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Abstract

Fractional calculus has found many applications in mathematical physics and engineering. In
recent years, the development of fractional calculus was rapidly increased. This is because the
realistic modeling of a physical phenomenon that has a dependence on both the time instance
and the previous time history can be successfully achieved with fractional calculus. On the other
hand, fractional differential equations and fractional partial differential equations provide more
accurate models of many engineering systems due to their non-local properties and describe
precisely the dynamic behavior of the systems in various sciences than ordinary differential

equations and partial differential equations, respectively.

This thesis is concerned with the numerical methods and analysis of the fractional optimal con-
trol problems. Throughout the thesis, we have predominantly used wavelet collocation methods
to solve fractional optimal control problems. There are various polynomial-generated wavelets
in the Literature, for example, Hermite wavelet, Legendre wavelet, Chebyshev wavelet, etc. We
started with Hermite wavelets, but later we realized that each polynomial-generated wavelet
gives the same order of the error in function approximation. So, we have adopted Legendre
wavelet or its more generalized form in the later chapters. Moreover, we have considered frac-
tional optimal control problems in one-dimensional and two-dimensional cases. First, we pro-
pose numerical methods for solving fractional optimal control problems in the one-dimensional

case, then we move to the two-dimensional case.

We started by reviewing some literature and known results on fractional calculus, which plays a
crucial role in the following chapters. First, we present an efficient numerical method for solving
fractional optimal control problems (FOCPs) using the Hermite scaling function operational
matrix of fractional order integration. The proposed technique is applied to transform the state

and control variables into non-linear programming (NLP) parameters at collocation points.
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vi ABSTRACT

The NLP solver is then used to solve FOCP. Furthermore, the Lo—error estimates in the
approximation of unknown variables by Hermite wavelet and the approximation of block pulse
operational matrix of fractional order integration are derived, and illustrative examples are
included to demonstrate the applicability of the proposed method. Moreover, we have also
compared the results with some existing methods as the Haar wavelet collocation method, the
hybrid of block-pulse and Taylor polynomials method, the Bernstein polynomials method, and
the Boubaker hybrid function method to show the superiority of the proposed method.

In the case of a fractional optimal control problem with fractional cost, we consider two prob-
lems: first is a general fractional optimal control problem (FOCP) involving a dynamical system
described by a nonlinear Caputo fractional differential equation, associated with a fractional
Bolza cost composed as the aggregate of a standard Mayer cost and a fractional Lagrange
cost given by a Riemann-Liouville fractional integral. The second one is its extension to the
variable order. Using the Lagrange multiplier within the calculus of variations and apply-
ing integration by part formula, the necessary optimality conditions are derived in terms of a
nonlinear two-point boundary value problem. An operational matrix of fractional order right
Riemann-Liouville integration is proposed. By utilizing it, the obtained two-point fractional-
order boundary value problem is reduced into the solution of an algebraic system. An Lo-error
estimate in the approximation of unknown variable by Legendre wavelet is derived, and illus-

trative examples are included to demonstrate the applicability of the proposed method.

We also consider a fractional optimal control problem with dynamic constraint as a fractional
Sturm-Liouville problem and develop a Miintz-Legendre wavelet method for solving this prob-
lem. We first derive the necessary optimality conditions as a two-point boundary value problem
using the calculus of variation and integration by part formula. The operational matrices for
Miintz-Legendre scaling functions have been obtained and by utilizing it, the two-point bound-
ary value problem has been converted into a system of algebraic equations. Then Ls-error
estimates in the approximation of operations matrices and in the approximation of unknown
variables by the Miintz-Legendre wavelet have been derived. Illustrative examples have been

taken to show the applicability of the proposed method.

Now, we move to fractional optimal control problems driven by fractional partial differen-
tial equations, called two-dimensional fractional optimal control problems (FOCPs-2D). We
first present the necessary optimality conditions and a new method for solving a class of two-

dimensional fractional optimal control problems based on shifted Legendre polynomials. We



vii

utilize the Lagrange multiplier method and integration by part formula within the calculus of
variations to derive the necessary optimality conditions as a two-point fractional-order bound-
ary value problem. Fractional operators of shifted Legendre polynomials are computed and
the necessary optimality conditions have been converted into a system of algebraic equations
by utilizing these fractional operators. Lo—error estimates in the approximation of a function
and its fractional derivative by shifted Legendre polynomial have been derived. Moreover, con-
vergence analysis of the proposed method has also been discussed. Illustrative examples are

included to demonstrate the effectiveness and applicability of the proposed method.

We have presented the necessary optimality conditions and a new method for solving a class
of two-dimension Sturm-Liouville fractional optimal control problems based on the generalized
fractional-order Legendre scaling function. The Lagrange multiplier method and integration
by part formula within the calculus of variations have been utilized to derive the necessary
optimality conditions as a two-point fractional-order boundary value problem. The operational
matrix for generalized fractional-order Legendre scaling functions has been derived, and the
necessary optimality conditions have been converted into the system of algebraic equations by
utilizing these operational matrices. Moreover, the Ls-error estimate in the approximation of a
function by generalized fractional-order Legendre scaling function has been derived. Illustrative
examples have been taken to demonstrate the performance and applicability of the proposed
method.

