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Abstract

This thesis primarily focuses on the stability of biped robots under different circumstances.
In the last six decades of biped research, the goal has been to make them capable enough
to live with humans in the real world and be used in applications, namely, disaster man-
agement and extra-terrestrial locomotion, where the employment of human life is risky. To
achieve this goal, the stability of bipeds in different environmental conditions needs to be
investigated. While there have been many advancements in biped research, the limitations
of surrounding environmental conditions, e.g., the terrain geometry, stance scenario, and

magnitude of external disturbance, still exist on stable locomotion and stance stability.

At the beginning of this thesis, the dynamic modelling of a biped was performed in
the dual algebra framework. Apart from conventional equations of motion, this formula-
tion yielded analytical expressions for reaction forces along joint axes that had not been
explored before. The equations of motion were used to model stable underactuated loco-
motions on various geometrical surfaces. A methodology was proposed to achieve stable
locomotion on various surfaces,i.e., level ground, 2° and 4° inclined grounds, and a circular

surface with radius of curvature 8m by altering the controller gains.

Further, the stance stability of bipeds against external disturbances was analyzed. If
the external disturbance does not cause significant changes in the system’s states, stability
can be achieved by proper Centre of Mass (CoM) or Centre of Gravity (CG) placements
without using any controller. An exact theory was developed to study the static stability
of a planar biped in Euclidean space. The contact geometries were considered generic,

unlike the special cases of line and point contact geometries in the recent literature.

If the external disturbance causes significant changes in the system’s states such that
the CoM placement is not sufficient for stability, controller action is required. It is also
known as push recovery. In the present work, a novel control and optimization method-
ology has been developed and implemented on a 12-DoF biped for push recovery from
different stance scenarios, i.e., double leg stance on a level ground, double leg stance
on two level grounds offset by a height and single leg stance. Using newly introduced
terms, ‘Effective Disturbance Ratio’ (EDR), and ‘Effective Disturbance to Support Ratio’
(EDSR), it was shown that our proposed methodology performed better than the existing
methodologies for push recovery across different contact conditions. A real prototype was

developed to test the simulation results.



In conclusion, starting with dynamic modelling, the thesis analyses the stability of
bipeds in various scenarios and external conditions. While the underactuated locomotions
show the possibility of energy-efficient gait on various terrains, stance stability studies an-
alyze the stability of bipeds against external disturbances with or without using controller
actions depending on the magnitude of the disturbance. The expressions of reaction forces
along joint axes in dynamic modelling and the feasible CoM locations for stance stability

can also be utilized to design a biped suitable for stable locomotions.

Keywords: Biped, Dynamics, Stability, Locomotion, Stance, Contact, Push Recovery.
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Here are some notations that are used in this thesis. A few guidelines that are used to

categorise the notations are given below.
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Notations

e Matrix symbols are upper-case letters in bold font.
e Vector symbols are lower-case letters in bold font.
o Points are upper-case letters in italic font.

e Scalar quantities and lines are lower-case letters in italic font.

Accents

Dual vector

First time-derivative

Second time-derivative

Unit vector

Skew symmetric matrix form of a vector
Magnitude of a vector

Transpose

AAAAA/_\/_\
> H
—

~N—

Axes and Coordinates

T, Y,z Three mutually perpendicular axes in globally fixed frame

Three mutually perpendicular axes in body-fixed frame attached
Ti, Y;, %4 . .
to ¢-th contact point

;) Coordinates of a point in zy frame (z coordinate = 0),

T35 Y;) Coordinates of a point in z;y,; frame (z; coordinate = 0),

(
(
(Th; yn; 2n) Coordinates of hip joint in zyz frame
(

Za; Ya;i Za) Coordinates of ankle joint in xyz frame

Greek Symbols

gy Oy, O Angular acceleration along «, y and z-axis, respectively, rad/ s
Bi Angle formed by i-th link with y-axis, rad (or deg)

Bi Rate of change of §;, rad (or deg)/s

Bi_ Rate of change of 8; before impact, rad (or deg)/s

ﬁ;r Rate of change of §; after impact, rad (or deg)/s

8Its own frame refers to the body-fixed frame whose x;-axis is along the link length, z;-axis is along the
joint axis attached to it
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Notations

