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Abstract

This dissertation deals with the nonlinear finite deformation modelling and analysis of
magnetorheological elastomers (MREs) and associated structural instabilities.

MREs are smart materials that undergo changes in their magnetic and rheological proper-
ties under the application of an external magnetic field. This distinctive behavior enables
these materials to be utilized in a wide range of engineering and biomedical applications.
In this work, a two dimensional model is developed using variational formulation to study
the beha viour of thin magnetoelastic sheets for different geometries and loading condi-
tions.

The first part of the dissertation deals with the computational analysis of snap through/limit
point instability in magnetoelastic membrane for circular and cylindrical geometry. An
O(h) membrane theory is formulated and the resulting nonlinear system of ordinary
differential equations are solved using a finite difference based boundary value problem
solver. The theory is subsequently applied to a magnetoelastic membrane of circular ge-
ometry under coupled loading conditions and the formulation is further extended to study
an electro-magneto-mechanical membrane of cylindrical geometry. The results obtained
are first verified with the existing literature for each geometry. The deformation and
instabilities in the membrane are studied under axisymmetric loading and applied trans-
verse fields while incorporating material nonlinearity. For the circular geometry, effect of
Maxwell stresses and Pre-stretch on the deformation of the membrane is studied. The
solver is prone to convergence issues due to high sensitivity to initial guess, particularly at
higher loading conditions. A computational scheme to address these issues is devised, and

solutions are obtained for different material properties. Finally, parametric analysis is per-



Abstract

formed by varying magnetic field strength and pressure inputs to study the nature of limit
point instability for different loading conditions. For the cylindrical geometry, additional
coupling effect of electric field is incorporated in the formulation. The extended model
is subsequently used to analyze mechanical and electrical limit-point instabilities and the
effect of external fields on the onset of these instabilities. It is observed that the onset
of mechanical limit-point instability is dependent on the material properties, geometrical
parameters, and applied electromagnetic fields. Magnetic field-induced instability results
in an initial dip in the pressure versus stretch plots, subsequently converging to purely
hyperelastic behavior at larger stretches. On the other hand, applying an electric field
results in an early onset of limit-point instability (i.e., at smaller stretches) compared
to the hyperelastic case. In summary, our membrane model describes the interactions
between electromagnetic fields. The electric, magnetic and elastic limit points observed
in these membranes under different set of loading conditions can be used to improve the
design of soft actuator and energy-harvesting devices.

The second part of the dissertation deals with the development of O(h?) finite-deformation
plate theory for a thin magnetoelastic sheet starting from a 3D variational form. This
theory is used to model wrinkling phenomena under applied traction and an external
magnetic field. The resulting 2D potential energy is specialized to an isotropic, incom-
pressible material, and the expressions for material constants are obtained as a function
of the applied magnetic field. Strong form of the resulting 2D governing equations are ob-
tained and the resulting governing equations are used to analyze wrinkling in a stretched
rectangular sheet placed in a uniform magnetic field. Approximate analytical solutions
are obtained by linearizing the 2D plate equation for small slopes. The effect of the mag-
netic field and the applied stretch on the onset of wrinkling and amplitude of wrinkles is
studied. It was observed that the amplitude of wrinkles decrease and the stiffness of the

material increases with the magnetic field.

