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ABSTRACT

Travelling Salesman Problem (TSP) involves a salesman visiting a given set of points by
starting and terminating at the same point. TSP requires that the salesperson visit each point
only once while optimizing the required cost functions, such as time, fuel, fare, etc. In appli-
cations such as aerial surveillance, an aircraft acting as the salesman can not change direction
instantaneously and have inherent dynamics restricting the motion. Also, in applications such
as atomic force microscopy raster scanning, the tip of an Atomic Force Microscope (AFM)
visits a set of locations on a sample to construct an image of the sample. In raster scanning,
the tip of an AFM visits a set of locations by moving from left to right and right to left in a
top-down approach. When moving from left to right or right to left, the dynamics of AFM are
approzimated with a second-order Linear Time Invariant (LTI) system. Similarly, when moving
from top to bottom, the dynamics of AFM are approximated with a second-order LTI system.
This thesis considers the TSP assuming the salesman is a dynamical system with inherent dy-
namics restricting the motion. In particular, we consider Dubins Vehicle, i.e., a system with
only forward motion and constant speed, as a salesman in TSP visiting the set of points given
in the two-dimensional Euclidean space. The Dubins vehicle as a salesman in TSP is termed
the Dubins Travelling Salesman Problem (DTSP). Similarly, we consider another variant of
TSP with dynamics in which the second-order LTI system acts as a salesman visiting the set
of points in the phase plane, unlike DTSP, in which points are in 2D Euclidean space. We call
the TSP for an LTI system the Linear Time Invariant Travelling Salesman Problem (LTITSP).

Owing to the computational complexity involved in TSP, there is no polynomial time com-
plexity algorithm that provides an optimal solution to the TSP. For the TSP with system
dynamics, the complexity is twofold as compared to the TSP since an additional system’s
motion constraint is added. TSP has motivated the researchers to opt for approximation al-
gorithms that provide a trade-off between time complexity and solution quality. The addition
of system dynamics to TSP increases the complexity of the problem, requiring new and better
algorithms that balance time complexity and solution quality.

In this thesis, as a first step towards addressing DTSP, a worst case upper bound is obtained
on DTSP tour length assuming DTSP tour sequence is the same as Fuclidean Travelling Sales-
man Problem (ETSP) tour sequence. It is noted that, in the worst case, any algorithm that
uses an E'TSP tour sequence is a constant factor approximation algorithm for DTSP. Next, to
address DTSP, an algorithm based on dynamic programming called Modified Dynamic Pro-
gramming Algorithm (MDPA) is presented. MDPA computes the tour sequence and orientation



angles simultaneously. We show that tour length by MDPA for DTSP is constant times the op-
timal ETSP tour length. Next, we present an algorithm called Angle Bisector Algorithm (ABA)
to address DTSP. ABA assumes that the DTSP tour sequence is the same as the ETSP tour
sequence and computes the orientation angle at each point. ABA works on the principle of
angle bisector. We show that the ABA is a constant factor approximation algorithm when
the Euclidean distance between any two points in the given set of points is at least 4p where
p is the minimum turning radius. To improve ABA, we present a modified version of ABA
called Modified Angle Bisector Algorithm (M-ABA). M-ABA also assumes that the DTSP
tour sequence is the same as the ETSP tour sequence. However, M-ABA considers more than
one orientation angle at each point, resulting in a well-known problem in the literature called
Generalized Travelling Salesman Problem (GTSP) or One in a Set TSP. We use Noon-Bean
transformation to convert GTSP to Asymmetric Travelling Salesman Problem (ATSP) and solve
ATSP using the well-established techniques from the literature. The presented approaches are
validated through numerical simulations.

