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Abstract

The aim of the thesis is to study the unit groups of rings and group rings and
find presentations of general linear groups. In this thesis, we introduce the concept
of Jordan regular elements and Jordan regular units. An element a of a ring R is
called a Jordan regular element if there exist an idempotent e and a unit u in R
such that a = eu + ue. A Jordan regular element which is also a unit is called a
Jordan regular unit. In this thesis, we study Jordan regular elements in rings, fields
and group rings. Set of Jordan regular elements in any ring, field and group ring
is always non-empty, because 0 is there. We have shown that if 2 is a unit in R,
where R is a commutative ring with unity, then every unit in M (n, R) is a Jordan
regular unit, but if 2 is not a unit in R, then this need not be true. Set of non
Jordan regular units in M (2,Z,,) is a subgroup of U(M(2,Z,)), for even n. If n is
a power of 2, then we establish that the order of the set of Jordan regular units
in M(2,Zy) is half of the order of U(M(2,Z,)). In GL(2, F), where F is a finite
field of characteristic 2, every non scalar matrix, having same diagonal elements is a
Jordan regular element. We also prove that the group algebra K'G of a group G over
a field K of characteristic 2 does not have Jordan regular units. Further, we have
proved that M (3, Zs,) does not contain Jordan regular units. If F is a finite field of

characteristic 2, then also M (3, F') does not contain any Jordan regular units.



vi ABSTRACT

We have determined Jordan regular generators of GL(2, Fy») and obtained pre-
sentations of GL(2, ), forn = 2, 3, 4, 5. Presentations of linear groups GL(2, Z1s),
GL(2,Z1s), GL(2,Za0), GL(2,Z24), GL(2,Z9s), GL(2,Zs30), GL(2,Z33), GL(2, Zs3s),
GL(2,Z3s), GL(2,Z40) and GL(2,Z42) are also given having Jordan regular units
as generators.

Further, we have given a complete characterization of U(ZyDsy).
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5 QET FaeT T 3eeed Rad 3R g Row o gfere 0 1 3167+ 3R SToliel MR oa & Joieer
TARTerT §| 38 2NeT Taer & gHeT SiiseT WoR Tiaded 3R Siise Wer Iiered & Hidee HT aik=a
T 8| RAT R &7 Teh UTAAC a, SIS W[eR TAHT dhgelldl ¢, Tl R H Th ITSSFAIEC e 3R Th
qﬁ?umﬁﬁ,gﬁw%a:eu+ueﬁdwlWdTérl igmuﬁﬁzuﬁwaﬁzsﬁ%&?ﬁu@
SIS W[oR AT THgelldl & | TH e Teer H §HT SilseT W[oR ToaHed & Ko, hesd 3R 7 Rvd
A 3T TR §| SiTSeT Lo Tfeaied 1 e ol off R, hres 3R ga Rt 7 gaen Ala-wredr
Fgfeh ggT g 3UREU &1 g q2iam ¢ T afe 2, Rer R & gfaie §, et R e t@et arelr tsh
FFgefea RATg, dd M(n, R) 1 9A% IfAe Siis Wer e §, Weq Ife 2, ReTR A gfAe A &,
a9 g T 8 TR 8 §| TP n FA & AT M(2,Z ) F et ST WoR IfAeq , UM(2, Z ) FT
T HIY §| ARG TE&AT n, 2 T ThEld B, o9 gA7 TS R § 6 M2, Z,,) A TSl [[er
iTeH & AT T AT U (M(2, Z ,, ) 3 HTSTHT AT G| P GL (2, F) H, Tedeh oAleT Thol TeTg
S st & @elt Tfodie TATT §, Teh Siise WeR Uiade §, STl F aacRiEeh 2 T Uh
BIg-TSE Bles § | g« T 31 fe@ran ¢ fo Toh hies Torgeh! $areRTEe 2 §, I 9 3Telaisll KG H IS
SIS W[eR JIACH 7161 ¢ | TGuRId, 8 GATATE foh M(3, Z 5,,) H IS SI1SeT W[eR JfoleH w1gi | I
F 3R 2 T Teh BIgaIse hres &, d« T M(3, F) # #IS Siise W[eR Ife 781 ¢ |

BHA GL (2, Fyn) o SISl WoR SToed A fhd 8, 3 n =2, 3,4, 5 fATGL(2, Fyn) T i@ &Y
¢ AP GL (2, Fyg), GL (2, Fug), GL(2, Fzg), GL(2, Fpa), GL(2, Fyg), GL(2, F3g), GL (2, F3,),
GL (2, Fsg), GL (2, F3g), GL (2, Fag), 3R GL (2, Fy,) T USICUH, T8I STeReH SilseT W[oR JcH g,
AT

AG3WId, §HA U (Z ,D; ) T U $FS AT AT fhAT Y|
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List of Symbols

In the following notations, X is a set, GG is a group, R is a ring and F' is a field.

Symbol Meaning

N the set of natural numbers
the field of rational numbers

the field of real numbers

N ®B O

the ring of integers

Z,, the ring of integers modulo n

vV for all
€ belongs to
¢ does not belong to
C subset or equal
C  proper subset
U union
M intersection
X \ E the complement of £ in X
() empty set

X
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O end of a proof

|X| cardinality of the set X
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is isomorphic to
¢ FEuler’s totient function
(z,y) o'y lay
Z(G) center of G
H <G H is a subgroup of G
H 4G H is a normal subgroup of G
G : H] index of H in G
G/H quotient of G by H
(Y),(x) subgroup of G generated by Y C G and by the element = € G
o(z) order of z € G
C, the cyclic group of order n
Ds,, the dihedral group of order 2n
U(R) the unit group of R
charR characteristic of R
) determinant of matrix A
R) the ring of n X n matrices over R
GL(n,R) general linear group of degree n over R
R) special linear group of degree n over R
PR\ {0}
RG  group ring of the group G over the ring R

U(RG) unit group of the group ring RG
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