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Abstract

Characterizing face-number-related invariants of a given class of simplicial complexes has been

a central topic in combinatorial topology. In this regard, one well-known invariant for a d-

d+2
2

fo and f; denote the number of vertices and edges in K. A normal d-pseudomanifold without

dimensional finite simplicial complex K is go, defined by go := f1 — (d + 1) fo + ( ), where
boundary (respectively with boundary) is a connected pure simplicial complex in which every
face of dimension (d — 1) is contained in exactly two (respectively at most two) facets and the
links of all the simplices of dimension < (d—2) are connected. In a normal d-pseudomanifold K,
the link of a vertex is a normal d —1-pseudomanifold. Vertices in K whose links are triangulated
spheres are called non-singular vertices, and the remaining are called singular vertices.

Let K be a normal 3-pseudomanifold such that go(K) < go(lk (v)) + 9 for some vertex v in
K. Suppose that either K has only one singularity or K has two singularities (at least) one
of which is an RP?-singularity. We prove that K is obtained from some boundary complexes
of 4-simplices by a sequence of operations of types connected sums, bistellar 1-moves, edge
contractions, edge expansions, vertex foldings, and edge foldings. In case K has one singularity,
| K| is a handlebody with its boundary coned off. Further, we prove that the above upper bound
is sharp for such normal 3-pseudomanifolds. These results are in Chapter 3.

In Chapter 4, we characterize a normal 3-pseudomanifold K with go(K) < 4. We know that
if a normal 3-pseudomanifold K with go(K) < 4 does not have any singular vertices, then it
is a triangulated 3-sphere. First, we prove that a normal 3-pseudomanifold K with go(K) < 4
has at most two singular vertices. Next, we prove that a normal 3-pseudomanifold K with
g2(K) < 4, which is not a triangulated 3-sphere, is obtained from some boundary complexes
of 4-simplices by a sequence of operations such as connected sums, edge expansions, and an
edge folding. Furthermore, we prove that the normal 3-pseudomanifold K is a triangulation of
the suspension of RP?. Additionally, using [73], we reframe the characterization of a normal

3-pseudomanifold K with no singular vertices for go(K) < 9.
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Next, in Chapter 5, we extend the results obtained in Chapter 4. We characterize normal
3-pseudomanifolds with g, = 5. First, we show that a normal 3-pseudomanifold K with ¢, =
5 has no more than two singular vertices. Then, we show that K is obtained from some
boundary complexes of 4-simplices by a sequence of possible operations of types connected
sums, bistellar 1-moves, edge contractions, edge expansions, and an edge folding. As a result,
K is a triangulation of either a sphere or a suspension of RP?.

The average edge order, denoted by po(K), of a normal 3-pseudomanifold is defined as

po(K) = 3;1 2((KK)), where fo(K) and f;(K) represent the number of faces and edges in K, respec-
tively. In our study, we establish that, for a normal 3-pseudomanifold K with singularities,
po(K) > %. Moreover, equality holds if and only if K is a one-vertex suspension of RP? with
seven vertices. Furthermore, we establish that when 22 < iy(K) < §, K can be derived from
some boundary complexes of 4-simplices by a sequence of possible operations, including con-
nected sums, bistellar 1-moves, edge contractions, edge expansions, a vertex folding, and an
edge folding. In the end, we discuss some normal 3-pseudomanifolds exhibiting higher average

edge orders. These results are given in Chapter 6.
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fret & 5 RioIRee Frcedd & SE-aea § @Eftd ol & e
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TSECEN 1-7cH, TS dlecaed, U vaayerm, ofiY wmifesarw, 3 oo wifesed oi&
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A 3- TSI ATARIoS K 7 3fehcs af [Hvger M g1d &1 7O, g1 fewra € o K o o
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