I'(z) Parent link of i-th link

y Joint torque vector due to gravity

¥ JARF due to gravity

Ys Torque at i-th joint due to gravity, N-m

€ Dual coefficient, m™!

p Radius of curvature, m

pA IRC of point A, m

A Geometric kinematic nature of impressed motion, m

Den(\) Denominator of py4, unit less

Aas Nb Roots of Den(\), m

A(Den) Discriminant of Den()), m~2

A(t) Discriminant function to determine contact condition at time ¢, s

n Viscous joint damping coefficient, N-m-s/rad

Km, K f Curvature of m-curve and f-curve, m~!

L Moment impulse at i-th joint of biped, N-m-s

o Static coefficient of friction between robot and ground, unit less
Static coefficient of friction at i-th contact point (for multiple contacts)

Hi between robot and ground, unit less

v Ratio of normal contact force at j-th foot to weight of robot, unit less

< Small tolerance angular value, rad

w Angular velocity vector of a rigid body

w; Angular velocity vector of i-th link

wg Angular velocity vector of i-th link of j-th module

Wry Wy, Wy Angular velocity along x,y, and z-axis, respectively, rad/s

Q Dual matrix to calculate MCI and RMCI
Coefficients forming characteristic equation of swing leg’s GIM, rad (or

¢ deg) and s™*

T Input joint torque vector for whole system

TJ Input joint torque vector for j-th module

Ty Contribution by parent module on input joint torques of j-th module

Tete Input joint torque vector calculated by computed torque control

Ti Input torque at ¢-th joint , N-m

0 Joint angle vector

6 Joint velocity vector

B.T,él Joint velocity vector for right and left leg, respectively
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Notations

0; Angular displacement of i-th joint, rad

0; Angular velocity of i-th joint, rad/s

O; Angle between xyz and z;y,2; coordinate system, deg
Oir Initial angle between vertical line and rope, deg

® Coriolis joint torque vector

i Angle between line segment C;I’ and y-axis, deg

Latin Symbols

a;; Vector between CoM of i-th link and j-th link
il Vector between CoM of i-th link of j-th module and CoM of k-th link
it of I-th module
Linear accelerations of torso at hip joint origins connected to right and
Alnt, ACLE left leg, respectively
ac; Linear acceleration at CoM of torso, m/s?
(acgsacy) Linear acceleration components of point with coordinates (x;%), m/s?

(acyisacy;)

Linear acceleration components of point with coordinates(z;;;), m/s?

A
(acpeisacyc)

Linear acceleration components of i-th point of contact C; represented

in x;y, coordinate frame, m/s>

A Arbitrary point in equilibrium region

A Arbitrary point in zone Z; on equilibrium line

Al Dual twist propagation matrix between ¢-th link of j-th module and k-th

ik link of I-th module

Ag & Dual twist propagation matrix between i-th and k-th link of j-th module.

ATl Dual twist propagation matrix between j-th and I-th module

Adj Adjoint transformation matrix

b Single-column vector with real numbers as its elements

B.. B, Points of intersection between inflection circle and z;, y; axis respec-
tively

Csij Element of swing leg MCT’s i-th row and j-th column, N-m-s/rad

Cij Element of MCI’s i-th row and j-th column, N-m-s/rad

CZZ Element of MCI (of j-th module)’s i-th row and z-th column, N-m-s/rad

E'gz Element of RMCI (of j-th module)’s i-th row and z-th column, N-s/rad

c; Vector from CoM of biped to CoM of i-th link
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Notations

cv/ VCI of j-th module

o/ RVCI of j-th module

(o MCI of j-th module

c’ RMCI of j-th module

C Point of contact (single contact)

C; Point of i-th contact (multiple contacts)

Cm, Cy Centre of curvature of m-curve and f-curve respectively

Cim, Ciy Centre of curvature of i-th m~curve and f-curve respectively

Ca Coefficient of ¢ in A(t)

