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Abstract

Interest in the theory of rods has been the subject of intense research due to its ap-
plicability in several areas of scientific and applied research such as its applicability in
biophysics, modeling chiral nanotubes, biomolecules, arteries, cables, ropes, strings etc.
Broadly speaking, the present work considers two topics in the context of rods and tubes.
The first part of this thesis covers unusual extension-torsion-inflation coupled deforma-
tions in helically reinforced tubes. In the second part, we propose efficient numerical
techniques for solving the governing equations of rods: (i) a cubic asymptotic numerical
method is presented for continuation of static equilibria for elastic rods and (ii) a singular-
free numerical technique is presented to model supercoiling of rods having continuously
distributed charge over them.

We present a general theory to model coupled extension-torsion-inflation deformation
in helically reinforced pressurized circular tubes. Both compressible and incompressible
tubes are considered. Furthermore, we present a thin tube formulation in which on
applying the thin tube limit, the nonlinear ordinary differential equation to obtain the in-
plane radial displacement is converted into a set of two simple algebraic equations for the
compressible case and one equation for the incompressible case. This allows us to obtain
analytical expressions, in terms of the tube’s intrinsic twist, material constants and the
applied pressure. Effects of intrinsic twist and material anisotropy on coupled extension-
torsion-inflation deformation in circular tubes about their stress-free state and at finite
strain are presented. Simple analytical expressions for coupling stiffnesses corresponding
to extension-twist, twist-inflation and extension-inflation couplings are also obtained.
We show that the sign of the extension-twist coupling stiffness, which governs initial
overwinding /unwinding in tubes during their extension, is not just dependent on the
tube’s intrinsic twist but also on two other parameters: ratio of the Young’s moduli in
the lateral surface of the orthotropic tube and the excess of the Poisson’s ratio from
an isotropy condition. By tuning these two parameters, one can generate the counter-
intuitive overwinding as reported earlier in the case of DNA. Similarly, we show that even
with positive Poisson’s ratio, a helically reinforced tube could inflate on being stretched.
We further show numerically that such tubes can be tuned to generate initial overwinding
followed by rapid unwinding as observed during finite stretching of a torsionally relaxed
DNA. Finally, we demonstrate that such tubes can also exhibit usual deflation initially
followed by unusual inflation as the tube is finitely stretched.

We then present an efficient numerical scheme based on asymptotic numerical method
for the continuation of spatial equilibria of special Cosserat rods. Using quaternions to
represent rotation, the equations of static equilibria of special Cosserat rods are posed
as a system of thirteen first order ordinary differential equations having cubic nonlin-
earity. The derivatives in these equations are further discretized to yield a system of



cubic polynomial equations. As asymptotic-numerical methods are typically applied to
polynomial systems having quadratic nonlinearity, a modified version of this method is
presented in order to apply it directly to our cubic nonlinear system. We then use our
method for the continuation of equilibria of a follower load problem and demonstrate our
method to be highly efficient when compared to conventional solvers based on the finite
element method. Finally, we demonstrate how our method can be used for computing
the buckling load as well as for the continuation of post-buckled equilibria of hemitropic
rods.

Supercoiling of charged biomolecules is another topic of interest for biological and
mechanics community. In this context, we present an efficient formulation which incor-
porates continuously distributed charge in the equilibrium equations of Kirchhoff rods.
The challenge here is to model the electrostatic interaction (Debye-Huckel and Coulomb
interaction) which has inverse square singularity in the equivalent continuum approach.
In the context of DNA supercoiling, researchers employ discrete approach and model DNA
at base-pair level. The discrete approach automatically eliminates singularity. However,
as the length of the DNA increases, the ratio of the distance between neighboring base-
pairs and the total DNA length approaches zero. Accordingly, the discrete approach
starts sensing singularity. We relook at the equivalent continuum problem where the
point charges are now continuously distributed. The double summation (in discrete case)
over base pair is replaced by double integral (in continuum case) and this double inte-
gral is singular. Due to continuously distributed charge, our equilibrium equations of
the Kirchhoff rod becomes a system of integro-differential equations and further, due to
singularity present in the double integral, the electrostatic energy, the contact force and
equilibrium equations all become singular. We make the system of equilibrium equations
well posed (singularity free) by carefully doing a Taylor’s expansion about the singular
point. Finally, we show that our singular-free numerical scheme turns out to be very
efficient when compared to the existing discrete approach.
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