vi









Table of Contents

Certificate i
Acknowledgments iii
Abstract v
List of Figures xiii
List of Symbols xix
1 Introduction 1
1.1 Applications . . . . . . . .. 3
1.2 Structural Instabilities . . . . . . .. .. ... 6
1.2.1 Limit-point Instability . . . . .. ... ... ... ... 6
1.2.2  Wrinkling Instability . . . . . .. ... ... ... . 6
1.2.3 Global Bifurcation . . . . ... ... ... ... . 7
2 Literature Review 9
2.1 Continuum Modeling of Magnetorheological Elastomers . . . . . . . . .. 9
2.2 Continuum Modeling of Magnetoelastic Membrane Structures . . . . . . 11
2.3 Structural Instabilities in Magnetoelastic Membrane . . . . . . . . . . .. 13
2.3.1 Limit-point Instability . . . .. .. .. ... 0oL 13
2.3.2  Wrinkling Instability . . . . ... ... ... ... ... 14
2.4 Scope and Objectives . . . . . . . .. ..o 17
3 Computational Analysis of Limit Point Instability in Circular Magnetoelastic
Membranes 19
3.1 Membrane Formulation . . . . . ... ... .. .00 19
3.1.1 3D Governing Equations for a Fully Coupled Magneto-Elastic Con-
tinuum . . . . ... 23
3.1.2 Variational Formulation . . . . . .. ... ... ... ....... 25
3.1.3 Strain Energy Function . . . . . .. .. ... 31
3.2 Deformation of a Circular Membrane under Axisymmetric Magneto-mechanical
Loading . . . . . . . . . 32
3.2.1 Magnetic Field Solution . . . . .. .. .. ... ... .. ..... 35
3.2.2 Boundary value problem . . . . .. .. ... ... . L. 36
Nondimensional governing equation . . . . . . . . . .. ... ... 38
3.2.3 Numerical Procedure . . . . . . ... ... 000 38
3.3 Results and Discussion . . . . . . . . . ... L 39
3.3.1 Effect of Pre-stretch . . . . . ... ... ... ... ... ... 39
3.3.2 Effect of Maxwell Stress . . . . .. ... ... L. 45

X



Table of Contents

34 Summary ...

Modeling and Analysis of Axisymmetric Cylindrical Membrane for Design of
Soft Actuators

4.1 Mathematical Formulation . . . . . . . .. ... ... ... ... ..

4.1.1 3D Electro-Magneto-Elastic governing equations . . . . . . . . ..

4.1.2  Cylindrical Membrane under Axisymmetric Loading . . . . . . . .

4.2 Example Problem . . . . . . . ...

4.2.1 Magnetic field solution . . . . . . .. ...

4.2.2  Electric field solution . . . . . . .. ..o

4.2.3 Boundary value problem . . . . .. .. .. ... . L.

Non-dimensionalized equations . . . . . . . ... .. ... ....

4.3 Results and Discussion . . . . . . . . ... Lo

4.3.1 Analysis of a hyperelastic membrane fixed at both the ends . . . .

4.3.2 Deformation of an Electro-magneto-elastic Membrane under Com-

bined Loading . . . . . . . . . . ...

4.3.3 Deformation of an Electro-magneto-elastic Cylindrical Membrane

under Axial Force, Azimuthal Magnetic Field and Radial Electric

Field . . . . . . .

4.4 Summary ...

Finite Deformation Modeling of Wrinkling in Magnetoelastic Membranes
5.1 Mathematical Formulation . . . . . .. ... ... .. ... ... .....
5.1.1 3D Variational Formulation . . . . .. ... ... ... ......
5.1.2 2D Plate Formulation. . . . . ... .. ... ... .. .......
5.1.3 2D Variational Formulation . . . . ... ... ... ... .....
Mechanical Boundary Condition . . . . . .. .. .. .. ... ...
Magnetic Boundary Conditions . . . . . .. ... ... ... ...
5.1.4 Finite Strain Plate Theory . . . . . . . .. .. .. ... ... ...
5.2 Wrinkling in Magnetoelastic Sheets . . . . . . . ... ... ... ... ..
5.2.1 Higher Order Model for Combined Stretching and Wrinkling . . .
5.2.2 Isotropic and Incompressible Material . . . . . . . ... ... ...

Coefficient of Elasticity C(H®) . . . . . . . .. ... ... .....

~

Magneto-Elastic Coefficient (d(H®)) . . . . . . . . ... ... ...

Magnetic Permeability g(H®) . . . .. ... ... ... ...

5.3 Reflection Symmetry about the Membrane Mid-Plane . . . . . . . . . ..
5.4 Strong Form Derivation . . . . . .. .. .. ... 00
5.5 Example Problem . . . . . . ... 0oL
5.5.1 Euler-Lagrange Equation . . . . . . . ... .. ... .. .. ....
Reduced Boundary-Value Problem . . . .. .. ... ... ....
Nondimensionalization . . . . . .. ... .. ... ... ......

