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Abstract

This thesis presents a comprehensive study on the pricing of insurance contracts, including variable
annuities with embedded guarantees and participating life insurance contracts such as pure endow-
ment options, whole life deferred annuities, and guarantee annuity options. A particular emphasis is
placed on integrating regime switching dynamics into various models. Additionally, the thesis ex-
plores the application of machine learning techniques to enhance the valuation of these contracts.
Variable annuities are unit-linked managed funds that provide several guarantees to policyholders

including death benefit protection, living benefit protection, and lifetime income protection.

Similarly participating life insurance contracts are a key product in the life insurance sector, charac-
terized by a minimum interest rate guarantee and participation in the insurer’s annual asset portfolio
returns. These contracts often include additional features such as bonus participation rules based
on the insurer’s surplus reserves and terminal bonus payments. Moreover, participating contracts
encompass products like pure endowment options, guaranteed annuity options, and deferred whole
life annuities. The interest rate guarantee may apply either only at maturity or accrue incremen-
tally throughout the contract’s term, offering policyholders both guaranteed benefits and exposure to

investment returns.

This thesis addresses the pricing challenges and computational efficiency of variable annuities and
liabilities of participating contracts, such as deferred whole life annuities and pure endowment op-
tions. It focuses on key market risks, including interest rate risk, investment risk, mortality risk, and
volatility risk. To address these challenges, the thesis introduces various regime switching stochastic

models designed to effectively capture these risks.

A continuous-time model is proposed that integrates regime switching dynamics into the local volatil-
ity framework, providing a robust approach to modeling volatility risk and developing a comprehen-

sive pricing model for variable annuities. The calibration and valuation of the model are conducted
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vi ABSTRACT

using Monte Carlo simulations and machine learning techniques, such as Gaussian process regres-
sion. The practical implications of the proposed models are demonstrated through an empirical test
on historical S&P 500 Index data, showcasing their effectiveness in addressing real-world pricing

scenarios.

A key challenge in the pricing of insurance contracts, lies in the computational intensity of traditional
numerical methods such as Monte Carlo simulations and partial differential equations. Moreover, the
local volatility model, while effective in capturing implied volatility, fails to account for stochastic

volatility dynamics observed in real markets, particularly during periods of market uncertainty.

To address these limitations, machine learning techniques, particularly Gaussian process regression
and neural networks, have been implemented for efficient pricing. A regime-switching Heston model
is proposed, which incorporates stochastic volatility and regime changes to enhance both the ac-
curacy and computational efficiency of the valuation process. This thesis is the first to explore
the potential of machine learning techniques for pricing variable annuity products with embedded
guaranteed minimum benefits under the Markov regime switching Heston stochastic volatility model

framework.

The majority of existing literature on the valuation of financial assets using regime switching models
assumes that model parameters are governed by an observable Markov chain. However, relatively
little attention has been devoted to the use of regime switching hidden Markov models in this domain.
This thesis bridges this gap by implementing regime switching hidden Markov models for the pricing
of variable annuity guarantees, offering a more robust framework for identifying and capturing hidden
market regimes. Furthermore, the thesis examines the impact of the COVID-19 pandemic on variable
annuity pricing using Indian stock market data, specifically the Nifty50 index data. The analysis
divides the data into pre- and post-COVID-19 periods to investigate the influence of market dynamics

during and after the pandemic.

From the literature, it is evident that, alongside volatility and investment risks, interest rate risk and
biometric risk significantly influence the price of insurance contracts. Biometric risk, encompassing
uncertainties related to mortality and longevity, directly impacts the expected payouts of life insur-
ance and annuity products. To address these risks, in the end, this thesis proposed a regime switching
stochastic interest rate model that extends the contingent claim-based framework for participating
contracts, such as endowment policies and deferred life-long annuities. By integrating regime switch-

ing dynamics, the model evaluates the combined effects of interest rate fluctuations and biometric



vii

uncertainties on the market value of life insurance liabilities. Numerical results and sensitivity analy-
sis highlight the critical role of these risks, providing comprehensive insights into liability valuations

across varying economic and demographic conditions.

This thesis contributes to the existing literature by introducing various models that integrate regime
switching stochastic processes and application of machine learning techniques for the pricing of vari-
able annuities and participating life insurance contracts. It offers valuable insights into capturing
evolving market conditions and risks, thereby enhancing the resilience and sustainability of financial
products. Furthermore, this thesis establishes a foundation for advancing model calibration method-
ologies, improving risk management strategies, and developing insurance products that are better

aligned with the complexities of dynamic market environments.
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Ig AET eIy STAT 3Tl T o TAUROT FishT ohl Ueh ShTeh 3TEATA T AT,
mﬁaaﬁ%a?mﬁﬁmﬁqﬁaé?hwmﬁﬁ (Variable Annuities) 3R HTeferY SiasT
Tq"ITJ=|T3-1?‘|_,_®|"'€I(Participating Life Insurance Contracts) éﬁﬁs%@uﬁtﬁqu (Pure
Endowment Options), WWF@HW (Whole Life Deferred Annuities) 3R
IRE a1 fasreq (Guaranteed Annuity Options) i’l’lﬁl?—[%l ICHEESE:F CIECGEIERI
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RETScl =TT TolehTEl o137 (GMWB), 3R ITRENehel ~g+Tcid 3T oll# (GMIB) QAW B |

