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Abstract

Nonlinear eigenvalue problems, particularly polynomial and rational eigenvalue prob-
lems, have occurred in many engineering applications and have been extensively studied in
the literature. Structured backward error analysis of the computed eigenvalues/eigenpairs
plays an important role in knowing the backward stability of algorithms that compute
them without losing the structure of the respective eigenvalue problem. Structured eigen-
pair backward errors are known in the literature for matrix polynomials and rational ma-
trix functions. Structured eigenvalue backward errors are known for matrix polynomials
for some structures, but the eigenvalue backward errors of rational matrix functions are
still unexplored. These backward errors have been studied for some structured matrix
polynomials and structured rational matrix functions.

We derive explicit expression for optimizing the Rayleigh quotient under some con-
straints involving symmetric matrices in terms of the second largest eigenvalue of a
parameter-dependent Hermitian matrix, which allowed us to obtain eigenvalue back-
ward errors for higher degree matrix polynomials with skew-symmetric, T-even, T-odd,
T-palindromic, and T-antipalindromic structures.

We extend the ideas of [14, 15] to obtain explicit computable formulas for the struc-

tured eigenvalue backward error of a A € C of rational matrix function

d k
G(z) =) A+ wi(2)E;,
0 j=1

p=

where the coefficients (Ao, Ay, ..., A4, E1, ..., Ey) € S C (C™)4 1 matrices, and w;(z) =
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Zj—gz;, where s;(2) and ¢;(z), for j = 1,2,..., k are scalar polynomials following some sym-
metry property. For this we reformulate the eigenvalue backward error problem into an
equivalent problem of maximizing the Rayleigh quotient under Hermitian constraints or
symmetric constraints. These constraints depend on the structure of the rational matrix
function and the parameter d and k in G(z).

Due to the relation between the eigenvalues of rational matrix functions and the asso-
ciated Rosenbrock system matrix, we also consider obtaining eigenvalue backward errors
for the Rosenbrock system matrix. We provide two different approaches for two different
measures to compute the eigenvalue backward error of the Rosenbrock system matrix,
one by reducing it into an equivalent problem of optimizing sums of two generalized
Rayleigh quotients and another via the structured p-value of a constant matrix under
block diagonal perturbations.

Eigenvalue backward errors of matrix pencils/polynomial are closely related to the
distance to singularity, i.e., the distance to the nearest singular matrix pencil /polynomial.
This is because if A + zFE is any regular matrix pencil, then the distance to the nearest
singular matrix pencil is bouded from below by the infimum of the eigenvalue backward
error of A + zF over all the scalars A € C. Given a regular matrix pencil A + zFE, the
problem of finding the distance to singularity has attracted much work in the literature
and is still an open problem. If we consider additional structure on the coefficients
matrices, then the problem of computing the structured distance to singularity (distance
to the nearest singular pencil with the same structure) becomes more difficult and as
far as we know, this problem with structure on the pencil has not been explored in the
literature. We give a purely linear algebra-based approach to derive explicit computable
formulas for the distance to the nearest structured pencil A + zE having a common null
vector. We then obtain a family of computable lower bounds for the unstructured and
structured distances to singularity. Numerical experiments suggest that, in many cases,

there is a significant difference between structured and unstructured distances. We also

extend this approach to structured matrix polynomials with higher degrees.
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Al 3SAAdeY Hieolrd, AT T { GrelATA3T 3R Y2reTel 3SAAdY Hlselr4,
a%ésﬂﬁwﬁﬁa@ﬁﬁgé%mmﬁmmmwﬁmw%lm
fohT 1T STy / TSATRR T FgFas Jhas TR AT vedliReA $r dehas Reawdr
I Sl H HAgcaqul H{fAST AT § S Gfd 3mgdetdey Yleorg $H Tl & @T
TSI 3T IUTAT FRAT B TeFas IMSINARR dhds TR Alfecd H AeFT delanfasrer iR
YA AfFH BT & AT Sl St €1 TS 3siladey dohas TR $8 TR & o
Afeerd AR & faT S STt 8, oifehet Yerter Afgrd herre &1 3sdaTdey dehas
T 30 o I €1 F Toaus Aftew dlAfANT 3N Teaws Afgew e & faw
3oT Sohds T &l 3TeqT fhar amam gl

