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ABSTRACT 

The lac operon of Escherichia coli is repressed >600-fold in the presence of glucose. This 

repression is usually attributed to two molecular mechanisms, namely activation by 3’,5’-cyclic 

adenosine monophosphate (cAMP) and inducer exclusion. cAMP-mediated transcriptional 

inhibition has been shown to have a modest effect on the regulation of the lac operon. This has 

led some to postulate that inducer exclusion is solely responsible for the catabolite repression. 

However, the effect of inducer exclusion is only 2-fold in lac constitutive strains, while the 

proposition that inducer exclusion may have a dramatic effect on cells induced to lower levels 

of lac expression, has not been sufficiently tested. Therefore, the first goal of this work was to 

quantify the magnitude of inducer exclusion in wild-type cells with lower lac expression. We 

found that inducer exclusion exerted a maximum 5-fold effect in the partially induced cells—

still a quantitative mismatch on account of the several hundred fold repression. It is 

concluded that the the current models cannot explain the magnitude of catabolite 

repression. Since the design of industrial bioprocesses is largely dependent on 

knowledge of regulatory mechanisms, it becomes absolutely essential to address basic 

sciences problems such as this. Moreover, the textbooks available globally have already 

begun to acknowledge the problem of repression deficit.  

We hypothesize that lac regulation is subject to positive feedback, which amplifies the small 

effects of inducer exclusion or cAMP activation to account for the almost complete 

repression. Positive feedback occurs during induction of the lac operon because allolactose 

stimulates the synthesis of lac enzymes, namely Lac permease and β-galactosidase, which in 

turn, promote synthesis of allolactose. While the first process was established more than 50 

years ago, there is no experimental evidence for the latter. Indeed, based on mathematical 

model, it has been argued that during growth on lactose, intracellular allolactose is 
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independent of enzyme levels, i.e., no positive feedback. Therefore, the second goal was to 

test the existence of positive feedback during growth on lactose by measuring the intracellular 

allolactose concentration as a function of Lac permease activity in various culturing 

conditions. However, rapid efflux results in massive accumulation of allolactose in the 

medium, thus severely limiting the application of standard metabolomics approaches to 

measure intracellular allolactose concentrations using direct or differential methods. To 

resolve this, we developed an indirect method to measure intracellular allolactose from 

specific allolactose efflux rate during growth in the presence of lactose. With this method, we 

found that during growth on lactose (induction) the specific β-galactosidase and intracellular 

allolactose concentrations are coupled, i.e., they increased simultaneously in both batch and 

continuous cultures. It follows that positive feedback exists. Further, during catabolite 

repression in the presence of glucose, the positive feedback loop reversed direction leading to 

a progressive decline in the levels of enzyme and intracellular allolactose, consistent with the 

positive feedback loop reversing the direction. 

It seemed desirable to supplement the indirect allolactose concentration measurements with 

more direct measurements. However, the difference method mentioned above is error prone 

due to massive accumulation of allolactose in the medium. We reasoned that the error in this 

method could be reduced significantly if extracellular accumulation of allolactose is 

somehow minimized. Therefore, the third goal of this work was to develop a suitable 

perfusion bioreactor to facilitate removal of extracellular allolactose, while cells are retained in 

the reactor. To this end, we employed a membrane bioreactor that allowed for fast 

medium dilution rate, and estimated the errors sustained in the measurements. We 

established the proof of concept that at high dilution rates, rapidly expelled intracellular 

metabolites can be quantified reproducibly. However, for allolactose quantification the 

desirable dilution rates must be increased another two-fold before acceptable data is obtained.  
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सार 

अश्केरिककआ कोलाई का लकै ओपेिों ग्लकूोज की उपस्थिति में 600 गनुा रिप्रेस (दमन) होिा है। यह दमन 

आमिौि पि दो आस्विक ितं्र, अिााि ्3 ', 5'-चक्रीय एडनेोसाइन मोनोफॉथफेट (सीएएमपी) औि इंड्यसूि 