5.6  Results and Discussion . . . . . . .. .. ... oo
D7 Summary ... ... e e

Conclusion and Future Work
6.1 Computational Analysis of Limit Point Instability in Circular Magnetoe-
lastic Membranes . . . . . . . ..

51
o1
o1
23
o6
29
61
63
65
66
67

69

5
79

81
82
82
86
88
91
92
94
96
99
101
102

103
104
105
113
118
119
121
122
125
128

129



Table of Contents

6.2 Modeling and Analysis of Axisymmetric Cylindrical Membrane for Design

of Soft Actuators . . . . . . .. ... 131

6.3 Finite Deformation Modeling of Wrinkling in Magnetoelastic Membranes 132
6.4 Future Scope of the Work . . . . . . . ... ... .. L. 133
Appendices 136
A 136
B 140
References 144
Publications by the Author 159
About the Author 161

x1






List of Figures

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

1.1:
1.2:

1.3:
1.4:

1.5:
1.6:

3.1:

3.2:

3.3:

3.4:

3.5:

3.6:

3.7:

Schematic of magnetorheological elastomers. . . . . . . . . .. . ..

MRE based soft actuators and sensors(Kashima et al. (2012); Bose
et al. (2012); Li et al. (2009)). . . . . . . .o

Vibration absorbers and Isolaters (Ge et al. (2016); Li et al. (2009)).

MRE-based energy harvesters, bio-robotics, sandwich beam struc-

tures Sun et al. (2016); Bastola and Hossain (2020); Park et al. (2014).

Limit point/ snap through instability. . . .. ... ... ... ...
Wrinkling (Cerda and Mahadevan (2003); Saxena (2021)). . . . . .

Reference configuration of the magnetoelastic membrane. &, rep-
resents reference volume and Ok, denotes surface boundary of the
membrane. 2, represents the mid-surface of the membrane enclosed
by boundary 0. . . . . ...

Position vector r and director vector d on the deformed mid-surface
surface €. . . L

Mid-surface of a circular membrane in the undeformed and deformed
configurations. Cylindrical coordinates are used to describe the po-
sition of a point on the surface. . . . . . . . .. ... ... ... ..

Axisymmetric deformation of the circular membrane mapping the
basis vectors in the deformed and undeformed configurations.

Flow chart of incremental displacement driven algorithms using MAT-
LAB bup4c/bupse solver. Here matjode, matjbc, bupinit are user
functions to define ODEs, boundary conditions and initial guesses
respectively which aid MATLAB’s bvp4c function to solve the prob-
lem. Also, griddedInterpolant function in MATLAB converts the so-
lution arrays into an analytical functional form that is fed as initial
guess for subsequent steps in the BVP solver. . . . . . . ... ...

Inflation of a circular membrane fixed at its periphery. Uniformly
distributed pressure Ap is applied in the lower surface of the mem-
brane and magnetic field A, is applied in the axial direction Njs. . .

Limit point Instability plot for (a-b) hyperelastic and (c-d) magne-
toelastic circular membrane for different material parameters (a, c)
9 = 0.85 — 1 and varying pre-stretch (b, d) k=1.1,1.5.. . . . . ..

xl1il

20

22

33

34

40

41

42



List of Figures

Figure

Figure

Figure 3.10:

Figure

Figure

Figure

Figure

Figure

3.8:

3.9:

3.11:

3.12:

4.1:

4.2:

4.3:

Deformation of the circular membrane before and after the limit
point for constant pressure values of (a-b)Ap* = 1.6 and (c-d)Ap* =
1.81 under the application of magnetic field A} = 0.5,1. (e) Limit
point instability plot of magnetoelastic membrane for increasing mag-
netic field values h} =0,0.5,1. . . . . ... ..o

Pre-stretch effect analysis of a magnetoelastic circular membrane
for a Neo-Hookean model considering two distinct pre-stretch values
k =1.1,1.5. The plots depicts deformation behavior (a,b) for varying
magnetic field i under the application of constant pressure Ap* =1
and (c,d) for varying pressure value Ap* under the application of
constant magnetic field A7 =0.1. . . . . ... ..o

(a,b) Radial and azimuthal stretches along a radial line for different
pressure values with and without Maxwell stress effect; (¢,d) Prin-
cipal stress variations in planar directions under the application of
constant axial magnetic field A} = 0.5 for varying pressure input
Ap* with and without the consideration of Maxwell effect for a Neo-
Hookean model (6 = 1); (e) Deformed profile of circular membrane
under the application of constant axial magnetic field (h} = 0.5) for
varying pressure input Ap* with and without the consideration of
Maxwell effect for a Neo-Hookean model. . . . . . . .. ... ...