g AR gfAfRes Aftew & gy ¥ew 93 Imsdeaey & Hed H RARtw
ACFT F S5 $O HEccH & dgd Yo Hile &I JiTeAss el & fav Tuse sifFcafed
gred #d §, e g g-AARts, T-8ad, T-3018, T-afesgifas, 3 T-idafagi@s
3=a 3ol Aftaw deaAse & AT smsdadey d9as T 1 ured aa & egAfT & B

gH L2reTel AfTHE Helel &I TgFas HTZaleded dehas T & [T TS A0ET A9
T 9red e & fAvw [14,15] & fGORT &7 e & &

d

G(z) = z zP A, + zk: w;(z)E;

p=0 j=1
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T8l 0T (Ao, Ay, ..., Ag, E1, .., Ei) € S € (CP™M)4H+1 ATedE, 3R w;(2) = % STel s;(2) 3R
q;(2), & AT j=1,2,... k T [FATE JOT &I ITET HA T Thok ATeNAIHIN &1 S
foIT A 3MSdedey dehas TR WAEAT A1 giATeT Hedeq o1 [{Afes Heded & dgd
hide @l ITARTH FA HT Toh TAJeT AT A FURA g1 T heced WWelol Afgra harerad

T FeFt AR G(z) F R q 3 kK W AR =

reTer AFH FRE & Ay AR Faftd Qs [AeeA Afeew & o day
& FRUT, §A VATsieh fAFeA Afead & AU Agaedey s6has T uied el W T A=
W El & AaAsih e Aftaw & IMsdadey dHds TR & AT A F fow &
3EIT-37eldT 3T & T &1 3eldl-37elaT EfSChIUT TGkl d 8, Teh 38 & AHCDA Yo
HIe & FNT A ITRlAd T T T FAJed TAN H Rg@ aah 3R q@ sdlla
SN WEdee & dgd Ueh @ieee Aftad & Fgaas p-deg & ArH 4

Afeerd AR/ NAM AT T ITSATdey dhas R BEE ¢ RS & Fafta g,
U, Fehcan Reer Afged TR/ &1 gt o safav § ifs afe A + sk
S Wor Agaw 47w g, dl eheda Raer At 9@ &1 gt @l Thok A e C W
A+ sE 1 Ay Jhas TR & Tad ganr & & fAuiRa & S 81 ' Wer
Afterd 98 A+ sE U 9 W, Bedw g e A H Y FHET A Aieed # g
sre fhar § 3R Ig el off veh el waedr g1 afe g HefhRive Afearq @ sfaRed
TeFk W fquR X g, of Teaus BEd g HeRé (FA FF & @y fHdead
e 9ffe &1 gfl) &7 U wA BT FHEET IR HiST g S g R STl b §H
ST €, ARTw 4T W TR & WY SH HATAT F Fiiged # 9ar SEr oenar e
§H Teh A dod TIH dlel Aehedd Faas e A +zE &1 gt & fow Fuse vrer aeg
¥ 9ed A & TIT v fagey &9 @ VWS AeEriora-3mema gfSewnor ga g1 e g\
HRE & fAv reregeas 3R Feas qRAt & fAv aoEr Qe A= damt &1 s
IRAR ITcd XA ¢ TE&ITcAS® YN F IdT Toldl & 1o, &S FAHT H, Tgads AR AATcaas
gRAl & @I UF Agcaqul AT §1 §A U TiCHIUT & 3Td Bt At weaws Aftaw
QrelAA3 de Y Jerd &1
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