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SYNOPSIS 

The study of Stochastic Models of queueing,machine 

interference and reliability systemSplays a pivotal role in 

the real life problems as these models probe the service 

systems prone to congestion. The initial state of such a 

system (empty or non-empty) affects the transient study of 

the system whereas the steady-state case remains independent 

of the initial conditions. But steady state analysis is 

inappropriate in certain applied situations since the time 

horizon of such a operation naturally terminates or the 

steady-state measures of system performance become redundant. 

Furthermore, we also find that there is a physical constraint 

on the source or capacity of the system. 

Thus, in order to have a complete and meaningful 

knowledge about such a system we need investigate it with 

regards to 

i) transient behaviour, 

ii) arbitrary initial conditions, 

iii) finite source/waiting room capacity. 



But it is observed that the solutions incorporating 

above points are very difficult to obtain as the mathematics 

involved becomes very cumbersome and complicated and it is, 

therefore, seen that the solutions reported in the literature 

are usually obtained by relaxing some or all of the above 

considerations. However, in this thesis a new computable 

matrix approach is developed to study the closed form solu-

tions of the aforesaid systems with regard to the above three 

concepts. In certain cases the busy period analysis has also 

been carried out with very encouraging results. The efficacy 

of the method developed is also illustrated by means of some 

worked out examples. 

This dissertation has been divided into six chapters. 

Brief outline of each of the chapters is given below. 

CHAPTER-I: The chapter entitled "Introduction" has been 

devoted to the survey of existing literature of the models 

under study. It also contains a concise resume of the results 

of recent developmentsin the said models and the highlights 

of some basic concepts connected with the models. 

CHAPTER-II: 	In this chapter, closed form solution of tran- 

sient behaviour of M/M/2/N queueing models with heterogeneous 

service rates at the two channels is obtained through the 

matrix approach- 



It has been assumed in this model that the inter-arrival 

time and service time for 1st and 2nd server are negative 

- exponentially distributed with parameter X 1  , p1 and p-1 

respectively. Without loss of generality pi  > p2  is assumed 

which also implies that first arriving unit in the queue 

(when it is empty) joins the 1st server for service and 

thereafter the arriving unit goes to the counter which it 

finds free. The maximum number of customers is restricted 

to N. Furthermore, there are arbitrary initial 'i' (0 5i 5N) 

number of customers waiting at time zero. Pn(t) being the 

probability that there are n customers in the system at time 

t, a neat closed form solution is obtained as 
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And  On = 0,1,2,...,N)have been suitably defined as the functions 

of aNj  (the distinct eigenvalues of the coefficient matrix of 

system), A,p1  and p2. After suitable assumptions, steady-state 

results obtained by taking t 4- 03 agree with the results avail-

able in the literature. 

The results for M/M/1/N can be derived as a particular 

case by putting p2  = 0. Also by putting p1  = p2  we can get 

the results for M/M/2/N queueing system having equal service 

rates for both the servers. 

The third section of the chapter is devoted to the 

derivation of initial busy period distributions generated by 

(1) 1st server and (2) both the servers. With proper assumptions, 

result obtained there from have been verified with the results 

available in the literature on busy period analysis of simple 

queueing system. 

CHAPTER III: This chapter centres around the transient 

behaviour of M/M/d/N queueing system. The closed form transient 

expression for the state probabilities of this model taking 

arbitrary 	(0 	i s N) number of customers present at time 

zero is obtained. With p = A/cp, the system probabilities 

Pn(t) are given by 
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where Ank (n = 0,1,2,...,N) are the functions of A,p,c and 

an, . The distinct roots qrNk  (k = 1,2,...,N) are the eigen 

values of the coefficient matrix of the system and Trn  are the 

equilibrium probabilities given by 

n  
Tr 	0 	n 	c Tr 	(cu)(CO 

 

cc  n 
01 T.- 

n 
 0' 

C 5_ n<_  N 

with 

c-1 , lCP)  ,k C  c C 	N+1 	-1 -1 
?To  =[ E 	 (P - P 	)(1-P) 	] 

k=1 " 

By taking c = 1,2 and putting i = 0 the results available in 

the literature can be derived as particular cases from this 

model. 

In the second section of the chapter, initial busy 

period distributions generated by k servers (I: = 1,2,...,c) 

have been worked out. With suitable assumptions, the 

important parameters obtained from these are shown to agree 

with the known results. 

CHAPTER-IV: 	In this chapter, the initial busy period 

analysis and transient solutions of Markovian birth-death 

machine interference system with r operatives is carried out. 