(a, b) Deformation of magnetoelastic circular membrane under the
application of a magnetic field h} = 0.5 and uniformly distributed
pressure of Ap* = 1.6 before and after the limit point instability,
respectively. (c) Variation of pressure Ap* with respect to azimuthal
stretch Ay for increasing magnetic field value h’.. . . . . . . . . ..

Maxwell effect analysis for varying pre-stretch under the application
of constant magnetic field A} = 0.5 and pressure input Ap* = 1.3
for a Neo-Hookean model. (a, b) Variation of principal stresses with
respect to the undeformed radial position R*. (c¢) Deformed profile
of the membrane for different pre-stretch values. . . . ... .. ..

Geometry of initial, reference and deformed surface. (a) Mid-plane
of the initial reference configuration, (b) Mid-plane of the cylindri-
cal membrane mapped out of the initial reference configuration, (c)
Deformation of the mid-plane on the application of external load. .

Axisymmetric deformation of the cylindrical membrane. . . . . . .

Membrane configuration before and after deformation under uniform
pressure loading and axisymmetric applied electro-magnetic fields.
The cylinder is assumed to be fixed at both theends. . . . . . . ..

Xiv

44

45

46

48

49

95
o8

67



List of Figures

Figure 4.4: (a-b) Inflation pressure versus circumferential stretch at ¢ = 0 for
a hyperelastic membrane. The numerical results are compared with
Reddy and Saxena (2018) for a cylindrical membrane with (a)Ro/L =
2,(b)Ry/L = 10 for Mooney-Rivlin (6 = 0.9091) and Neo-Hookean
(0 = 1) materials. (c) Deformed configuration (i.e., deformed radial
position versus axial position) for a hyperelastic cylindrical mem-
brane with Ry/L = 1/15 for a Neo-Hookean material (6 =1). . . . 68

Figure 4.5: Inflation pressure versus circumferential stretch at ¢ = 0 for an
isotropic magnetoelastic membrane under varying magnetic field load-
ing. The numerical results are compared with Reddy and Saxena
Reddy and Saxena (2018) for (a)Ro/L = 2,(b)Ro/L = 2/3 for a
Mooney-Rivlin type material (6 =0.9091). . . . . .. ... ... .. 70

Figure 4.6: Instability analysis for a short cylindrical membrane (Ry/L = 2) un-
der different field loading conditions: (a) Inflation pressure versus
circumferential stretch at ¢ = 0 for varying input voltage V* across
the thickness of the membrane, (b) inflation pressure versus circum-
ferential stretch at ¢ = 0 for varying input voltage V* and magnetic
field parameter D*, (c) voltage versus circumferential stretch at ¢ = 0
for varying pressure and magnetic field. Figures (a)-(b) demonstrate
that magnetic field effects are prominent at smaller stretch values,
whereas electric field has a significant effect at larger stretches. Also,
Figure (c) depicts existence of an electric limit point instability which
can be modified with pressure and magnetic field inputs. . . . . . . 71

Figure 4.7:  Deformed configuration and meridional stretch plots for an isotropic cylin-
drical membrane (Ro/L = 1/15, § = 0.9091): (a,b) Deformation and
meridional stretch plot for varying pressure input. Instability can be seen
hitting at Ap* = 0.8. (c,d) Deformation and meridional stretch plot for
constant application of electric field for varying pressure inputs. Insta-
bility is more clearly visible in stretch plot where it is observed after
Ap* = 0.8. (e,f) Combined application of both electric and magnetic
field for a constant pressure input. It is observed that electric field sup-
ports the instability caused due to constant pressure input of Ap* = 0.8
whereas magnetic field opposes it. . . . . . .. .00 73