CcG CG point

d; Signed distance from i-th joint to CoM of i-th link, m

D, Dual operator, m

D Coefficient of 2 in A(t)

dg Vector from origin of i-th link of j-th module to CoM of the same link

a Vector from origin of i-th link of left leg to the CoM of j-th link of same

' leg

4 Vector from origin of i-th link of right leg to CoM of j-th link of same
o leg

D Extraction operator matrix

Du(z) Dual part of dual vector z

eg Axis of rotation for i-th link of j-th module

€ri, €l Axis of rotation of i-th joint of right and left leg respectively

E Dual coefficient matrix

e Equilibrium line

f, Externally applied force

£ Force on base of biped due to motions and applied forces on other links

f. Resultant contact force

f.; Resultant contact force at ¢-th point of contact

foi aj Ground contact force on i-th contact point of j-th link

f; Friction force

fr; Friction force at i-th point of contact

f, Body force due to gravity

E{ Applied force at CoM of the i-th link of j-th module

f, Normal contact force

£ Normal contact force at i-th point of contact
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Notations

fr Resultant of f, and £,

f, JARF vector of j-th module

E Contribution by parent module on JARF of j-th module

fa Line of action of £,

fe Line of action of f,

fei Line of action of f,;

fr Line of action of f;

fri Line of action of f;

fq Line of action of f

fn Line of action of £,

i Line of action of f,;

fr Line of action of fg

?a Unit vector along line f,

/fc Unit vector along line f,

?ci Unit vector along line f;

/ff Unit vector along line f;

/fﬁ Unit vector along line fy;

f; Unit vector along line fg

fn Unit vector along line f,

?ni Unit vector along line fr;

fri JARF vector’s i-th element, N

Ej JARF vector (of j-th module)’s i-th element, N

iy magnitude of normal contact force at i-th point of contact, N
g Acceleration vector due to gravity, m/s?

g Magnitude of acceleration due to gravity, 9.81 m/s?

Q Dual matrix, used to calculate GIM and RIM

h Linear momentum

h Dual momentum

hij Element of GIM’s i-th row and j-th column, kg-m?

hsij Element of swing leg GIM’s i-th row and j-th column, kg-m?
hgz Element of GIM (of j-th module)’s i-th row and z-th column, kg-m?
E{Z Element of RIM (of j-th module)’s i-th row and z-th column, kg-m
H GIM of whole body

H/ GIM of j-th module

" RIM of j-th module
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Notations

H Hip joint location

Hil Link number 4 of j-th module

1 Component of difference in i-th joint velocity after ground impact

i Applied impulse on biped by ball

I Mass moment of inertia tensor of a rigid body about an axis passing
through its CoM

L Mass moment of inertia of i-th link about an axis passing through its
CoM

v Mass moment of inertia tensor of ¢-th link of j-th module about an axis

! passing through the its CoM

Velocity pole point

1; ICC of A4;
Mass moment of inertia calculated in , y, and zaxis, respectively, kg-

Lo Iy, L |,

Lov s Lyyps e . 2

L.y Mass moment of inertia calculated in body-fixed frame, kg-m

Ja Jacobian matrix corresponding to applied external push force

Je Jacobian matrix corresponding to contact force

Jn Linear momentum jacobian matrix of whole body

Jrn, Jin Linear momentum Jacobian matrix of right leg and left leg respectively

Jrnis Jini J-n and Jy,’s i-th column, respectively

J; Point of intersection of inflection circle with f;

Jg Point of intersection of inflection circle with f,

L Proportional gain for PD control and CTC, N-m/rad (PD) and /s?

b (CTC)

kq Derivative gain for PD control and CTC, N-m-s/rad (PD) and /s (CTC)

K, K, Diagonal matrix with diagonal elements as k, and kg, respectively, for
PD control and CTC

K Knee joint location

1 Angular momentum vector

l; Length of i-th link, m

In DoF of left leg

m Mass, kg

mp Mass of ball, kg

m; Mass of i-th link, kg
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Notations

J
m;