Finally, we have proposed a numerical method based on the generalized fractional-order Legen-
dre wavelet for solving fractional optimal control problems with constraints as two-dimensional
distributed order fractional differential equations. An exact formula for the Riemann-Liouville
integration of generalized fractional-order Legendre wavelet has been derived by using regular-
ized beta functions. This formula and the two-dimensional Gauss-Legendre integration formula
have been used to solve the two-dimensional distributed order fractional optimal control prob-
lem. Moreover, an Ls-error estimate in the approximation of an unknown function with the
generalized fractional-order Legendre wavelet has been derived, and the estimated order has
been verified for a test function. Furthermore, convergence analysis for the proposed method
has been presented. Two test problems have been considered to illustrate the efficiency of the

proposed method.
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SherereTel Shererer bt aforciy itfen 3R Sofforafier & S sreporaar et §1 vt & ast 4, Sheereet oo
&7 AT ol @ 9o ¢ VT 38T § Fife v Hifaw gear & gurdardy avsfeer s g6 & 3¢ 3k
oo T2 & sfaer gl R IR AT §, 30 WeeTlcne Ferel & T1Y TheTaTded ITed R o1 Fehell 1
Gl 3N, TS AR FAEROT R AR 3Tk e FHAAOT 30 IN-FAGAT 0T & HROT 55
SN YUTerdT o 3118e T AlSe el dd & | AR HA: VAT R FAOT IR 3RS IR
FHERTT 2B Jorett 3 e farrett 7 yonferat & arfoeiier saagr @ wéien auid #ta 81

7 A 31 sveaA ATor gaeansi & degrcnsd e AR feevor & g6t 81 ot Haa #, gaa
ALY &9 Y RN Garoret faferat s 3ot i &1 feetrestsh gved# oamor aaeansil o1 g e & fav
wifgca & faffieet ague-sifad RINAT &, 3eeI0r & v, gaise R, Moly RiAH, JT R,
3| QB3I GATSC daeled W g, Ak aTe; H g TGHTH E31T foh Jedeh SEUG-STield] daele Hherlel Hiewteheet
# 3 &1 AW HA A §| FHT, §HA cilolg T AT §| G & FEIRT A ddele A FHH TR
HATH &9 | $8h 3TelTal, §A Teh-3TAHT AR -3 ATl & Beeticatsh geea fFg=0r Feani @
AR TR & | T8 U, 67 GHYP- Uah-31TTel! A1 7 [HeadlcAs 35ed# a0 THEA & gl el &
forT Frearessh olieh T A, O g ¢ fa-3mamt Aol 1 3R Sed &

g eellcAe holdherd W $S Alfecd R A1 TRUTAT Y Foet ek e3nd &, St frfaiad srearat
# Hgcaqul AT (T3 § | T Tgol, 5 ol el o [T Ueh elel HEATcHh el el i 61
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fReoATcH S o TRIHIUT o GATSE Tohioldl WaRleT TRTTlT HICHE o IUNT Pleh [HewllcH SSCIH g0
FAEIT (TH3IHTD) | FETTA Fehailch ST PloenereT foigait ¥ frfel 3R faror =X st 3R-Ye sranfdiar
(TeTTerd) ATIEST H Seelel & folT o] foham STl &1 Y TeiTerdt Efea il 3U1eT Th3ET i gel aded o
forT foram JTaT §1 6 3eTaT, gfAc ddele ganrT rTTd W & Flewished AR sdlleh Ted & Aleddhcd H Tel2-
fe &1 ITAT § | eetTcareh s ThiehoT o TRTereT Hfgera ared fohw a1 €, 3R seefar fafer & yaisarer
FT TG el o T SCTERUICHS 3GIEXUT QMTAel [ohUT 9T §| SHP ITeldl, §Hel YEIad [afer T AT
ferat & forw Fo Aisfer alis S gR ddeic Hielhae fafd, selish-Ted 3R CoR ague fafty, serediel sgue
fafer ik ar3ae arsfirs weraret faft & arer oot & Jorem sy T 51

fReATcHS AT & AT fReeiTcH SSCad A0 FoHET & A A, g &1 T3 W faR & g1 9ger
T HACY AellcAs geead a0 qaean (vhsidrd) § orgd v IRd ager f@ieaicAs 3R
HHIEOT GaNT ATt var aTferefier Tl anfder §, S U fieetionrs @ 31 §1 dleal A1 T Alels #AT
e 3R veh Sa-Ter3fael fieateae Hffiee 3197 GarT &1 a1 3172 oHaiet AeTd & 3T & 9 7 95 S ¢ |
T SHeT URaceTeiTer F 7 faeaR §1 fafaerdrsf & aTore & i it quren 1 3o et 3R e g7
CART ThIehUT 1 olT3] e, Ueh IR 1-feig HAT 7o FAEAT & Feah H IMaeqeh Sseaar i [yl
Yo T ST & | JeT-fer3Tarel ThresoT o ieticaish shat &l Teh TRaTolel Hicad TEdTTdd | SHRT 39T
e, T &1-fg eetTcren-shat €T AT TAEAT A SISO FoTelY & FATETE 3 eT fear ST §1 eliig
A9 eIC GaRT 3TATCT TR & HiewTehes] H Teh Tel2-T(E IeTATeT FToel fohaT 71T &, AR et fafer ohr s it
YR et & o 3eTeRuTcHe 3eTedor enfiet fpu v €|