In the literature, one of the approaches to addressing DTSP considers a fixed sequence of
points in a subset of a given set of points. For a k fixed sequence of points in the given n
set of points, the orientation angle at each of these k points is computed so that the path
length through this fixed sequence of k points is minimum. In the literature, this problem is
termed k-Point Dubins Problem (kPDP). To address DTSP, next, another fixed sequence of k
points starting with the second point in the previous sequence along with another point from
the unvisited points is considered. This process is repeated till all the points are visited. In
this thesis, to address kPDP, an algorithm called Elimination Algorithm (EA) based on the
Groebner basis is presented. The presented algorithm is validated for the case of k£ = 3 through
numerical simulations.

Finally, in this thesis, we consider an LTITSP that is inspired by DTSP. In addressing
LTITSP, we first preset a class of points called Class of Optimal Tour (COT) points, for
which it is easy to find the time-optimal tour sequence. Using the COT points, we present an
algorithm called the Combining Time Optimal Tours (CTOT) algorithm to address LTITSP.
The presented algorithm is demonstrated for a particular case of an LTI system, i.e., a double
integrator system. For the double integrator case, a lower bound on tour time is presented,
assuming the points are generated according to uniform probability in the phase plane. Also,
we assume that the number of points tends to infinity. The presented approach is validated

through numerical simulations.
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HRI2A

dafelt Segd AT (TSP) # Teh YA ol Teh MufRd foigait o Tig o1 9HoT ST 8T 8,
fSIhT EaTTa 3R THI Ton &l foig R gidl 81 59 95T | Ig 1T gidT & foh Jea Ul foig
ohl Shalel Geh IR AT R, 3R T, Su, foheran snfe Sieft amTd theril &l Sifcher fohaT STq |

Y Sy 7 oie foh YRaer afderie, o famm @ & ®U # il ohdl g ST gid e T8l aad
ehdT 3R forgeht fd W sriaRer HATe (sramfaew) amy gidt €1 it UeR, geifier wid Argshinia
(AFM) TR TR o ST H, Qeitheh Tk ATsehixhid (AFM) i féu foredt duer &t sfa fafor
& oIy 39 W U feigait a1 y\oT et g1 Iex hfHT H, AFM dl Ru IR I f2 hr iRemF s &
&4 3R 14 & 914 1fd St 81 ST AFM 914 € €16 a7 &1¢ & 974 A ol 8, adl IGeh! TTfasfierdr &t
feha-srrhia ffRaR egw s7aRde (LT1) Reen 3 fAefua foar Smar &1 53t avg, 919 AFM SR 4 =
i adr g, a9 oft ITeht nfafterar & fgdia-sadia LTT Ren @ wtee fohar siran g1

g AMI-UEY T'SP a1 31T 59 UReheT oh dgd hdl g fch o Teh MiaRfie Iotreft (dynamical
system)%ﬁﬂ?ﬁﬁmmwmgl ﬁ?ﬁ@@,gﬂé@ﬁ?&ﬁm(Dubins Vehicle) R
fIaR &d § — 31l gen Ut yoTTedt STt haet St i feem 7 R 71fa @ I« Tond! & — St fg-smarh
gfeerfeaT W # fSgail o1 YA et 81 39 AT & TSP ot sfomw ¢afei deaas aar (DTSP)
gl STTaT 8l

st UhR, 89 TSP ohl Uch 3R &Y Od & foT9H 98 & ¥4 § Uah fgdg-sdia LTI Rwed i
AT & 3R foig thol @i # g1d 8, 7 foh at-Smamt gfarfea w71 38 g7 ofifAar 2rgd gaaRde dafei
Yo AR (LTITSP) shgd 8l

