagonal lattices of QDs is shown in (c) and (d) for N, = 100. The resistivity
at ¢ = 0° and 90° is the same for the square lattice but not in the case of the
hexagonal lattice. In Figs. (e)-(g) we compare the process described in (a)-(d)
with the two-dimensional optical spatial frequency processor, whereas a short
thesaurus listing various analogue quantities in these two systems is given in
TABLE 3.1. In (e) we show that the object is positioned in the front focal plane
of lens 1. The Fourier transform of the object distribution is found in the back
focal plane of lens 1 as shown in (f). This plane is called spatial frequency
plane [25, 26]. At the image plane in (g) the object distribution is recovered.

This figure is taken from our published work [44]. . . . .. ... ... ...

Resistivity pattern for (a) square QD lattice of size No = 200 and A = 1 with
square defect region with different sizes and (b) hexagonal QD lattice of size
Ny = 61 and A = 1 with circular defect region of different radiuses. In (a),
The resistivity pattern is symmetric on both sides of ¢ = 0 only when the defect
region is centred at the origin and for the blue curve, we have removed scatterers
from ny; = 10 to 110 and ny = 10 to 110. For the orange curve n; = 10 to 110
and ny = 90 to 190. In (b), the defect region is placed in the centre of the
original QD lattice. Here, the resistivity pattern is symmetric on both sides of

¢ = 0. Here, 8 = 10 nm. This figure is taken from our published work [44]. .
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3.3 The energy dependence of the resistivity for graphene(G) and non-relativistic(NR)

34

3.5

3.6

3.7

two dimensional systems. This figure is taken from our published work [44]. .

The schematic diagram of a plane wave of massless Dirac fermions getting
scattered by a moiré superlattice of two (a) square and (b) hexagonal lattices of
Gaussian quantum dots(QD) in graphene. Moiré pattern made by two square
lattices of TDQDL producing a commensurate structure at a twist angle, § ~
6.026° is shown in (c). The moiré lattice is shown in green, and the commensu-
rate lattice is shown in black. Such quantum dots can be created in experimental
system by using tips with applied gate voltage in the same way as in FIG. 3.1. In
@ |V(a)

tential. The resistivity pattern with fixed the mean angle(¢) is shown in (e) and

2
is plotted as a function of ¢, and ¢y, for the above scattering po-

(f) for a TDQDL scattering potential made with moiré pattern of two square and
hexagonal lattices, respectively. In (g) and (h), the resistivity pattern is plotted
with fixed twist angle(d) again for a moiré pattern of two square and hexagonal

lattices, respectively. This figure is taken from our published work [44].

N 2
‘V(q)‘ plotted as a function of ¢, and ¢, for a single layer of TDQDL for
N = 5. This figure is taken from our published work [44]. . . . .. .. ...

Resistivity vs Ny plot for different values of ¢. This figure is taken from our

published work [44]. . . . . . . ...

Cut-off frequency( /¢ ) vs lattice constant(d) plot in the case for (a) square and
TDQDL with Ny = 100(b) hexagonal TDQDL with Ny = 30. This figure is
taken from our published work [44]. . . . . . ... ... L.
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3.8

4.1

4.2

(a) Shows the Fourier transform(FT) of the resistivity pattern for a TDQDL
with Ny = 50, A = 1 and d = 70(nm). The blue cross (x) denotes the value
of amplitude corresponding to each spatial frequency (/). In the inset, we have
shown the total data. The main figures do not show the central peak to display
the smaller values. The FT of the resistivity pattern through a Gaussian filter
for the same TDQDL scattering potential with a square defect region (in the
centre) is shown in (b). In (c), we show the FT of the resistivity pattern through
a Gaussian filter for a scattering potential made with a moiré pattern of two
square TDQDL with the same lattice constant. This figure is taken from our

published work [44]. . . . . . . ...

In (a) the schematic depiction of the SGS type JJ with periodic electric and mag-
netic field. in the graphene region is shown. In the regions between the red and
blue magnetic stripes a non zero electric field (14) is also considered. In (b) we
compare the perpendicular magnetic field profile as seen by the massless Dirac
fermions for different values of zy. This can be done by changing the distance
between the ferromagnetic stripe and the graphene sheet. The corresponding
magnetic vector potential is shown in (c). As z; is reduced the magnetic field
barriers become more close to a perfectly rectangular barrier. This figure is

taken from our published work [45]. . . . . . ... ... ...

