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Abstract

We study sampling based algorithms for clustering problems, in particular the k-means
clustering problem. Given dataset X C R? and an integer k as input, the objective in
the k-means problem is to output a set C' C R? of k centers such that the k-means cost

function, ¢(C, X) = >y min.ec||c — z||% is minimized. This gives a natural clustering

of the points where all the points having the same nearest center in C' belong to the same
cluster. k-means clustering is one of the most widely used clustering problems in practice.
The k-means problem is also known to be NP-hard. Approximation algorithms for k-
means problem giving constant approximation guarantee in polynomial time are known.
However, Lloyd’s heuristic (also known as the k-means algorithm) is usually used to
solve the k-means problem in practice. This is a local search technique described as
follows: Starting with an arbitrary set of k centers, make local improvements until no
further improvement is possible. Even though this heuristic performs well in practice, it
does not give any theoretical guarantees. The method of choosing the initial £ centers for
Lloyd’s heuristic is known as seeding. Note that seeding is done arbitrarily in Lloyd’s
heuristic. Arthur and Vassilvitskii [17] showed that a simple adaptive seeding technique,

known as k-means++ seeding, gives O(log k)-approximation for k-means in expectation.
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The k-means++ seeding uses D?-sampling to sample one center in each of the k iterations.
D?-sampling with respect to any center set C' chooses a point with probability proportional
to the squared Euclidean distance from the point to its nearest center in C. D?-sampling is
known to be very useful in designing algorithms for clustering problems. Our work in this
context may be seen as an attempt to understand the scope and limitations of D?-sampling
based algorithms for k-means problem. Next, we describe the main results from this study.
Arthur and Vassilvitskii gave examples of instances on which £-means++ seeding yields
Q(log k)-approximation in expectation (along with a matching upper bound). Brunsch and
Roglin [40] showed that there are instances on which k-means++ seeding gives (log k)-
approximation with probability close to one. However, these lower bound instances were
high dimensional. It was conjectured that k-means++ seeding performs better on low
dimensional datasets. We refute this conjecture by constructing low dimensional instances
on which k-means++ seeding yields 2(log k)-approximation with high probability [36].
In an attempt to better understand the k£-means cost function, we study the relationship
between the number of centers k and the optimal k-means cost for any dataset X C R¢. For
any € > 0, we define C?f to be the smallest number such that optimal Eljf—means cost is at
most € times the optimal k-means cost on dataset X. We compute upper and lower bounds
on this number, E’;f [35]. Our upper bound is better than the bounds known earlier where
as no such lower bound result was previously known. This also helped us in understanding
pseudo-approximation behaviour of the D?-sampling based k-means++ seeding algorithm.
Ding and Xu [4&] introduced a unifying framework for considering variants of the k-
means problem where some constraints need to be satisfied by the optimal clustering in

addition to optimizing the k-means cost function. One example of such a problem is the
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r-gather clustering problem where the additional constraint is that the size of every cluster
should be at least . The authors gave a (1 + ¢)-approximation algorithm for a very general
version of the constrained k-means problem. We design a much faster D?-sampling based
(1 + e)-approximation algorithm for the same problem [37]. We also give justification as
to why the currently known algorithms have running time that is exponential in k£ and %

In recent works semi-supervised learning frameworks have been studied that incorporates
domain knowledge to design polynomial time algorithms for NP-hard optimization
problems. Ashtiani et al. [19] designed one such semi-supervised framework for active
learning of clustering (SSAC) that has access to a same-cluster query oracle. The oracle
gives answers to queries enquiring whether two objects belong to the same optimal
cluster or not. They gave a polynomial time algorithm for k-means in this framework
assuming some separation condition to hold for the dataset. We give a D?-sampling
based (1+¢)-approximation algorithm for k-means clustering in SSAC framework without
any separation assumption on the dataset, and study upper and lower bounds on the
query complexity for (1 + ¢)-approximation of k-means [10]. Our lower bound result
is conditioned on the Exponential time hypothesis (ETH). We also get similar results for
correlation clustering [9].

Clustering problems are routinely solved in practice. Since sampling algorithms play
such a crucial role in the algorithms we design for clustering problems, we study how well
these sampling algorithms can be implemented, particularly in space restricted settings.
We focus on two such settings, the streaming setting and the query model. In streaming
setting, we study uniform and non-uniform sampling algorithms. We design algorithms

that optimize the number of required random bits and space [34].
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