TSP ehY SIUTHeR STl e ShIRUT, SHRT SETH HHTHTH UTG e oh folq ehlg SgUe-GHd (polynomial-
time) TATIRYA IUAY a1 g1 STa [AH SAHTT ohl STST I1aT 8, df 9@ i Sifeadn SR sifdeh
¢ Srd! g, o garar $iR +ft S 81 ST 81 39 RUT § LMierehdl T SIgAMIHS TR (ap-
proximation algorithms) WWW%@WWWWMW%WWW
@d gl

g9 My H, DTSP &l fa=n # ugelr swen g g foh afd DTSP R shH g@l 8 St Euclidean TSP
(ETSP) # &, ﬁDTSPQEﬁﬂﬁwmaﬁwmmﬂT(worst—case upper bound) uTed <ht
St g1 g8 feaman man § fh 39 [RAfa 7 ol off geniRed DTSP & g g faa 1uties (constant
factor) STHTTHEh TR giaT gl

gqch 91g, Modified Dynamic Programming Algorithm (MDPA) -THeh Ueh SR WU
SYTRA YeReA Udd fohar M 8, Sit DTSP R shA 3R IHIR0T 10T (orientation angles) <hl
Tk AT UM &hdT 8| I8 0T 77 g foh MDPA ZRT UTed ¢ &l &iatg, ETSP <hl 38dH @S o Uah
fAaa ToTieh & sRTeR gt 81

DTSP @l §a1 & & o7 Angle Bisector Algorithm (ABA) STHeh Ueh 3R TermiRed U&gd fopar

X



T 8, St g AFAT 8 foh DTSP &l @R A ETSP & G & 3R Udde foig IR IRgEenor entur i
U] T g1 ABA i1 fgreten Rigid W o st €1 g g fohar man & fos w19 foigait o st ot
AT gfFATSa g A T A 4 B (ST8T p =LAaH <1 fFsar 8), df ABA Tes ad TuTieh SIHTHS
TR giaT 81

ABA &l SgdR 91 3@ Modified Angle Bisector Algorithm (M-ABA) U¥dd forar mar g, St
ABA & 9A g ohH A IoldT 8, T U foig TR Teh ¥ 31fdch I=IENheuT vl bl foraR & ofdr
21 39 hRUT g IHRT Generalized Travelling Salesman Problem (GTSP) &9 STt 21 89 Noon-
Bean transformation & ITANT e GTSP &t Asymmetric TSP (ATSP) H gRafda o=a g sk 34
qifgcd | Uty deh-chl gRT 8l ohd ¢ | 31 fafdat ot dearate et T gR1 gnfua fovar man g1

qifgcd #, DTSP ol g1 o & folg Uk 3R gfeenior ag ¢ foh frelt Ry mu feigei hagg A @ &
fAfgya feigatl i srgeha aa A ot ST 3fR fOhe Uden tR I~ IehR0T hIvT 39 UehR AT ST foh et AT
Y IeITS ATH 81 39 FH™T &t k-Point Dubins Problem (KPDP) &gl SITdT 81 39 MY # kPDP
! 8T 3 8g Elimination Algorithm (EA) U¥dd foram mar g, St Mue=R sffd or sratia g1 39
k = 3 o foIT Terees usietur gRT 9aartud fohar mar g1

3fda:, 39 MY F LTITSP R fourR fhar mar g, St DTSP ¥ 9Ra 81 LTITSP &t &1 & & foig,
W@%&WW&?%@GﬁEﬁ Q’Uﬁuﬁﬁaﬁfﬁ%@lﬁ Class of Optimal Tour (COT) hel TAT g,
ek forg T9T-38dH @R ohA [ehTer T & 8d1 81 39 COT foigsit et Iuali & A Combining Time
Optimal Tours (CTOT) AT YATRLA UEJd hid & | 38 Teh fANW LTT HUTTell — & Sctitex e
(Double Integrator System) — o forg veffa forar mar g1 mgﬁﬂaémﬁﬁ,ﬁﬁrtﬂqﬁ%@aﬁ
! FHTH HHTAT fAdR0T @ I AR, ST foigait ot dweam sid hl 3R g 8, dd ~LAdH ¢ 7Y <ht
Teh THT Ugd ot 718 &1 T8 fAfYr oft Trereres el g1 ymnfora i s 81
TA-d1- S hIHRM, SIS~ gichdt, il fgHTSTen, ST U, TuaR 989, k—dise sgfa
U, FATTHE GATlReA|
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