Figure 4.8: Cylindrical membrane before and after application of external force. 75

XV



List of Figures

Figure 4.9:

Figure 4.10:

Figure 4.11:

Figure

Figure
Figure

Figure

Figure

5.1:

5.2:

5.3:

5.4:

5.5:

Deformation of a long cylindrical membrane (Ry/L = 1/15) for varying
through thickness voltage V*, azimuthal magnetic field parameter D* and
axial force F™* applied at ends of a Mooney-Rivlin material (6 = 0.9091).
(a) Deformed configuration for fixed force F* = 1 and varying D* (in the
absence of voltage input). The cylinder deflates further with increasing
magnetic field. (b) Deformed configuration for fixed force F* = 1 and
varying voltage V*. The deflation in the cylinder reduces with increasing
V*. Interestingly, for V* > 0.52 the electric field effect dominates the
axial forces and the cylinder starts inflating with increasing voltage. (c)
Deflation of the cylinder with increasing axial force and fixed magnetic
field (and zero potential). (d) Combined effect of increasing electric and
magnetic fields on the membrane at a fixed axial force of F* = 1. It can
be seen that electric and magnetic fields have an opposing effect on the
deformation. . . . . . . .. Lo

Deformed axial position at the ends z*(¢* = 1) of a long isotropic cylindri-
cal membrane (R* = 1/15) deforming under constant axial force F* =1,
varying magnetic and electric fields: (a) z*(¢* = 1) versus magnetic field
parameter D* for different input voltages. Small changes in voltage re-
sults in a significant inflation at smaller D* values. Interestingly, a trend
reversal is observed for larger D* values. For instance, at D* = 0.52,
increase in electric field increases the deflation. (b) z*(¢* = 1) versus
magnetic field parameter V* for different magnetic field inputs D*.

Effect of Maxwell stress on the deformation of the cylinder. The
deformed axial position at the ends 2*(¢* = 1) is plotted for different
magnetic field inputs with and without the Maxwell stress related
boundary term. . . . . . .. ..o

Magnetoelastic material medium x surrounded by free space x’. The
magnetoelastic material medium is denoted by dx and the free space
boundary is Ok™. . . . . . . ..

Reference configuration of an initially flat thin magnetoelastic struc-

Reference configuration of a thin rectangular sheet fixed at both ends
deforming under a longitudinal stretch A\ and magnetic field h,,.

(a) Variation of effective stiffness k with respect to the applied magnetic
field h} along Y axis at different longitudinal stretch A values. (b) Vari-
ation of effective stiffness k with respect to the longitudinal stretch \ for
different magnetic field b} values and aspect ratios d = 1.5,2,2, 5.

(a) Variation of effective compressive load p with respect to the applied
magnetic field A} along Y axis at different longitudinal stretch \ values.
(b) Variation of effective compressive load p with respect to the longi-

tudinal stretch A for different magnetic field A} values and aspect ratios
A=1.5,2,2,5. « o o o

Xvi

76

7

78

82

87

118

125



List of Figures

Figure 5.6:

Figure 5.7:

Wrinkling in a magnetoelastic rectangular sheet of aspect ratiosd = — =

w

2 and height to width ratio of for varying magnetic field parameter

h}. The plot shows variation of the wrinkles formed along the width. f, is

an odd function characterizing wrinkled state odd about n = 0 whereas f,
is an even function characterizing wrinkled state symmetric about n = 0.
(a,b) Wrinkled profile for a longitudinal stretch of A = 0.005. (c, d)
Wrinkled profile for a longitudinal stretch of A=001. .. .......

Wrinkling in a stretched magnetoelastic rectangular sheet of aspect ra-

L 1
tio d = — = 2 and thickness ratio W = 1200 for varying magnetic

field parameter h;. Plot shows amplitude of wrinkles formed under an
evenly distributed loading condition. w,(Y) represents the amplitude
corresponding to even distribution of wrinkles defined by function fe.
(a) Wrinkle pattern when longitudinal stretch ¢ = 0.005 is applied. (b)
Wrinkle pattern when longitudinal stretch ¢ = 0.01 is applied for different
values of applied magnetic field. . . . . . . . . ... ...

