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Abstract

Differential equations on metric graphs, introduced by Lumer in the 1980s in the framework
of ramification spaces, have various applications in mathematical physics and engineering.
Indeed, there are certain phenomena, such as the controlled vibrations of networks of strings
(hyperbolic wave equations), water wave propagation in open channel networks (Burgers-
type equations), etc., that can be modeled by partial differential equations (PDEs) on metric
graphs. On the other hand, fractional calculus has attracted broad interest in recent years,
as it can effectively describe phenomena based on power laws. Notably, the fractional dif-
fusion equations are of great relevance in explaining the phenomena of anomalous diffusion,
which, in particular, has been observed in various biological systems. Moreover, fractional
partial differential equations (FPDEs) on metric graphs can also be used to model important
problems such as anomalous heat transport in mesoscopic networks and subdiffusion pro-
cesses in nanoscale network structures and molecular wires. Various phenomena involving
the parabolic differential model, such as heat transfer, diffusion process, etc., are accom-
panied by residual (nonlocal) processes. In other words, the current state of the process
depends on the other (past or future) states, which can be explained by loaded differen-
tial equations. Hence, loaded PDEs have significant practical importance, as they model
real-world processes governed by nonlocal effects of the state at other times and locations.
Therefore, loaded FPDEs on metric graphs may be imperative for representing anomalous
diffusion processes in a network of water reservoirs contaminated by pollutants at a finite

number of fixed-time instances or fixed pollution source locations.

In this thesis, the modeling, analysis, and numerical schemes of time-fractional loaded parabolic
equations on metric star graphs are performed. The work predominantly considers Caputo-
type loaded time-fractional diffusion equations (TFDEs) on a metric star graph (a tree-like
graph) throughout the thesis. Indeed, a star graph can be seen as a building block for

more general metric graphs as any metric graph can be decomposed into a collection of star
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graphs. Hence, the loaded time-fractional parabolic problems (TFPEs) are considered on
intervals as well as metric star graphs. The existence and uniqueness of these problems are
also established. Standard finite difference (SFD) schemes often suffer from limited stability
regions, especially when applied in an explicit setup to PDEs. Hence, in the last two chap-
ters, nonstandard finite difference (NSFD) approximations are implemented to demonstrate

their efficacy in enhancing the stability regions associated with standard schemes.

The study begins with a Fourier error analysis of discrete approximations for the Caputo frac-
tional derivative based on Lagrange interpolation of various orders. The modified wavenum-
bers for these approximations over a uniform mesh are derived. Using the modified wavenum-
bers, the resolution characteristics of the approximations are quantified through the Fourier
analysis of differencing errors. Graphical illustrations comparing the original wavenumbers
against the modified wavenumbers are presented for each approximation method. A test frac-
tional initial value problem (IVP) is then considered to validate the accuracy and efficiency
of different approximation schemes for the Caputo fractional derivative. A numerical algo-
rithm based on Lagrange polynomial interpolation is employed to approximate the Caputo
time derivative on a non-uniform mesh. The truncation error rate and the optimal grading
constant of the approximation on a graded mesh are obtained using the grading ¢, = T'(%)",
where r > 1 is the mesh grading parameter. Using this approximation, a finite difference
scheme for the Caputo-type TFDE is developed on the graded temporal mesh with uniform
spatial discretization. The unique solvability of the scheme is established for general r via
the matrix method. The unconditional stability of the scheme is derived on a uniform mesh
through the discrete energy method. The convergence of the scheme for r = 1 is analyzed
for non-smooth solutions, and the result is extended for smooth solutions. Finally, the accu-
racy of the scheme is verified through a study of the numerical error in several illustrative

examples.