In this figure, we show the scalar potential profile seen by the massless Dirac
fermions in graphene created by electrostatic gate-defined potential barriers for

different values of §/d. This figure is taken from our published work [45]. . .
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4.3

4.4

In (a) we show the plot of sin(ag) calculated from the Snell’s law in the RAR
(u > ¢) regime for as a function of « using the red curve. In the red curve
we show the dependence of refractive index of the barrier region on « for a
barrier with x;,, = 0.5 and Ky = 0.25. In (b), we have plotted the values of
barrier potential (V') and magnetic length (/,,) which share the given values of
refractive index (ng) for « = /8. Here p and A is the Fermi energy and the
Fermi wavelength of the barrier free region (G). In (c) we show the propagation
of electron and hole for the same barrier in the RAR regime. In the schematic
diagram, a hole following path BA undergoes RAR in the GS interface at point
A. Due to RAR, a reflected electron traces back the path of the incident hole
AB with @ = 10° and in the barrier region(E) acts as a medium with lighter
refractive index (ng) and the electron goes through BC path with aop = 19.73°
and then again CD path through the G region with ap = 10°. After that at
point D, the electron undergoes RAR in the GS boundary and again reflects
back as a hole. In (d), we show the schematic diagram for the propagation of
electron and hole for the same barrier in the SAR regime. A hole from path
AB with angle o/ = 10° undergoes SAR in the GS interface at B and reflects
back as an electron with o = 10°. As the refractive index of the barrier region
becomes np ~ 1 in the SAR regime, the reflected electron traces path BCDE
and undergoes SAR and a reflected hole travels through EF direction. The blue
solid circle denotes a hole and an electron is represented by a red solid circle.

This figure is taken from our published work [45]. . . . . . . ... ... ...

The € — ¢ relation for SG(EG)"S for retro and specular Andreev reflection is
shown in (a),(b) and (c),(d) respectively. In (a) we show the ¢ — ¢ relation for
different values « for x = 1, ky = 0.5, n = 10 and k;,,, = 3. In (b) the
€ — ¢ relation is shown in case of RAR for different values of n and for x = 1,
ky = 0.5, ki, = 3 and = w/4. For the case of SAR, we show the ¢ — ¢
relation for different values of o in an SG(EG)"S junction with k=1, Ky = 0.5,
Kim = 1 and n = 10. € — ¢ relation is plotted in (d) for the case of SAR for
different values of n for kK = 1, ky = 2, K, = 2 and o = 7/4. This figure is

taken from our published work [45]. . . . . . ... ... ... L.
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4.5

4.6

5.1

In (a) we show the ¢ and 7' dependence of the Josephson current. For a con-
stant temperature, the Josephson current is periodic in ¢ for an SG(EG)"S type
Josephson junction with n = 10 in the RAR regime. In this case, we have taken,
Kim = 2.0 and ky = 0.5. In (b) we show the Josephson Current as a function of
¢ and the strength of magnetic barrier (x;,,,). We can observe from the 3D plot
that for a constant value of ¢, the Josephson current decreases with the increas-
ing Ky,. In (c) we show the cross-sectional plots to highlight this behaviour.
In (d) we combine the effect of x;,, and the ratio of size of EVMP regions and
pure-graphene regions for an SG(EG)"S type Josephson junction in the same
RAR regime. In (b), (c) and (d), we have taken, xyy = 0.5. In (e) we plot the
Josephson current for different values of xy with ¢ for x;,, = 2.0. In all these

cases we have fixed x = 1. This figure is taken from our published work [45].

In (a) the Josephson Current is plotted with its dependence on ¢ for an SG(EG)"S
type Josephson junction with n = 10 in the SAR regime for different values of
temperature while keeping x;,, = 10 and xy = 2. In (b) we show the Joseph-
son current for different values of x;, and temperature (7') for ¢ = 27/3 and
ky = 2. We can observe that as we are in the short junction limit, the x;,, does
not impact the Josephson current. In (c) we show the temperature dependence
of the Josephson current in the SAR regime for different values of ¢ for ky, = 2
and Ky, = 10. In (d) the Josephson current is plotted with r for different values
of ¢ again for the SAR regime while keeping «;,, = 10 and ky = 2. In all these

cases we have taken k=1 . This figure is taken from our published work [45].

