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OR SOME PRODLEMS OF ANALYSIS OF THIN NONCIRCULAR
CYLINDRY CAL SHELLS



SYNOPSIS

The dissertation entitled "On Some Problems of ‘nolysis
of Thin Nencircular Open Qylindrical Shells™ deals with the
solution of problems of open thin clastic noncirculapr oylindrie
cal shells based on Kirchhoff-lLove lypotheses, From the point
of view of importance and uwsefulness in practical applicotions
two classes of problems have been studied, Hence the disser=
tation is divided into two parts., Port I deals with on ‘exoct’
(or "classical’) method of emalytie solution of elass K of
problems of shells of constant thickness €y with thedr curyi-
Lncar edges Y)oF, supported by diaphrogms which ore infinitely

rigid in their plaones but perfectly flexible in the direction
normal to thelr plancs, Then the boundary conditions along

il'*l are

I'lli,..alﬂi‘ - vl.l_... = .'3. = 0 (ax=1,2 (1)

The stroight edges T)oF, ore subjected to arbitrory physicslly
meandngful boundary conditions (see equations (17)), Port II

is devoted to the varisticnal methods (classical and findte
clement methods) of solutions of problems of "shallow' (4n the

generclised sense) cylindrical shells rigidly clomped clong

the boundory I = .Elﬁ.u!.) such that the boundary
conditions along the edge I' are given by!

l'r = "l' = -lr = ’Ir = 0 (2)

The general introduction includes the survey of the
existing literature and the significance of the problem dealt
with in the disscertation,



Chapter 1 deals with the study of the differential
geometry of the shell middle surfaces in tensor formy geometry
of different profiles of the middle surface ond polynomial
approximation to the curvature of the profile , The middle
surfoce of the eylindrical shell inR3, which 4s a developble
one, s in one=to-one gorrespondence with

f= x9)s0<n<By=s, <8< g,] CB?

which in turn is trensformed into

B = HEGWi0 <E< Wy, »ny <n <) cR? (3

by introducing dimensionless vorisbles €= xR, n = s/

where § 4s the length of the shell, l.lot.e rodius of curveture
of the profile ot @ = 0 such thet the radius of curveture R at
eny point W is given by Riy =R, pin)y p being the tronsformed
radius of curvature, For a class of 'reguler', 'eymetric’
profiles (plane Qurves), expressions for the transformed curva-

ture 1/pln) and its derivatives can be developed in the form
of power sepics uniformly end sbeolutely convergent in [n| < .0

de.0,
o = 3 el Il <ng (n, > 0 @

But in meny caoses the algorithm for such an expression ds
assocdated with formidable comprational dirficultics, fence

Bernstedn polynomiel epproximtions for 1/p end its derivatives
have been developed as followst\/m gN

3 = 5( 4) -2 ".< )gc Iy ™
= 4 ()



i

Uniform convergenge of the approximtion (5) and its depivae
tives has been studied,

Rart 1 Conaiste of Chapters 2.3 snd 4

Chapter 2 deals with the Generalised Noment Theory in
the complex form of Novoghilov, since the system of governing
equations of open cylindrical shells in real form lo extremely
complex in noture and cannot be reduced to o single equation of

higher opder, In the complex form of Novoshilov the system
of governing equations of order eight is reduced to & single

linear portial differential cquation

o) s ola@le R 3Ereag HaF o

of order four for the unknoyn euxiliery complex force funciion
T 2 ﬁ° @ 2y whepe
o) = ELL UL, 2o B0V) 1 /e,
oF Ly
f1 8, <2 is o known function dependent on the components q, of
the surfoce load min(qlu,u,) ond wyo Por £ 0.2(8)
”ln.) the unknown function T o,c‘"u.) n 09 (1 one
for fixed W @ (=90 ), r,: ge o,V -.uo = W ot
betangs to 203 W) 0 0! ioy )y Tyt Ko u.vk,) -
T® = Wen 6.0 betongs to£¥io, k) n 2P0, 8 (1)
-rauu the boundary conditicns (1) into ecoount,T, ond 'Fu ore
given the following Fourier representationsd