XVvil

127






List of Symbols

K

Ok
0K,

€0

Ho
Pr
or

of

S

op

H 85 B O O O Q

Reference configuration of the membrane, see equation (3.16), page 24
Mid-surface of the undeformed membrane, see equation (5.111), page 118
Surface boundary of deformed configuration, see equation (3.19), page 25
surface boundary of the reference configuration, see equation (3.17), page 24
electrical permittivity of the free space, see equation (4.5), page 53

Absolute permeability of the material, see equation (3.47), page 32

Absolute magnetic permeability of the free space, see equation (3.18), page 25
Density of the material in reference configuration, see equation (3.44), page 31
Surface charge density per unit reference area, see equation (B.9), page 142
Surface charge density per unit deformed area, see equation (B.7), page 142
Shear modulus of the material, see equation (3.47), page 32

Free energy of the material per unit reference volume, see equation (3.6), page 21
Spatial magnetic flux density, see equation (3.19), page 25

Cauchy strain tensor, see equation (3.47), page 32

Lagrangian electric displacement vector, see equation (4.1), page 52
Lagrangian electric displacement vector, see equation (4.5), page 53
Lagrangian electric displacement vector, see equation (B.7), page 142

Electric field strength in the reference configuration, see equation (4.2), page 52
Lagrangian electric field strength, see equation (4.1), page 52

Deformation gradient, see equation (3.3), page 21

xXix



List of Symbols

=

=o B

¢

Pe

Magnetic field strength in the reference configuration, see equation (3.12), page 23
Spatial magnetic field intensity, see equation (3.19), page 25

Piola Kircoff’s stress tensor, see equation (3.6), page 21

Rotation tensor, see equation (3.4), page 21

Second Piola Kircoft’s stress tensor, see equation (3.6), page 21

Applied traction per unit deformed area, see equation (3.17), page 24

Maxwell stress tensor due to external applied field in the free space, see equa-
tion (3.17), page 24

Right stretch tensor, see equation (3.4), page 21
Left stretch tensor, see equation (3.4), page 21
Referential magnetic flux density, see equation (3.16), page 24

angle between the normal vectors of deformed and undeformed membrane , see

equation (3.57), page 35
Deformation map, see equation (3.2), page 20
Determinant of deformation tensor, see equation (A.5), page 137

Position of arbitrary point in the deformed configuration, see equation (3.2),

page 20
Principal stretches in the principal directions, see equation (3.5), page 21
magnetostatic potential, see equation (3.12), page 23

electrostatic potential, see equation (4.2), page 52

d(u),g(u) director vectors, see equation (3.9), page 22

r(u)

Projection of the arbitrary point on the deformed mid-surface, see equation (3.7),

page 21

Projection of arbitrary point on the undeformed mid-surface, see equation (3.1),

page 20

XX



List of Symbols

X Position of arbitrary point in the reference configuration, see equation (3.1),
page 20

i through thickness coordinate in the reference configuration, see equation (3.1),
page 20

h Thickness of the membrane, see equation (A.6), page 137

N Unit normal vector on reference surface boundary, see equation (3.17), page 24

n Unit normal vector on deformed surface boundary, see equation (3.17), page 24

Nj normal to the undeformed mid-surface of the membrane, see equation (3.1),
page 20

N, In-plane coordinates in the undeformed configuration, see equation (3.11), page 22

n, In-plane coordinates in the deformed configuration, see equation (3.11), page 22

N; Orthonormal basis in undeformed configuration, see equation (3.5), page 21

n; Orthonormal basis in deformed configuration, see equation (3.5), page 21

\% 2-D gradient operator with respect to the reference coordinates, see equation (3.8),
page 22

Curl 3-D curl operator corresponding to reference configuration, see equation (3.16),
page 24

Div 3-D divergence operator corresponding to reference configuration, see equa-

tion (3.16), page 24

poel