Schematic diagram of SNBNS junction we are considering here. The red semi-
circles represent the classical electron orbits and the blue semicircles represent

the classical hole orbits. . . . . . . . . . . . . ..
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5.2

53

54

5.5

We show the dispersion plots for the SNS junctions with barriers in the N region
for v = 5.5 using Eq. (5.16). To show the presence of Landau levels, we set
Ag = 2.0hwce. In (a), we have one barrier with width d = 2. In (b), (c) we have
taken 4 barriers in the N region with (b) V5 = 0.2, separation D = 2 and d = 1,
©)Vo =0.9, D = 0.5and d = 2 and in (d) we have taken 40 barriers in the
N region with d = 0.3 and D = 0.3. The red semicircles denote the classical
electron orbit, and the blue semicircles denote the classical hole orbits. In (e)
and (f), we compare the conductivity of the SNS junction with a single barrier
in the N region with two cases of the SNS junction with w = 0 and w = 0.4
for different ranges of V;, . Here w is defined by w = 2U;/+/v. In this case, we
have taken Ay = 0.01 x v. Here, the distance between two SN edges is taken
as 6 and the width of the barrier is taken as 1. In the inset of (e) and (f) we
show the intermediate chiral edge states which contribute to the fluctuation in

conductivity. the red and blue dot denotes their electron like or hole like nature.

In (a) we show the dispersion(energy vs guiding center) plot for an SNS junction
for the case of v = 5.5. These are the solutions of det(Mgsy) det(Myg) = 0.
We denote the LLs from fx by n. and LLs from gx by n,. In (b) we show
the dispersion for the case of a single barrier present in the QH region. We
have taken v = 2.1 and d = 2. The maroon curve shows the effective potential
Verp = (@ —X)?/24+VoO(—x +d/2)O(x + d/2) acting on the LLs for X = 0.
The value of the y axis in this curve is scaled appropriately to display with the
dispersion plot and the x axis is exact. The dotted red (blue) lines show the
positions of the start of the lifting of degeneracy in fx (gx) LLs due to barrier

potential in the QH region. n. and n; are the same as in (a). E,Sle)

corresponds
to the eigenvalue inside the barrier region and we have given its coressponding

expressioninthetext. . . . . . . . .. .. ...

Edge current, Andreev current and Supercurrent for the first three electron like

LL states. . . . . . . o e e e e e e e e

In (a), we show the charge current for an SNS junction with two barriers of
d =4 and D = 4. In (b), we show the charge current ford = 4 and D = 4 in

an NS junction with two barriers in the Nregion. . . . . . . ... ... ...
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5.6

5.7

5.8

In (a), (b), (e) and (f) we show the dispersion plot for SN(BN)"S junction with
n = 30. For (a) v/2 = 2.75and V; = 0.2, (b) v/2 = 2.75 and Vjj = 0.8, (e)
v/2 = 1.125 and V; = 0.2 and (f) v/2 = 1.125 and V; = 0.8. The with of
the barriers are taken as d = 0.3 and the separation between them is taken as
D = 0.3. In (c) and (d) we show the conductivity, calculated using Eq. (5.35)
as a function of both Vj and v/2. The x axes of the dispersion plots (a), (b), (e)
and (f) are X and the y axes are energy I. The £ vs X dispersions (a), (b), (e)
and (f) correspond to 4 points A, B , E and F in the conduction plots (c) and (d).
For the dispersion we have taken A = 2 and the conduction plots we have taken
A = 0.01v. The dispersion plots are calculated with same values of v and Vj.
However as we have changed the A for the conductance calculation the window

of energy in which Andreev bound states are formed get reduced to —0.01v to

The number of points in the /- X dispersion plots (bound states) obtained from
the method II Eq. (5.34) for the case of N = 24, 40 and 60. The solid line
denotes the fitted curve. The last points in each curve is where we do not have

Bloch condition at all. This is same as the results obtained using Method-I.

(a) The dispersion of the monolayer graphene based SQHS junction with the
separation between the two superconductors 2L = 8, y = 0.4 and supercon-
ducting gap Ay = 10. Here we have measured the lengths in the units of
magnetic length [ and energies in the units of thF In (b) and (c) we show
the dispersion for the same system when the electrostatic barrier of height (b)

Vo =0.2and (c) 21is present in the QHregion. . . . . . ... ... ... ..
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