o ~ L] ~
MY = f‘lo = l:l T.(q} sin A, &3



r;ll.q) = ?‘(D

-.:lrwm\z (8)

s ince [llll.l]. ll.ﬂlﬂ/ﬂ is o closed and complete

orthogonal system in L’io.w Je 1t hes been proved thot
for T .,e“’m nn"’m the Pourder sepies (8) can be

termmwise suceesalvely differentiated four times with respect
to both § and v, Substituting (8) in (6) an infinite system
of lineer ordinery differentiol cquations is obtained: Yn e @

‘.(F;-) = ";:4) o ”u) 'i:’) o l’h) - 2Zp + 1/p) ';:’)

o La2e'Vea/e 'V D o pdpas o2 -
- i, =

*n?.u-nmfmﬂofq %ltﬂlﬁl/'nuofm
form (4) or (5). Then the corresponding homogeneous equations

(7)) = o, (10)

whose coefficients sre amalyuie 4n |n| € g, <Ny Moo four
linecarly independent analytic solutions of the form

T =q 3 * misn <. (1)

whe pe rao.l.:.smlpnunonm.hx coefficients and
'

these are determined using Couchy-Frobenius wethod, since



yn elN, ‘i". 8 Ll=n,n,) N l“)(-\.\). a particular solution

1".’ of equation (9) is comstructed in the forme
1 ~
r (e

Vnem, T, = I."i‘(w) LA & (22)

where § s the solution of the suxiliary initiol wvolue problem
of the homogeneous equation (10) with the initiol conditions
%0 = {10 = §20) =0, §00) = 1. 1r £, 1n (9)

is smalytie 40 |q] <n, an emelytic perticulor solution of

(9) existe and 4s constructed in the fom

Vn el 'i‘m = .E‘ ﬁll.' Inl €9, (13

where A.'l are complex coefficients, Then the general
solution of egmtion (8) hos the forms

o~ ’ ~ ol ~
Ynem, Tt (nw = 3 G Ta® o'W MlSy
r

such that T 4s given by
W = .Eﬁ.w sin 8 Ml<n, (19

whepe '&" = Gy, ® 40,8 Cp 0 C,, 6IR are arbitrury constents
of integretion which are determined from the boundory condie
tions (17) elong the edges f‘. The stresses, mouents ond
~
displacements in the shell are derived from MEW.
For o lapge cless of problems engountered in pragtical

applicetions, in which on approxisete membrane seress condie
tion exiets in the interior of ¢t he shell, it is permissible



in theory of shells to sccept the solution of the nonhomoe
gencous membrone problem os o porticular solution of the given

nonhomogencous generalised moment problem, This method of
construction of a particuler solution hes been used in the

numeprical experiments,

Chapter § deals with the 'Genepolised Moment ThooRy,

{also called un‘l-n-m-n Opder Approximtion Theory') of

Sanders in complex form, the system of governing cquations of
which can be put in tensopr form (unlike Novoshilov's eguations

in complex form) a8 followst

% ~mg¥e @ =0 (26)

whe re g and Q‘ define suxiliory complex temsop fleldsy o‘
is the permmtotion tensor, D™ 4o o known tensop defimed by

the curvature tensor b, T = (q'yq%sq’) 4o the surfoce load
vector. For the boundery conditions (1) en the curvilineop

cdges "n"‘z' the method of solution developed in Chapter 2 is
extended to the present case with necessary modificotions and

changes,
Por various 'clsssical’ snd nonclassical boundary

v

conditions along the stroight odges !l.'i‘, of eylindrical shells,

which are frequently met with in precticel applications; for
example VYa= 1,2



Fee T S " 0
e edges? "l'. = 0 'l'. = 0, 5'!'. =

= L = ]
qgli. ‘“"'o’”i-“. 0 (179)

Hinged with fixed supports

= = = {
."i. 0y .li. = 0, 'li'. 0, "ic o (1w

Rigidly clomped edges

ul, =0, vl =0, uw}_ =0, -!l_ = 0 (17¢)
r. r. r. r‘

Ldge stiffned by beomst
Shell over many spans!