एक्सक्लशून (प्रेिक बहहष्किण) द्िािा सकक्रयण के ललए स्जम्मेदाि है। सीएएमपी-मध्यथि ट्ांसकक्रप्शन 

(सशं्लेषण) अििोध को लकै ऑपिॉन के वितनयमन पि मामलूी प्रभाि देखा गया है। इसने कुछ लोगों को 

यह तनधाारिि किने के ललए प्रेरिि ककया है कक प्रेिक बहहष्किण पिूी ििह से सशं्लेषण दमन के ललए 

स्जम्मेदाि है। हालांकक, प्रेिक बहहष्किण का प्रभाि लकै सिंधैातनक उपभेदों में केिल 2 गनुा है, जबकक 

प्रथिाि है कक प्रेिक बहहष्काि का परिणाम लाखों अलभव्यस्क्ि के तनम्न थिि से प्रेरिि कोलशकाओं पि 

नाटकीय प्रभाि हो सकिा है, पयााप्ि रूप स ेपिीक्षण नहीं ककया गया है। इसललए, इस काम का पहला 

लक्ष्य कम लकै अलभव्यस्क्ि िाले जंगली प्रकाि के कोलशकाओ ंमें इंड्यसूि बहहष्किण की परिमाण को 

मापना िा। हमने पाया कक आलंशक बहहष्काि ने आंलशक रूप से पे्ररिि कोलशकाओं में अधधकिम 5 गनुा 

प्रभाि डाला है-अभी भी कई सौ गनुा दमन के कािण मात्रात्मक विसगंति है। यह तनष्कषा तनकाला गया है 

कक ििामान मॉडल सशं्लेषण दमन की परिमाण को समझा नहीं सकि ेहैं। चूंकक औद्योधगक बायोप्रोसेस के 

डडजाइन बड ेपमैाने पि तनयामक ितं्र के ज्ञान पि तनभाि हैं, इसललए बतुनयादी विज्ञान की समथयाओं को 

हल किने के ललए यह बबल्कुल आिश्यक हो जािा है। इसके अलािा, विश्ि थिि पि उपलब्ध पाठ्यपथुिक 

पहले से ही दमन घाटे की समथया को थिीकाि किना शरुू कि चुके हैं। हम अनमुान लगाि ेहैं कक लकै 

वितनयमन पॉस्िहटि फीडबकै (सकािात्मक प्रतिकक्रया) के अधीन है, जो लगभग पिूी ििह से दमन के ललए 

प्रेिक बहहष्काि या सीएएमपी सकक्रयण के छोटे प्रभाि को बढािा है। सकािात्मक प्रतिकक्रया लकै ओपेन के 

पे्रिण के दौिान होिी है क्योंकक एलोलकै्टोि लकै एजंाइमों, अिााि ्लकै पलमाऐज औि β-गेलकै्टोलसडिे के 

सशं्लेषण को उते्तस्जि कििा है, जो बदल ेमें, एलोलकै्टोज के सशं्लेषण को बढािा देिा है। जबकक पहली 

प्रकक्रया 50 साल पहले थिावपि की गई िी, बाद के ललए कोई प्रयोगात्मक सबिू नहीं है। िाथिि में, 

गणणिीय मॉडल के आधाि पि, यह िका  हदया गया है कक लकै्टोज पि िदृ्धध के दौिान, इंट्ासेल्यलूि 

एलोलकै्टोज एंजाइम के थिि से थिितं्र है, यानी कोई सकािात्मक प्रतिकक्रया नहीं है। इसललए, दसूिा लक्ष्य 
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विलभन्न सथंकृति स्थितियों में लकै पािगम्य गतिविधध के एक समािोह के रूप में इंट्ासेल्यलूि एलोलाक्टोज 

एकाग्रिा को मापकि लकै्टोज पि िदृ्धध के दौिान सकािात्मक प्रतिकक्रया के अस्थित्ि का पिीक्षण किना 

िा। हालांकक, माध्यम में एलोलेक्टोज के बड ेपमैाने पि सचंय में िजेी से एफ्लक्स परिणाम, इस प्रकाि 