I X 



The probabilistic approach to machine interference 

model is known to have started with the work of Ascliroft 
ti 

in which he had studied the steady-state solution of M/G/1 

machine interference model. However, so far no explicit 

closed form solution is available in the literature for 

finding transient'analysis and initial busy period distri-

butions for such model. 

We consider the problem of N identical and automatic 

machines under the care of r-operatives (1 	r 5 N) where the 

failure rate of each machine and repair time of each repair-

man are negative exponentially distributed with parameter 

A-1 and y
-1 respectively. We also assume that there is an 

arbitrary number i (0 i s N) of machine breakdowns before 

the start of repairing. 

We 'havebj  ,(t) and P(n,t) as the initial busy period 

p.d.f. generated by j(j = 1,2,...,r) operatives and transient 

probabilities of the system respectively and obtain 

b. (t) = 	P(j-1,t)dt  

and 
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where Truk depend upon A,p,r and aNk 
and aNk (k = 1,2,... 



4' 

are the real distinct eigenvalues of the coefficient matrix 

of the system. 

Taking p = A/u we obtain the steady-state solutions 
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which are well known results. 

Putting r = 1 and i = 1, we get the busy period genera-

ted by 1st operative and it agrees with recent work by Bunday. 

CHAPTER-V: In this chapter, we discuss a limited space 

multiserver Markovian queueing model with balking and reneging 

but without passing. 

The objective of the 2hd section of the chapter is to 

find the transient effects of customer's impatience upon the 

development of waiting lines of the M/M/c/N queueing system. 

The third section of the chapter investigates the 

queueing situation where customers leave the system in the 

same order in which they arrive due to the physical restric-

tion that no passing is allowed. The concept of "without 

passing" propounded by Alan Washburn has been emphasised in 



this section. Here, balking probability is taken as 

B = (1-n/N), n= 0,1,2,...,N 

which indicates that N is a measure of customer willingness 

to join the queue. A customer reneges after joining the 

queue if it decides that the certain length of waiting-time 

will be larger than to be tolerated. This time is taken as 

a random variable with density function 

Rn-r( ) = (n-r)ae-(n-r)at 

and reneging function 

Rf = (n-r)a 

where r is the number of servers in the multiserver queue and 

p and X being the usual service and arrival rates respectively. 

It is also assumed that there are i(0 s i < r) arbitrary 

initial number of customers present. Considering the above 

assumptions, the transient probabilities come out as 

N. 
Pn(t) =An  +EAn e -'3  

j=1 

and the constants have been suitably defined. 

Steady state results are found-to be 
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where y = p/a and (5 = X 1 /a . 

Putting i = 0 and r = 1 one gets the steady state solution 

available for single server queueing problem with balking 

and reneging. Further, assuming the reneging factora = 0 

one can also get the transient solution of Markovian machine 

interference model with r operatives having arrival rate 

X' = X/N discussed in Chapter-IV. 

CHAPTER-VI:  Extensive research is reported in the area of 

stochastic analysis of redundant repairable. reliability 

systems. The successful analysis of each system depends on 

the complexity of the underlying stochastic process.In the 

literature most of the analysis reported so far confines 

to the measures like stationary availability in steady state 

case. However, in many reliability evaluation models the 

transient behaviour of the system is important and may even 

be essential. The purpose of this chapter is to provide the 

transient analysis of a general Markovian birth-death 



reliability system. 

{X(t), t > 0} is considered as an integer valued birth-_ 

deathstochasticprocess.wetakeX.as  the failure rate when 

'i' units are operable and p as the repair rate of the system. 

It is assumed that P..13(t) be the probability of the system 

in state j at time t given that the system is in state i 

(0 	i 5 n) at t = 0 and qj(t) be the probability of the 

system in state j at time 't' given the information that 

state zero has not been initiated in (0,t). Further, setting 

i = n (n is the total number of units) the required transient 

probabilities are obtained as 
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wherea..13  andb..arethe. functionsoftherootsa. n,1 and 13  

. respectively which are the distinct sets of eigen values 

of the coefficient matrix of the system under different 

conditions. 

The steady-state solutions are obtained as 

a. - n13 	Ak  an  0 < j < n  k=j+1 



with 

n-1 1 	-1 
a = El+ E 	IT 	X.] n 	k=0 pn-k  i=k+1 1  

which agree with the results available in the literature. 

The solution procedure is presented for a general case 

and results are obtained for the case of cold and warm standby 

systems as well as parallel redundancy. The method is 

illustrated for special case n = 2 which is also applicable 

for n 2. It has been verified for the case n = 3. 
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