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Abstract

Matching is one of the oldest and widely studied areas of research in graph
theory. A set M C E of edges of a graph G = (V| E) is called a matching if no two
edges of M share a common vertex. Given a graph GG, the MAXIMUM MATCHING
problem is the problem of finding a matching of maximum cardinality in G. The
matching number of G is the maximum cardinality among all matchings in G and
is denoted by u(G). The edges in a matching M are called matched edges, and the
remaining edges are called unmatched or free edges. Given a matching M, a vertex
v € V is called M-saturated if v is incident on an edge of M, that is, v is an end
vertex of some edge of M. Given a graph G = (V, E) and a matching M, we use
the notation V(M) to denote the M-saturated vertices and G[V (M)] to denote the
subgraph induced by the M-saturated vertices of G. A matching that saturates all

the vertices of a graph is called a perfect matching.

In this thesis, we study the algorithmic aspects of some variations of matching,
namely (i) Induced Matching, (iz) Dominating Induced Matching, (#i¢) Minimum
Maximal Induced Matching, (iv) Acyclic Matching, (v) Minimum Maximal Acyclic
Matching, and (vi) Minimum Maximal Uniquely Restricted Matching.

Let M C FE of the graph G = (V,E). M is called an induced matching if,

G[V (M)], the subgraph induced by the M-saturated vertices of G is same as G[M],
where G[M] is the subgraph of G induced by M. The INDUCED MATCHING problem



vi Abstract

asks to find an induced matching of maximum cardinality in G. The decision version
of the INDUCED MATCHING problem is known to be NP-complete even for bipartite
graphs. In this thesis, we strengthen the hardness result of the INDUCED MATCHING
problem by proving it to be NP-complete for star-convex bipartite graphs, comb-
convex bipartite graphs, and perfect elimination bipartite graphs. On the other
hand, we study the weighted version of the INDUCED MATCHING problem in graph

classes, namely circular-convex bipartite graphs and triad-convex bipartite graphs.

An edge e is said to be dominated by a matching M if it either belongs to M
or is adjacent to an edge of M. M is called a dominating induced matching if every
edge of GG is dominated by the edges of M exactly once. The dominating induced
matching (DIM) problem asks to compute a dominating induced matching (d.i.m.)
in a graph G that admits a dominating induced matching. The decision version
of the DIM problem is known to be NP-complete even for bipartite graphs. In
this thesis, we study the DIM problem in various subclasses of bipartite graphs,
namely perfect elimination bipartite graphs, star-convex bipartite graphs, long-k-

star-convex bipartite graphs, and circular-convex bipartite graphs.

M is called a maximal induced matching if M is an induced matching and it is
not contained in any other induced matching of G. The Minimum Maximal Induced
Matching (MIN-MAX-IND MATCHING) problem asks to find a maximal induced
matching M of minimum cardinality in G. The decision version of the MIN-MAX-
IND MATCHING problem is known to be NP-complete even for bipartite graphs.
In this thesis, we strengthen the hardness result of the MIN-MAX-IND MATCHING
problem by proving it to be NP-complete for perfect elimination bipartite graphs,
star-convex bipartite graphs, and dually chordal graphs. We also establish the hard-
ness difference between the INDUCED MATCHING problem and the MIN-MAX-IND

MATCHING problem.

M is called an acyclic matching if, G|V (M)], the subgraph induced by the M-

saturated vertices of G is acyclic. The AcycLIC MATCHING problem asks to find an
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acyclic matching of maximum cardinality in G. The decision version of the ACcYCLIC
MATCHING problem is known to be NP-complete even for bipartite graphs. In this
thesis, we study the ACYCLIC MATCHING problem in various subclasses of chordal
graphs like split graphs, proper interval graphs, and block graphs. We also study the
ACYCLIC MATCHING problem in various subclasses of bipartite graphs like bipartite
permutation graphs and star-convex bipartite graphs. We also obtain some hardness

and approximation results of the ACYCLIC MATCHING problem.

M is called a maximal acyclic matching if M is an acyclic matching and it is
not properly contained in any other acyclic matching of G. The Minimum Maximal
Acyclic Matching (MIN-MAX-ACYy MATCHING) problem asks to find a maximal
acyclic matching M of minimum cardinality in G. The decision version of the
MIN-MAX-ACY MATCHING problem is known to be NP-complete even for bipartite
graphs. In this thesis, we study the MIN-MAX-ACcy MATCHING problem in graph
classes, namely bipartite graphs, perfect elimination bipartite graphs, and proper
interval graphs. We also establish the hardness difference between the AcycLic
MATCHING problem and the MIN-MAX-ACY MATCHING problem. We also ob-
tain some hardness and approximation results of the MIN-MAX-ACY MATCHING

problem.

M is called a uniquely restricted matching if, G[V (M)], the subgraph induced by
the M-saturated vertices of G contains exactly one perfect matching. M is called a
maximal uniquely restricted matching if M is a uniquely restricted matching and it
is not properly contained in any other uniquely restricted matching of G. The Mini-
mum Maximal Uniquely Restricted Matching (MIN-MAX-UR MATCHING) problem
asks to find a maximal uniquely restricted matching M of minimum cardinality in
G. The decision version of the MIN-MAX-UR MATCHING problem is known to be
NP-complete even for bipartite graphs. In this thesis, we study the MIN-MAX-UR

MATCHING problem in various subclasses of bipartite graphs and chordal graphs.
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We propose some linear-time algorithms in graph classes, namely bipartite permu-
tation graphs, proper interval graphs, and threshold graphs. We also obtain some
hardness and approximation results of the MIN-MAX-UR MATCHING problem.
Most of the computational graph-theoretic problems are NP-hard for general
graphs, and the graphs used in models possess some special structures. Therefore,
the study of NP-hard graph problems restricted to special graph classes has gen-
erated a lot of interest. In this thesis, we strengthen the existing literature of the
above-mentioned variations of matching by studying the complexity status of the
problems associated with them in various important classes of graphs. We propose
some polynomial-time algorithms to solve these problems for certain graph classes.
We strengthen the hardness result of the problems mentioned. We also propose
some approximation algorithms and establish some approximation hardness results

for the problems mentioned above.
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