प्रत्यक्ष या विभेदक ििीकों का उपयोग कि इंट्ासेल्यलूि एलोलकै्टोज सांद्रिा को मापने के ललए मानक 

चयापचय दृस्ष्टकोण के आिेदन को गभंीि रूप से सीलमि कि िहा है। 

इसे हल किने के ललए, हमने लकै्टोज की उपस्थिति में िदृ्धध के दौिान विलशष्ट एलोलकै्टोज एफ्लक्स दि 

से इंट्ासेल्यलूि एलोलाक्टोज को मापने के ललए एक अप्रत्यक्ष विधध विकलसि की। इस विधध के साि, हमने 

पाया कक लकै्टोज (पे्रिण) पि िदृ्धध के दौिान विलशष्ट β-गेलकै्टोलसडिे औि इंट्ासेल्यलूि एलोलकै्टोज सांद्रिा 

यसु्ग्मि होि ेहैं, यानी, िे दोनों बचै औि तनिंिि सथंकृतियों में एक साि बढि ेहैं। यह इस प्रकाि है कक 

सकािात्मक प्रतिकक्रया मौजूद है। इसके अलािा, ग्लकूोज की उपस्थिति में सशं्लेषण दमन के दौिान, 

सकािात्मक फीडबकै लपू ने हदशा को उलट हदया स्जससे एंजाइम औि इंट्ासेल्यलूि ऑलोलकै्टोज के थिि 

में प्रगतिशील धगिािट आई, सकािात्मक प्रतिकक्रया लपू हदशा को उलट देिा है। यह अधधक प्रत्यक्ष माप के 

साि अप्रत्यक्ष एलोलकै्टोज एकाग्रिा माप पिूक पिूक िांछनीय लग िहा िा। हालांकक, उपिोक्ि िणणाि अिंि 

विधध माध्यम में एलोलेक्टोज के बड ेपमैाने पि सचंय के कािण त्रहुट प्रिण है। हमने िका  हदया कक इस 

पद्धति में त्रहुट को काफी कम ककया जा सकिा है यहद एलोलेक्टोज का बाह्य कोलशका सचंय ककसी भी 

ििह कम हो जािा है। इसललए, इस काम का िीसिा लक्ष्य बाह्य कोलशकीय एलोलाक्टोज को हटाने की 

सवुिधा के ललए एक उपयकु्ि पिफ्यजून बायोिेक्टि विकलसि किना िा, जबकक कोलशकाओं को रिएक्टि में 

बनाए िखा गया िा। इस अिं में, हमने एक पफ्यूाशन बायोिेक्टि को तनयोस्जि ककया जो िजेी से मध्यम 

कमजोि पडने की दि के ललए अनमुति देिा है, औि माप में बनाए गए त्रहुटयों का अनमुान लगािा है। 

हमने अिधािणा का सबिू थिावपि ककया है कक उच्च कमजोि पडने िाली दिों पि, िजेी से तनष्कालसि 

इंट्ासेल्यलूि मेटाबोलाइट्स को पनुरुत्पाहदि ककया जा सकिा है। हालांकक, एलोलकै्टोज मात्रा के ललए थिीकाया 

डटेा प्राप्ि होने से पहले िांछनीय कमजोि दिों को एक औि दो गनुा बढाया जाना चाहहए। 

 