(whose boundary conditions ore very complex in nature),
extensive numerical cxperiments have been carried ocut utilising
the algorithms of solution developed ecopiier and the yesults
are presented ot the end of Chapters 2 and 35, The resulis
obtained conclusively establish the suthenticity of the method
of sclution developed for these problems,

Chapter 4 4s devoted to ¢ (a) the comparutive study of
the numerical results obtained in chapters 2 and 3 based on
the 'exact’ theories of Novoghiloy and Sondeps (velid fop

shells of arbitrary length), (b) comg rison of the mumerical
results based on 'exact' theorics with those bused on the

‘approximte’ theories of Donnell ond Vias ov (valid for shells



yily

of short end intermediote lengths respectively) ond (¢) conp-
srotive study of the behavicur of shells heving profiles uwith
increasing, deereusing ond constont rodius of curvilineap

(for example catenary, cyclodd end cirele respectively),

Paps 11 Consists of Chepters 5. ond 6

Chapter 5 deals with classical variational methods,
Hepe distributions, Soboley speces and basic results for the
variational formulation of boundary velue probless hove bDeen
discussed, Then the vapis tional Problem (P) in the Galerkin

form for the case of rigidly clamped open 'shaliow’ néncircular
Gylindrical shell hos been formulated as follows:

(P rama @ = l.lulzol,) eV= l;ld % l;(ﬁ ES %lﬂ

such that (@ = @ v¥= vvvy) 8 ¥

where l".lﬂ -uu:m are Soboley spages, of 5 )8 VaVen
s the gymmetric bilineapr form corresponding to the energy
functional ond 4s given by 1 Y Whid e ¥

E
i = ]n. —2 (1193 oA Do P oD | o

¢
E’E [(-afPDe? [ DocPelD il am  (18)

O: and l‘ bedng the stradn and curvature tensors respeatively,
ql <) V <R is the lincar form corresponding to the energy
due to external forces given by



¥ = LH I (aw, ¢ ov, ¢ q’v,) d€ an (19)
f.

where q, ¢ 1%(0y 1 <4 K 3, V= elitpticity of ol <) ond
coptinuity of a(- ') end qf-) are established, PFrom the
existence and uniqueness of the sclution & of (), the
equivalence of the Gslerkin veriational problem (P) ond the
Rits voria tional m(ﬂf) given by

(7 : rind e ¥ such cnae I8 -:u It )
e

where J(ﬁ = * al'.’) w Q‘". (20)

In the sense that the two problems (P) and (5) have the same
unique solution, 4o established, For the solution of the
approxims te Mui?w*) corresponding to the Rits variational
prodlen ( ), given by

(?:)n Pand & 8 ¥, ¢V ouch e He) -'mv.n?.)
e
where J(-) &5 defined by (20) snd ¥, 4s o finite dimensional

subspace of the product Sobolev space Ve biveriate polynomdals
in § ond | are chosen as the besis functionsof the Rits spece
V.. Numerdcal experiments have been corrded out for different
chodees of n and e general progrem hes been developed fop

arbitrery n,

Chapter 6 deals with the conforming findte elemont method
of solution of the variational problems t?*) and (?) using
rectangular and trienguler clements, For cach h > 0 2 rectan=

X



gulation (pegpectively triangule tion) ‘f;, of the closed domodn

T = 6yl into rectangles (respectively triengles) K, ds
assoclated, Corresponding to the 'ﬁu finite dimensional
ﬁ-m?. = v.nv.u-.uwmmt