For Caputo time-fractional parabolic problems on metric graphs, the analysis begins with
the time-fractional advection—diffusion equation (TFADE) posed on a metric star graph. A
finite difference scheme is formulated to solve the TFADE on this graph, incorporating the
corresponding initial, boundary, and transmission conditions at the internal node. The well-
known L1 method is employed for the discrete approximation of the Caputo derivative in
this and all subsequent problems considered in this thesis. The unconditional stability of the
resulting scheme for Az; < 2 is established using the discrete energy method. Additionally,
the unique solvability of the scheme and its associated error convergence rate are investi-
gated. Numerical experiments are then presented to validate the accuracy and convergence

properties of the proposed difference scheme.
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Furthermore, the temporally-loaded TFDEs with initial and Dirichlet-type boundary con-
ditions are numerically investigated. A general solution form is first established through
the method of eigenfunction expansions, and the well-posedness of the problem is demon-
strated by proving the existence and uniqueness of the solution along with certain a priori
estimates. A finite difference scheme for the temporally-loaded TFDE is derived, resulting
in a temporally-loaded implicit difference scheme. To efficiently handle the loaded term, the
superposition property of systems of linear algebraic equations (SLAEs) is utilized, resulting
in an appropriate parametric representation of the solution. The difference scheme is shown
to be uniquely solvable, stable, and convergent as established via the discrete energy method.
Numerical examples on representative test problems confirm the accuracy and efficiency of

the derived scheme.

This framework is further extended to the study of non-loaded and temporally-loaded dif-
fusion equations on a metric star graph, motivated by applications to complex network-like
physical systems. The existence and uniqueness of the solution for the loaded diffusion equa-
tion on the metric graph are established using eigenfunction expansions, accompanied by
appropriate a priori estimates. Finite difference schemes for both problems are constructed
with transmission conditions at the junction, giving rise to additional difference schemes at
the central node. The presence of the loaded term introduces parametric dependencies, which
are efficiently addressed using the superposition property of SLAEs to obtain explicit solu-
tion representations. The resulting difference schemes for non-loaded and temporally-loaded
diffusion problems on star graph are proven to be stable and convergent, unconditionally
and under sufficient conditions, respectively. Numerical results are obtained on several test

problems to validate the robustness and applicability of numerical schemes.

To represent occurrences with multiple pointwise spatial effects on the overall state, the
spatially-loaded Caputo-type TFDE with Dirichlet boundary conditions of non-homogeneous
type on an interval and homogeneous type on a metric star graph are studied. The well-
posedness of the system on an interval is established using the Galerkin approximation
method, and some a priori estimates of the state variable are derived. The numerical scheme
for the problems is achieved through finite difference approximations. This process yields
spatially-loaded implicit difference schemes, which reduce to parametric SLAEs. Therefore,
the superposition property of SLAEs is employed to obtain a parametric representation of
solutions using auxiliary linear systems of special parametric structures. In subsequent anal-
ysis, the unique solvability and the unconditional stability with convergence of the difference
scheme, via the discrete energy method for non-positive load coefficients, are examined. Ul-

timately, several test examples are considered to validate the accuracy and efficiency of the
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scheme.

To overcome the limited stability of explicit SFD schemes for one-dimensional (1D) and
two-dimensional (2D) Caputo-type TFDEs, the NSFD schemes are constructed. At first, a
nonstandard L1 (NSL1) approximation is constructed for the Caputo fractional derivative,
and its local truncation error is derived. This NSL1 method is used to construct the NSFD
scheme for a Caputo-type time-fractional IVP. The absolute stability of the resulting scheme
is rigorously examined using the boundary locus method, and its performance is validated
through test examples for various choices of denominator functions (DFs). Based on this
framework, two explicit NSFD schemes are developed for 1D and 2D cases of the Caputo-
type TFDEs. Their stability is further assessed using the discrete energy method, with a
particular focus on the expansion of the stability region compared to SFD schemes. The
convergence of the NSFD schemes is also established. Finally, a set of numerical examples
is presented to demonstrate the accuracy and stability advantages of NSFD methods, with

results illustrated through tables and graphical representations.

At the end, the Caputo-type time-fractional Hallaire (modified diffusion) equation (TFHE)
with and without spatial loads is numerically investigated. NSFD schemes are developed for
approximating the stated problems using NSL1 and central difference methods on uniform
grids. The approximation of the spatially-loaded problem leads to a loaded difference scheme,
for which an appropriate solution is appointed using the superposition property of SLAE to
deal with linear loaded terms in the difference scheme. Thereafter, the difference schemes
are also checked for the uniqueness of their solutions. The stability of the difference schemes
and their convergence rate are proved via the discrete energy method. The accuracy and
efficiency of the schemes are validated by test problems and showcased using tabular and

graphical illustrations.
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