ix

TABLE OF CONTENTS 

CERTIFICATE i 

ACKNOWLEDGEMENTS iii 

ABSTRACT v 

LIST OF FIGURES xiii 

ABBREVIATIONS AND NOTATIONS   xv 

1 PROBLEM DEFINITION 3 

1.1 Existing mechanisms account for only 2 to 3-fold lac repression 4 

1.1.1 Effect of cAMP is marginal 4 

1.1.2 Effect of inducer exclusion no more than 2-3 fold at full induction levels 6 

1.2 Positive feedback can account for the repression deficit 10 

1.2.1 Positive feedback as the mechanism for lac induction and catabolite repression 10 

1.2.2 Positive feedback exists during growth in the presence of gratuitous inducers 11 

1.3 The existence of positive feedback during growth on lactose has been questioned 12 

1.4 Relative magnitudes of hydrolysis and efflux determine the existence of positive 

feedback 13 

1.5 Difference method may become viable in a perfusion bioreactor 15 

1.6 OBJECTIVES 16 

2 EFFECT OF INDUCER EXCLUSION IN CATABOLITE REPRESSION 19 

2.1 Abstract 19 

2.2 Introduction 19 

2.3 Materials and Methods 24 

2.3.1 Chemicals 24 

2.3.2 Bacterial strains 24 

2.3.3 Culturing conditions 25 

2.3.4 Assay for induction level 25 

2.3.5 Assay for permease activity 26 

2.4 Results 26 

2.4.1 Eliminating the effect of non-specific influx and permease-mediated efflux. 26 

2.4.2 The magnitude of inducer exclusion has a weak dependence on the induction level. 28 

2.4.3 Existence of catabolite repression in the presence of TMG. 30 

2.4.4 The mechanism of catabolite repression in the presence of TMG 33 

2.5 Discussion 37 



TABLE OF CONTENTS 

x

3 EVIDENCE OF POSITIVE FEEDBACK IN LACTOSE OPERON 41 

3.1 Abstract 41 

3.2 Importance 41 

3.3 Introduction 42 

3.3.1 Equations describing the evolution of biomass, cAMP, allolactose, and -galactosidase 

levels 46 

3.4 Material and Methods 47 

3.4.1 Bacterial strains 47 

3.4.2 Growth Conditions 47 

3.4.3 Sample preparation 48 

3.4.4 -galactosidase assay 48 

3.4.5 Measurement of sugars 48 

3.4.6 Measurement of cAMP 49 

3.4.7 Generation of induction curve 49 

3.4.8 Software 50 

3.5 Results 50 

3.5.1 Measurement of intracellular allolactose by direct methods is prone to error 50 

3.5.2 There is significant consumption of extracellular allolactose, but not cAMP 51 

3.5.3 The specific cAMP efflux rate is proportional to the intracellular cAMP level 53 

3.5.4 Lac permease has a high affinity for allolactose 55 

3.5.5 β-galactosidase and intracellular allolactose levels increase during lac induction 57 

3.5.6 β-galactosidase and intracellular allolactose levels decrease during lac repression 59 