V= vyt v, W adt v.lt‘ e M x") Ve eU)
= mm.v.lr =0] cHin
"y = oy ¢ ", © c‘”t‘b. -.lﬂ e H3(x®) Yk t“ﬁh

© = U0, ml = G| =0 jCH®

#*
For the conforming findte clement approximation u-ouul?}., )
in the Rits forn corresponding to | P defined tys

i’P:h nu?.o?. such thot J() = “? @)

A

and for the conforming finite element approximation problem

¢ P ) in the Galerkin fom corresponding to (P ), defined by
the existence and unigqueness of th.oht&w?.l?.(?

are cesily proved when the exaet integretion is performed.
The finite elcments (I.V.) are constructed for coch
component v, of '. = (v Vop Vep'e where 3 is the set of
degrees of freedom for each rectangles (respectively teiangle)



X(

no“ﬁkumtl‘urm by being o Pingte
Mwm'lmwmlnudmﬂ-&ﬂulu
kel

For the solution of the Rits finite eloment probles
(ﬂtl Using rectangular elements, for och component vy, of
¥\ bleuble spline finite olemnts (Ko3pe 0g(k)) have been
developed, where K 4s o rectangle with vertices (a0 1€ K9

= 0%, 1<)C4 0€ay pSD (m)

_u q’ll)-huv-s. o,ll) being the space of polynomials of
degive € 3 in esch werdable € and m.q’m-.au =

16) with o esnondeal m{@‘.l(:‘h 0€a, ps1}

3“86&30‘),
14
8 = o 3
I=1 o<eqpK12

It has been shown thet the bicubic spline '.. [ lﬂ“’ﬂn"‘.

’."l' e lo,ll’))" ond '. o?. o Numerical results ape
presented,

For the solution of the Oslerkin finite element problem
(8,04 svayras’, se1t's snd Coursnt’s fingse elenents hove
been developed, In the Argyris finite element (Ko2po¥bp)
roruchmv“d'.alua trionglo with veptdc s
(age 1§ J < 3) ond midpointe by 1€ §<3)

* s H"’.““” “.‘""‘.‘). LY k<% J#k;



X1t

’1“.‘)“."‘0 'l..j)’ 1€ ok 8€3 SR KHE D
."‘.‘). 1383} (24)

1o Pg(K)eunisolvent, Pg(K) being the space of polyncmlols of
degree < 5 (dim Pg(X) = card 3 = 21) with o bosts B} Apx
l; s lelyn 20y Woen = 5] where k‘.\,.\, are barycentric
cocordinates,

Iin ordepr to hove equal number of degrees of freedom at
each node of K, which 4s desirable from the computational
point of view, Bell's finite clemont (Ko25p r',ll)l has been
developed for cach component v, of ¥ where

o= lolags 1€ J< 35 plagllageagdy 1SS k<3 J# K

l‘ph‘)h.-o’. Q!-.‘). 1€ 0 kot K39 Sy kf 1)

i23)
is p; (K)=inisolvent,

Py) = lps p 8 Pylk)y 3p & Pylagen, ] o [ogen, ] being the
sddes of X, 1 € §< k€ 3}, (26)

dim P;(t) = cand Q = 18 and P‘ll) < !',Il) < P’ll).

Since for the ¢onfopuming finite element method of
solution it is surficient to construct finite eclements of
£'9) g1ass for the components Vg (8= 1,2 and ot £V class
for the component Voo Courcnt's finite element (Ky3,P, (X))
for v,, (a= 1,2), vhere 3, = bls,). 1 €3 €3} s Py(W)e vni-



solvent, P,(K) being the space of polynomiols of dogree € 1
(dim 'lll) = e L = 3) end Bell's finite element ll.li.
r;m) for vg, have been developed,

Finally erropr estimates of the conforming finite
element have been studied when the exact integration of the
integrale dn of-, <) ond qf * ) is performed,

Riit
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