Mass of i-th link of j-th module, kg

MMy T, Mot

Total mass of right leg, left leg, and whole biped, respectively, kg

Mo, MG Mass of i-th link of right and left leg, respectively, kg
M Dual inertia matrix
Mz Dual inertia matrix of i-th link of j-th module
M/ Dual inertia matrix of j-th module
w’ DCBI of j-th module
#M; Module number j
M(¢) Motion at time ¢
Moment applied on base due to motions and applied forces and moments
Hal on other links
ng Moment applied on CoM of ¢-th link of j-th module
ne Number of contact points between foot and ground
nj Number of joints
nl Number of links
N Dual DeNOC matrix of whole body
Ny Dual block diagonal DeNOC matrix of whole body
N; Dual lower triangular DeNOC matrix of whole body
N/ Dual DeNOC matrix of j-th module
Hé Dual block diagonal matrix of j-th module
H{ Dual lower block-triangular matrix of j-th module
o Orthogonal vector from C7 upon line f,
0, Orthogonal vector from C; upon line f,
0 Zero matrix of compatible size
0; Orthogonal vectors from C upon line f,;
O Origin of moving coordinate system
of Objective function of the proposed optimization
B{ Dual axis representation for i-th link of j-th module
Dai» Py x and y-coordinates of position vectors of ¢-th contact point
P,,P, Projections of B, and By on y-axis respectively
qi; Position vector of C; with respect to C;
s Skew-symmetric matrix form of q;;
q° Dual twist vector of torso
Q;; Rotation matrix between coordinate frames z;y,z; and z;y,2;
Taj Vector from CoM of biped to j-th ankle joint
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Notations

Vector from j-th ankle joint origin to i-th contact point of foot of same
Tei,af leg
n DoF of right leg
R Duality inducing matrix
Rs1, Rso Symmetric matrices of size 3 x 3
Rss Skew symmetric matrix of size 3 x 3
R Representation of R as a 6 x 6 matrix
Re(z) Real part of dual vector z
s Signed distance of CG from velocity pole point, m
S0 Signed distance from Cj to line f,, m
S1, S92 Signed distances from C7 and Cs to velocity pole O respectively, m
Se Swing leg clearance during walking, m
S Step-length of walking, m
Stim Limiting value of s, m
Sy Length of rope, m
Sz Distance between two contact points along z-axis, m
Sy Distance between two contact points along y-axis, m
sym Symmetric block elements of matrix
t; Twist vector at @;y;2; coordinate system
t Dual twist vector for whole body
t/ Dual twist vector for j-th module
g{ Dual twist vector for i-th link of j-th module
t Time, s
T Time period of walking, s
o Unit vectors along two mutually perpendicular directions on ground and
tet ez, thn along normal directions to ground, respectively
v Linear velocity vector
Vo Linear velocity of ball while hitting biped
Vem Linear velocity of CoM of whole biped
v; CoM Velocity of i-th link
vg Linear velocity of CoM of i-th link of j-th module
Vit Vit Linear velocity of hip joint origins of right and left leg, respectively
vy Linear velocity of CoM of torso
Ug Desired joint velocity vector for push recovery
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Notations

v Matrix whose columns are made up of those eigenvectors of matrix J ;{J h
that correspond to zero eigenvalues

(vg;vy) Linear velocity components of point with coordinates (z;y), m/s

(Veisvys) Linear velocity components of point with coordinates (z;;y;), m/s
Linear velocity components of C; represented in z;y; coordinate frame,

(VaeisVyei)
m/s

w Weight of biped, N

w Dual force vector on whole body

w/ Dual force vector on j-th module

Eg Dual force vector on CoM of i-th link of j-th module

w¢ Dual constraint force vector

wh Dual external force vector due to input force/torque

w& Dual external force vector due to gravity

w©, v~v_; Component of input joint torque and JARF

w Component of MCI and RMCI of whole biped

w/ Component of MCI and RMCI of j-th module

ﬂf Component of MCI and RMCT of i-th link of j-th module

Z,%;,Zy Dual vectors

Zdy Zdl, B2 Dual part of z,z; and z, respectively

Zyy Zply Zpo Real parts of z,z; and z, respectively

Z; Zone ¢ on equilibrium line

ZMP,, ) )

ZAIP, x and y-coordinates of ZMP, m

0 Zero vector of compatible size

1 Identity matrix of compatible size
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