3.5.7 The specific allolactose efflux rate is proportional to the intracellular allolactose level 62 

3.6 Discussion 64 

3.6.1 Comparison with the data in the literature 64 

3.6.2 Evolutionary implication of the high affinity of Lac permease for allolactose 66 

3.6.3 Comparison of the positive feedback and inducer exclusion hypotheses 66 

3.7 Conclusions 67 

4 EVIDENCE FOR POSITIVE FEEDBACK IN STEADY STATE CULTURES 71 

4.1 Abstract 71 

4.2 Introduction 71 

4.3 Materials & Methods 75 

4.3.1 Bacterial strains 75 

4.3.2 Growth Conditions 75 

4.3.3 Bioreactor setup and operation 75 

4.3.4 -galactosidase assay 76 

4.3.5 Assay for sugars 76 



TABLE OF CONTENTS 

xi 

4.4 Results 77 

4.4.1 Minimization of mutant selection 77 

4.4.2 Simultaneous consumption of maltose and lactose 78 

4.4.3 Variations in intracellular allolactose and enzyme activity with dilution rate 80 

4.4.4 Dynamics of induction - Existence of positive feedback 83 

4.4.5 Extracellular cAMP levels are independent of enzyme levels. 84 

4.5 Discussion 85 

5 DIRECT MEASUREMENT OF INTRACELLULAR ALLOLACTOSE 89 

5.1 Abstract 89 

5.2 Introduction 90 

5.3 The difference method: in situ allolactose removal may make intracellular measurement 

viable 92 

5.4 Material and Methods 96 

5.4.1 Culturing conditions 96 

5.4.2 Membrane (perfusion) bioreactor setup 96 

5.4.3 Sterilization and reactor start-up 98 

5.4.4 Flux and concentration polarization 99 

5.4.5 Integrated sampling without a special device 99 

5.4.6 β-galactosidase assay 100 

5.4.7 Measurement of sugars 100 

5.5 Results 100 

5.5.1 A dilution rate more than 100 h-1 is desirable to make the difference method viable. 100 

5.5.2 Measurement errors also minimized with efficient in situ allolactose removal 103 

5.5.3 Design considerations limited the maximum operable dilution rate of the membrane 

bioreactor. 105 

5.5.4 Cell growth and allolactose quantification are feasible in the rapidly turning reactor 106 

5.5.5 Intracellular allolactose quantification at 𝐷 ~ 50 h-1 with 50 % error 108 

5.6 Discussion 111 

6 CONCLUSIONS 115 

7 REFERENCES 119 

APPENDICES 129 

Appendix A1 - Quantification of inducer exclusion 129 

A1.1. The steady state concentration of intracellular TMG 129 

Appendix A2 - Specific efflux rates as surrogate for intracellular allolactose 134 

A2.1 Mechanism of extracellular accumulation of allolactose 134 



TABLE OF CONTENTS 

xii 

Appendix A3 - Viable difference method in membrane bioreactor for intracellular allolactose 

measurement 137 

A3.1. Error analysis of the difference method 137 

A3.2. Membrane bioreactor: Cellular deposition at the membrane surface 139 

A3.3. Model for concentration polarization 139 

A3.4. Maximum permissible value of 𝐷 143 

AUTHOR’S RESUME 147 



xiii 

LIST OF FIGURES 

Fig. 1.1 Typical diauxic growth curve with glucose-lactose diauxie 3 

Fig. 1.2 Mechanism of cAMP-mediated lac repression 5 

Fig. 1.3 Variation of steady state β-galactosidase activity with the specific growth rate 6 

Fig. 1.4 Experiments suggesting that catabolite repression is due to inducer exclusion 7 

Fig. 1.5 The molecular mechanism of inducer exclusion 8 

Fig. 1.6 Magnitude of inducer exclusion as measured by steady state accumulation of 

[14C]TMG 9 

Fig. 1.7 Schematic showing the potential for positive feedback in the induction of the lac 

operon 11 

Fig. 1.8 Maintenance effect or bistability during growth on TMG and succinate or glucose 12 

Fig. 2.1 Comparison of steady state accumulation of [14C]TMG in cryptic and wild-type cells

27 

Fig. 2.2 Variation of steady state intracellular [14C]TMG concentration and magnitude of 

inducer exclusion with lac induction level 29 

Fig. 2.3 Schematic showing steady state specific β-galactosidase activities of E. coli cultures

31 

Fig. 2.4 Catabolite repression in the presence of TMG 32 

Fig. 2.5 Proposed model for the catabolite repression in the presence of TMG shown in Fig. 

2.4 and its comparison with the data 36 

Fig. 3.1 There is substantial efflux of allolactose and cAMP during the course of the 

experiment 51 

Fig. 3.2 There is substantial uptake of allolactose, but not cAMP 53 

Fig. 3.3 The specific cAMP efflux rate is proportional to the intracellular cAMP 

concentration 54 

Fig. 3.4 Evaluation of kinetic parameters for allolactose uptake in pre-induced cells 56 

Fig. 3.5 Determination of the specific allolactose expulsion rate 58 

Fig. 3.6 The specific allolactose expulsion rate varies with the lac induction level 59 

Fig. 3.7 The specific allolactose expulsion rate and lac induction level decrease during lac 

repression 61 

Fig. 3.8 Estimation of intracellular inducer concentrations from efflux kinetics 63 

Fig. 4.1 Basal level specific β-galactosidase activity of colonies that were suspected to be 

constitutive 78 



LIST OF FIGURES 

xiv 

Fig. 4.2 Steady-state residual concentrations of lactose and maltose measured at various 

dilution rates 79 

Fig. 4.3 Extracellular and intracellular accumulation of allolactose in continuous cultures of 

