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Abstract

The primary objective of this thesis is to explore non-standard finite element methods in the
context of both elliptic and parabolic variational inequalities. In the domain of elliptic varia-
tional inequalities, our focus centers on two specific contact problems: the obstacle problem and
the Signorini problem, serving as prototypes for the elliptic variational inequality of the first
kind. Transitioning to parabolic variational inequalities, we conduct a detailed convergence
analysis of the finite element method for the fourth-order time dependent obstacle problem.
The regularity of the solution plays a pivotal role in determining the qualitative behaviour of
the approximation. However, the solution of the linear elliptic problem exhibits singularities
owing to changes in boundary conditions, irregular coefficients, and reentrant corners in the
domain. This incomplete elliptic regularity of the solution renders uniform refinement ineffec-
tive, failing to achieve an optimal convergence rate. Adaptive refinement emerges as a solution
to this challenge. This approach relies on a posteriori error estimators to enhance efficiency by
locally refining the mesh in areas where irregular behaviour in the solution is observed. In this
thesis, a theoretical framework is developed to derive these a posteriori error estimates and
obtain convergence rates for some variational inequalities. The presented theoretical results of-
fer crucial insights for assessing the reliability of computed solutions. Numerical investigations

provide empirical support for the theoretical findings presented in this thesis.

This thesis comprises of six chapters, encompassing an introductory chapter and a concluding
chapter. The first chapter establishes the groundwork for subsequent sections by conducting
a thorough review of relevant literature, consolidating established results, and introducing
essential preliminaries. Chapter 2 focuses on deriving pointwise a posteriori error estimates
for non-conforming finite element method in the context of the second-order elliptic obstacle
problem. The analysis heavily relies on standard a prior: estimates for the regularized Green’s

function and sub and super solutions corresponding to the continuous solution u. Chapter 3

\%



vi ABSTRACT

conducts a posterior: analysis of a non-conforming method for the Signorini problem in the
supremum norm, which arises in the study of frictionless contact problems. A mapping from
the non-conforming finite element space to the conforming finite element space is constructed
and extensively used in the analysis. Chapter 4 is dedicated to a detailed development of
a posteriori error analysis of hybrid higher order method for the obstacle problem in the energy
norm. Here, the discrete solution u, is considered as a constant polynomial inside each cell
and a linear polynomial on each face. The cornerstone of the method is a local (element-wise)
discrete gradient reconstruction operator, and a linear averaging function is employed to transfer
the gradient reconstruction operator to its conforming approximation. Moving to Chapter
5, the focus shifts to the numerical solution of a parabolic variational inequality. Spatially
semi-discrete and fully-discrete schemes for the fourth-order time dependent obstacle problem
are studied using the backward Euler’s method in time and the discontinuous Galerkin finite
element method in space. To validate the theoretical results, numerical results are presented
at the end of each chapter from Chapter 2 to Chapter 5. Finally, in the last chapter, a
comprehensive overview of the completed work is presented, alongside suggestions for potential

extensions and areas for future investigation.
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