o ATferfier STYT o AT T [HeaATcreh 3Sed# (0T THETT i Teh [HoatlcHd TCH-Tol3 1del THETT o &9 &
oY 1T § 1 3R S8 GHEAT Al §el el oh [T ACT-oftoist Aol TAfe faen et el &1 547 Tgel 7191 G @R
Tl 3R TERIHRT BT ITUTAT BT ST ke &1-feig AT Hed THTAT & T H AR FoedAar [eafaat
I TS A & | FACA-clloisT Tohioidl B o folt aRarerst #fcera gred &Y foram o & 3R e 39t
X, &g Hrer AT Forean it Oy wioi i v ol 7 aRafda # fear mar €1 {5 wEres
Hfeera o Glesinest # X HEA-AISTST ddele GaRT 3171 T o Hfewtehee H Te2-FfE 3efATeT Fred foha arar
¢ | SEdifad geufa i gaeadr i@ o fow sgmeroeas 3erior fav v g
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319, & fAeeticAe 31T 3N THIROT GaRT FaTfold FealcAdh SSeas IToT GRS HT 3R 96 ¢ |
et &fa-3maTeT ffieeticAs svead 0T FAEAT (THINAI -281) Tl ST ¢ 6 Tod Tgel TR
fersly sguel & MU R &fa-3maml fealcas geea fAgaor Faeansit & v o & g A & fav
3HTGLT FECAAT 1 AT IR Teh 7S Fafer ]l Xt &1 5 okoT & ST 19T FF G@NT okt [0reh fafey
HR TRIRRT T ST FA § | &1-feig ReetTcateh-shet AT AT THAEAT o TG A HqeTF g [eufaat
T A & A fafayart| wureriaRd fooly aguel & BieedicAd Farel d 700 & 75 § 3R 5
fRieeTcAs TaTerh! T 3UANT Feh HLAh SSCAAT AT dhl ASITOIAT FHIRIN hl Teh JoOTlell H
aRafcle foham 7/ &1 Ter2-gfe fohe herret & Afeciehet & oA IR TR ellsig 9g0e gaRT 56
TeTTcHe egctel ST STl fohaT 1T § | 8k TelTal, TETiae Teifel & JTaTor fareeivor ov off = &y a1
g | TEaTiad geufa i gHraehierdr 3R THeTdT S YeRid el & fol 3eTeduncae 3areivr enfe fore arw
gl

EA GG ReaTcAeh-hH dllolg FehfoldT Herdlel & ATUR T &1-3HATH FeA-fer3fael ffieicaen svean
forroT FAE & ven o Bl gl e & A aeden sseandr @ fufa 3iv uen oS A geqa S g1 o
foig, eetrcaren-shet T Hed TAEAT o T H a2 FSeaAd [Tt oY Ired Hitet o fAT ofist qorh
fafer 31X fafarerarait &7 aTuTe o $ficT o7 FF GaRT ThIehI T T 3TANT 6T a1 | ATHTAp] [HewTcHen-
S Tilols Thioldl BRI o folT TRTTelT Hiced UTed fohaT araT &, 3R 8o gRareret Afeaq &1 3ugher e
HERIH SR [EATAAT T ST TOIT FHIHROT T JuTTelt & yRafcd X a1 a1 §1 38 3femar, T
Hiestehest & Ter2-3fe 3efATeT Frediehd [Reailceh-5h ellolg FhfolaT HeeleT CaRT Herelel STl foharr T |
TETTad Seufd & Tedie AR TSI d &1 Jaf2d el & oIt 3ETeXUcash 3ETedUT folt T ¢ |

3 &, gAe &fd-3MATHY ST o A fAeolicash Ssea =01 FAEA HI §el el & (oIT AP
fHe1-a eioig ddelc T 3MEMRT Ueh TEATcA [aTe TEaTdd ol & | [aaRd ot eticae 3R Tt
HTATAG herleTel- 31T ollolg daele & {Iet-for3farel wehientor & forT veh wéten g forafde dver thererar
YT ek STCT fohaT 12T | 396 G 31N G a3 317H-ofoist Tehrehd o G 3 39T & d-3mreT R
%A fedicAs gscad 0T TAEA F ga Aot & forv TR a1 §| 58 37elTar, T 3raTd el &
Hiostehest & Teh Tel2-T1¢ HefHTeT HTATIehcl HeellcAen-ha cllolg daelc HTod fohaT I 5, AR AT e
I Uehy GRIGTUT hefeleT oh ol HeTicl Rl 91T § | S8eh 3TefTal, SecTidd Feeid o forw Jfdesor faeeryor
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