E. coli 82 

Fig. 4.4 Enzyme activity at various dilution rates. 82 

Fig. 4.5 Phase diagram between the steady-state specific allolactose expulsion rates and the 

enzyme levels measured at several dilution rates. 84 

Fig. 4.6 Variation in extracellular cAMP with dilution rate that may be fit into a single 

inverse relationship with D. 85 

Fig. 5.1 Schematic for our (perfusion) bioreactor equipped with a membrane-driven 

separation device 93 

Fig. 5.2 Sterilization and setup of the membrane reactor 99 

Fig. 5.3 There is substantial efflux of allolactose during a batch experiment 101 

Fig. 5.4 Verification of physiological conditions for cell growth in the membrane bioreactor

107 

Fig. 5.5 Extracellular allolactose concentrations measured in membrane bioreactor 108 

Fig. 5.6 Intracellular allolactose determination using a viable difference method 110 



xv 

ABBREVIATIONS AND NOTATIONS 

ABBREVIATIONS 

A420, A410 - Absorbance at 420 nm, Absorbance at 410 nm

cAMP - 3',5'-cyclic adenosine monophosphate

CAP - Catabolite activator protein

CGSC - Coli Genetic Stock Centre, Yale University

CRP - cAMP receptor protein

CSTR - Continuously stirred tank reactor

DO - Dissolved oxygen concentration, mg/l or %

EIIAGlc - Enzyme III of glucose transport system, PTS (Previously EIIIGlc)

gdw - Grams of cell dry weight, g

HPAEC - High-performance anion exchange chromatography (also see PAD)

IPTG - Isopropyl β-D-thiogalactopyranoside or MeSH

kDa - Kilodaltons

LB - Luria-Bertani broth

LC-MS - Liquid chromatography – Mass spectroscopy

MnCl2 - Manganese chloride

MWCO - Molecular weight cut-off

N2 - Nitrogen gas

NaCl - Sodium chloride

NAD+ - Nicotinamide adenine dinucleotide

NaOH - Sodium hydroxide

OD600 - Optical density at 600 nm

ONP - ortho-nitrophenol

ONPG - ortho-nitrophenol-β-D-galactopyranoside

PAD - Pulsed amperometric detections (also see HPAEC)

PAN - Polyacrylonitrile membrane

PAN40 - Polyacrylonitrile membrane with MWCO 40 kDa

PCA - Perchloric acid

PES - Polyethersulfone membrane

PES100 - Polyethersulfone membrane with MWCO 100 kDa

PNP - para-nitrophenol

α-PNPG - para-nitrophenol- α -D-galactopyranoside

PTS - Phophotransferase system



ABBREVIATIONS AND NOTATIONS 

xvi 

RNA - Ribonucleic acid

rpm - Number of revolutions per minute (for reactor impeller)

SDS - Sodium dodecyl sulphate

TMG - Methyl- β-D-1-thiogalactopyranoside

[14C]TMG - Carbon-14 labelled isotope of TMG

UV - Ultraviolet (radiation)

vvm - Volume of air sparged per unit of reactor volume per minute

VWD - Variable wavelength detector

X-gal - 5-bromo-4-chloro-3-indolyl-β-D-galactopyranoside

NOTATIONS: Latin 

𝑎 Extracellular allolactose concentration, µM 

𝑎𝑖 Intracellular allolactose concentration, µM 

𝑎tot Allolactose concentration in total sample, µM 

𝐴 Available filtration surface area, m2 

𝑐 Extracellular cAMP concentration, nM 

𝑐𝑖 Intracellular cAMP concentration, nM 

𝑐tot cAMP concentration in total sample, nM 

𝐷 Dilution rate, h-1 

𝐷max Maximum operable dilution rate in membrane bioreactor, h-1 

𝐷washout Washout dilution rate, h-1 

𝐷𝑃 Minimum dilution rate required for difference method, h-1 

𝒟 Diffusion coefficient for back transfer from polarization cake, m2/s 

𝑒 Specific enzyme activity, units/gdw 

𝑒𝑚 Maximum specific enzyme activity, units/gdw 

𝐸𝐼𝐼𝐴,𝑡
𝑔𝑙𝑐 Specific activity of EIIAGlc 

𝐸𝑝 Specific activity of free permease 

𝐸𝑔 Specific activity of β-galactosidase 

𝐸𝑝,t Specific activity of β-galactosidase (proportional to total permease activity) 