ww, Wﬂaﬁmmﬁ?ﬁ;ﬂ(%rticipating Life Insurance Contracts) Siide] 1T
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(Interest Rate Risk), IGCERCIIECE:] (Investment Risk) maﬂﬁgm(mngevity Risk)
S TR ST Y anfAer g €1 Shaet AT Fufaat & grcwhiforay & sarsT e &
3AR-TEId & HROTAGAYYT SITEH 3ceT BldT &, ST TRAUTIAT &1 arordt AR arfieat &
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Ig AT Fee TR AT et 3R emafiey 3rgertit hr SeTerRal (Liabilities) & Hod
foreRoT 3R hrcgEreTer EaTel & T eI Yeilferat sl Felfere i &, foras T aquT
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X ST (Mortality Risk) 3R 3TTELRAT STEHA (Volatility Risk) S8 JH @ STeIR ST ¢
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ATeTeseh AlSe (Regime-Switching Stochastic Models) T T 8, ST goT STEHAT &l
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Glossary of Terms

Abbreviation Definition

ADAM Adaptive Moment Estimation — An optimization algorithm that adjusts
learning rates based on first and second moments of gradients.

AIC Akaike Information Criterion — A metric for model comparison, balancing
goodness of fit and complexity.

BIC Bayesian Information Criterion — Similar to AIC but introduces a stronger
penalty for model complexity.

CTMC Continuous-Time Markov Chain — A stochastic model where transitions be-
tween states occur continuously.

DB Death Benefits — Payouts from an insurance policy or annuity upon the pol-
icyholder’s death.

DTMC Discrete-Time Markov Chain — A stochastic model where transitions be-
tween states occur at fixed intervals.

EIAs Equity-Indexed Annuities — Annuity contracts with returns linked to an eq-
uity index.

ELAs Equity-Linked Annuities — Annuities that provide returns based on equity
market performance.

ELRA Exponential Learning Rate Adjustment — A technique for adjusting learning
rates in optimization.

EM Expectation-Maximization — An iterative algorithm for parameter estimation

in probabilistic models.
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Abbreviation Definition

EPV Expected Present Value — The discounted value of expected future cash
flows.

ESG Environmental, Social, and Governance — A framework assessing the sus-
tainability and ethics of financial investments.

FP Final Payoff — The final amount received from a financial contract.

FST Fourier Space Time-stepping — A numerical method used in solving PDEs
in finance.

GB Guaranteed Benefits — The minimum benefits assured in an annuity or insur-
ance contract.

GBM Geometric Brownian Motion — A stochastic model used for financial asset
pricing.

GB2 Generalized Beta of the Second Kind — A probability distribution capturing
heavy-tailed data.

GMAB Guaranteed Minimum Accumulation Benefit — Ensures a minimum account
value in annuities.

GMDB Guaranteed Minimum Death Benefit — Guarantees a minimum payout upon
policyholder’s death.

GMIB Guaranteed Minimum Income Benefit — Provides a minimum level of in-
come regardless of market performance.

GMWB Guaranteed Minimum Withdrawal Benefit — Allows annuity holders to with-
draw a fixed percentage annually.

GPR Gaussian Process Regression — A non-parametric machine learning tech-
nique for function approximation.

GPs Gaussian Processes — A class of stochastic processes used in statistical mod-
eling.

GMB Guaranteed Minimum Benefits — The category of guarantees in variable an-
nuities.

GRS Generalized Regime Switching — A framework allowing financial parame-

ters to change dynamically.
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Abbreviation Definition

HMMs Hidden Markov Models — A statistical model where states evolve as a
Markov process, but observations are indirect.

LIME Local Interpretable Model-Agnostic Explanations — A method for explain-
ing black-box machine learning models.

MAE Mean Absolute Error — Measures the average magnitude of errors between
predicted and actual values.

MaxAE Maximum Absolute Error — The largest absolute difference between pre-
dicted and actual values.

MaxRE Maximum Relative Error — The largest relative error between predicted and
actual values.

MC Monte Carlo — A simulation-based numerical method for pricing financial
instruments.

ML Machine Learning — A field of Al that enables computers to learn from data.

MLT Machine Learning Techniques — Various algorithms used in predictive mod-
eling.

MRS Markov Regime Switching — A model allowing regime-dependent changes
in financial parameters.

NN Neural Networks — Computational models inspired by the human brain, used
in deep learning.

PDE Partial Differential Equation — Mathematical equations involving multiple
variables and their partial derivatives.

pdf Probability Density Function — A function that represents the likelihood of
different outcomes in a continuous distribution.

ReLLU Rectified Linear Unit — A common activation function in neural networks.

RMSE Root-Mean-Squared Error — A metric measuring the square root of the av-
erage squared differences between predicted and actual values.

RMSRE Root Mean Squared Relative Error — A variation of RMSE that accounts for

relative differences.
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Abbreviation Definition

SDE Stochastic Differential Equation — A differential equation incorporating ran-
domness, widely used in finance.

SHAP Shapley Additive Explanations — A method based on cooperative game the-
ory for explaining machine learning model predictions.

SMP Semi-Markov Process — A generalization of Markov processes allowing
variable holding times.

VA Variable Annuity — A type of annuity with investment-linked returns and
embedded guarantees.

VIX Volatility Index — Measures expected stock market volatility, often called the
“fear index.”

XAI eXplainable Artificial Intelligence — A set of methods that improve the in-

terpretability of Al models.
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