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Abstract

Differential equations on metric graphs, introduced by Lumer in the 1980s in the
framework of ramification spaces, have various applications in mathematical physics
and engineering. Indeed, there are certain phenomena such as controlled vibrations
of networks of strings (hyperbolic wave equations), water wave propagation in open
channel networks (Burgers type equation) etc., that can be modeled by partial differential
equations (PDEs) on metric graphs. On the other hand, fractional calculus in recent years
has attracted broad interest since it can effectively describe phenomena based on power
law. Notably, the corresponding fractional diffusion equations are of great relevance in
explaining the phenomena of anomalous diffusion, which, in particular, has been observed
in various biological systems. Moreover, fractional differential equations (FDEs) on metric
graphs can also be used to model important problems such as anomalous heat transport
in mesoscopic networks and subdiffusion processes in nanoscale network structures and

molecular wires.

In this thesis, we are concerned with the analysis and discretization for fractional
differential equations and corresponding optimal control problems on metric graphs. We
have predominantly considered the fractional optimal control problems (FOCPs) on the
metric star graph (a tree-like graph) throughout the thesis. Indeed, star graph can be seen
as a building block for more general metric graphs. Moreover, it also allows simplicity in
describing the characteristics of different approaches on the metric graphs. However, as

evident from various real-world applications, significant networks (or graphs) also include
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cyclic sub-graphs. Therefore, for completeness, we have also considered and analyzed the

problems on metric graphs containing cycles.

We started with the study of existence, uniqueness and stability results for nonlinear
fractional boundary value problems (FBVPs) on two different metric graphs, namely, star
graph and tadpole graph. Using the Banach contraction principle, we proved the existence
and uniqueness results for the considered problems by assuming the Lipschitz continuity of
the nonlinear functions. By means of Schaefer’s and Krasnoselskii’s fixed point theorems,
we have also established the existence of at least one solution for the nonlinear FBVP on
a star graph and a tadpole graph, respectively, with weaker assumptions on the nonlinear
functions. Moreover, different kinds of Ulam-type stability results have been derived
for the FBVP on a tadpole graph. The applicability of the obtained results has been

demonstrated via various examples.

In the case of fractional optimal control problems on metric graphs, we initially
considered the optimal control problems governed by nonlinear FBVPs on the metric
star graph. We derived the adjoint system and the necessary optimality conditions for
the considered FOCP. The existence and uniqueness results for the resulting adjoint
system have been proved in the weighted space using the Banach contraction principle.
Moreover, a difference scheme has been proposed to find the approximate solution of the
considered optimal control problem. The feasibility of the proposed difference scheme

has been demonstrated via examples.

Before embarking on the analysis and discretization of the optimal control problems
driven by fractional PDEs, particularly time-fractional parabolic equations, we first descri-
bed the time-fractional diffusion equations (TFDEs) and time-fractional Burgers equations
(TFBEs) on the metric star graph and exploited the well-known variational iteration
method (VIM) to obtain the analytic/approximate solution of the resulting problems.
However, the TFBEs have been particularly studied to show the effectiveness of the
method for the nonlinear fractional differential equations on metric star graphs. Precisely,
we derived the analytic solution for the linear FBVP and the time-fractional diffusion

equation on the metric star graph using the proposed VIM. For the nonlinear TFBE, we
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obtained the approximate solution using VIM and verified the efficiency of the method

by considering a particular example of TFBE on a metric star graph with three edges.

We described the optimal control problems governed by time-fractional diffusion
equations on the metric star graph while admitting both the distributed and boundary
control. We proved the well-posedness results for the governing equations (TFDEs)
on the metric star graph using the method of eigenfunction expansion. Moreover, we
proposed a finite difference scheme to find the approximate solution to such problems.
Using the discrete energy method, we proved the unconditional stability of the proposed
difference scheme and derived the convergence. For the corresponding optimal control
problem on the metric star graph, we derived the equivalent optimality system using the
Lagrange multiplier method and fractional integration by parts formula. We also proved
that the considered optimal control problem has a unique optimal solution. Moreover,
based on the difference scheme for the TFDEs, we derived the discrete version of the
resulting optimality system to find the approximate solution of the considered optimal
control problem. We demonstrate the applicability of the proposed scheme by considering
examples for the TFDEs and corresponding optimal control problems on a metric star

graph with three edges.

In order to show the applicability of the FOCPs on the broader class of metric
graphs, we described the optimal control problems driven by time-fractional parabolic
equations (TFPEs) with time-dependent coefficients on the general metric graphs. Using
the Galerkin method, we obtained the well-posedness results for the weak solution of the
governing equation (state equation). Moreover, we proved the existence and uniqueness
of the optimal solution for the corresponding optimal control problem and derived the
equivalent optimality system that characterizes the control. A difference scheme based
on the finite difference method has been proposed to find the approximate solution of
the time-fractional parabolic equations and corresponding optimal control problems on
the general metric graphs. We demonstrate the applicability of the proposed difference
scheme for the TFPE on a star graph and a graph consisting of a cycle (triangle) with edge

appendices to each multiple node. However, we verify the applicability of the discrete
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optimality system, particularly for a metric star graph.

Finally, we considered the distributed optimal control problems governed by space-
time fractional parabolic equations (STFPEs) involving time-fractional Caputo derivatives
and spatial fractional derivatives of the Sturm-Liouville type on a single edge (bounded
open interval) and metric star graph. First, we proved the well-posedness results for the
weak solution of the state equation on a single edge. Then, we proved that the quadratic
distributed optimal control problem associated to the STFPEs on single edge admits
a unique solution, and derived the associated optimality system that characterizes the
control variable. A similar investigation has been done for the STFPEs and corresponding
optimal control problem on the considered metric star graph. Moreover, we developed
a difference scheme to find the approximate solution of the STFPEs on the interval as
well as on a star graph. However, for the corresponding optimal control problems, we
develop the difference scheme, particularly for the approximate solution on the single
edge. Numerical illustrations are presented on the unit interval and metric star graph
with three edges to demonstrate the applicability and feasibility of the proposed difference

scheme.
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