𝐸𝑝,t
𝑔𝑙𝑢 Steady state specific activity of permease in glucose+TMG 

𝐸𝑝,t
𝑔𝑙𝑦 Steady state specific activity of permease in glycerol+TMG 

𝐹𝑃 Volumetric flow rate of permeate stream, m3/s 

𝐹𝑅 Volumetric flow rate of recirculation stream, m3/s 

𝐽 Flux through the filtration membrane, m/s or m3 s-1 m-2 

𝑘𝑎  Diffusivity of allolactose through cell membrane, h-1 

𝑘𝑎
− Turnover number for permease mediated allolactose uptake 



ABBREVIATIONS AND NOTATIONS 

xvii 

𝑘𝑐 Diffusivity of cAMP through cell membrane, h-1 
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+, 𝑘𝑝

− Turnover numbers for TMG transport in and out, respectively 

𝐾𝑎
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𝐾𝑎, true
− True saturation constant for permease-mediated allolactose uptake, μM 
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𝐾𝑝
+, 𝐾𝑝
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𝑝 Extracellular product concentration, µM 
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𝑃1 Pressure at the inlet of the filtration module, bar 

𝑃2 Pressure at the outlet of the filtration module, bar 

∆𝑃𝑎 (Axial) Pressure drop across the length of filtration module, bar 

∆𝑃𝑡 Average transmembrane pressure, bar 

𝑟𝑎 Specific accumulation rate of allolactose in the medium, g gdw-1 h-1 
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+ Specific allolactose expulsion rate from cells, g gdw-1 h-1 

𝑟𝑎
− Specific allolactose uptake rate, g gdw-1 h-1 
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+ Specific cAMP expulsion rate from cells, g gdw-1 h-1 
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− Specific cAMP uptake rate, g gdw-1 h-1 
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+ Specific enzyme synthesis rate, Miller units/h 
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𝑟𝐸𝑔

+ Specific synthesis rate of β-galactosidase 

𝑟𝑝
+ Specific rate of permease-mediated influx of TMG 

𝑟𝑝
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𝑟𝑑 Specific rate of diffusive efflux of TMG 
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𝑠𝑓 Substrate concentration in the feed stream, µM 

𝑡 Time, s or min or h 

𝑇 Intracellular TMG concentration, µM 

𝑇̃ Steady-state intracellular TMG concentration, µM 

𝑇𝑒 Extracellular TMG concentration, µM

𝑇𝑔𝑙𝑦, 𝑇𝑔𝑙𝑢 Intracellular TMG concentration in the presence of glycerol, glucose

𝑣 Volume of sample + buffer in reaction, ml 

𝑉 Extracellular volume (without cells), ml  

𝑉𝑎
− Maximum specific allolactose uptake rate, g gdw-1 h-1 

𝑉𝑖 Intracellular volume, µl 

𝑉tot Total volume (medium + cell water), ml 

𝑥 Biomass or cell density, gdw/l 

𝑥𝑤 Biomass concentration at the polarization cake surface, gdw/l 
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𝛼 Total intracellular volume per unit sample volume, l/gdw 

𝛿 Polarization cake thickness, µm 

𝜖 Magnitude of inducer exclusion, calculated as 1 − 𝑇𝑔𝑙𝑢/𝑇𝑔𝑙𝑦

∆𝑃𝑎 (Axial) Pressure drop across the length of filtration module, Bar 

∆𝑃𝑡 Average transmembrane pressure, Bar 

𝜅 Mass transfer coefficient for membrane filtration cake, m/s 

𝜇 Specific growth rate of E. coli cells, h-1 

𝜇max Maximum specific growth rate, h-1 

𝜑𝑎 Amount of allolactose in medium : Amount inside cells (Ratio)  

𝜑̅𝑎 Maximum desirable value of 𝜑𝑎

∅ Constant relating the concentration polarization to transverse pressure 

𝜓𝑎 Extracellular concentration : Intracellular concentration (Ratio) 
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