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Abstract

Over the past few decades, problem of option pricing has been a major development
in mathematical finance. Mathematical modelling of option pricing problems mainly
leads to partial differential equations (PDEs), partial integro-differential equations (PI-
DEs), and linear complementarity problems (LCPs). Because of their complex nature,
it is not always possible to obtain the analytical solutions of these PDEs, PIDEs, and
LCPs. Therefore, accurate and efficient numerical methods are required to solve them

numerically.

Finite difference schemes are one of the oldest and well established techniques for
numerical solution of PDEs. One can develop high-order accurate finite difference schemes
by increasing computational stencil, but it complicates the implementation of boundary
conditions. Furthermore, application of high-order finite difference schemes sometimes
suffer from restrictive stability conditions and spurious oscillations may also be present
in the numerical solutions. Therefore, finite difference schemes have been developed
using compact stencils (commonly known as compact schemes) at the expense of some

complication in their evaluation.

In order to have a better understanding of compact approximations, we developed
MATLAB routines to compute derivative approximations of arbitrary functions. High-
order compact approximations for first, second, third, and fourth derivatives are obtained
for functions with periodic, Dirichlet, and Neumann boundary conditions. Moreover,

compact approximation for partial derivative approximations of functions in two variables
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are also discussed.

In this thesis, compact schemes are proposed for solving PDEs, PIDEs and LCPs aris-
ing in option pricing. Novelty of proposed compact schemes is that they do not require
original equations as an auxiliary equations unlike other compact schemes. In proposed
compact schemes, second derivative is expressed in terms of unknowns itself and their first
derivative approximations, thereby allowing us to obtain a tridiagonal system of linear
equations for fully discrete problems. Fourier analysis of differencing error for proposed
compact approximation of second derivative is presented. It is observed that proposed
compact approximation for second derivative has better resolution characteristics as com-
pared to other difference approximations. We started with numerical approximation to
the solution of one-dimensional linear convection-diffusion equation. Consistency and
stability of fully discrete problem are proved and it is shown that proposed compact

scheme is fourth order accurate.

Nevertheless, compact approximations are not customary tools for option pricing prob-
lems because initial conditions for these problems are always non-smooth. As a result,
it will affect the convergence rate of proposed compact schemes. Several approaches, for
example, co-ordinate transformation and local mesh refinement have been considered in
literature to achieve high-order convergence rate even for non-smooth initial conditions.
These approaches suffer with certain drawbacks, for example, it may not be possible to
define a coordinate transformation for all PDEs, PIDEs and LCPs. Further, manual inclu-
sion of grid points near singularity to accomplish local mesh refinement becomes tedious
in certain cases. In order to avoid these limitations, smoothing operator are employed to
smooth the initial conditions which helps to achieve high-order convergence rate. More-
over, an efficient numerical method is developed for solving PDEs using wavelet which

does not require manual inclusion of grid points near singularity.

In order to illustrate the applicability of proposed compact scheme in option pricing,
we adopted the compact scheme to solve Black-Scholes PDE for pricing European op-
tions. It is observed that proposed compact scheme is only second order accurate with

original (non-smooth) initial condition and fourth order accuracy is achieved after em-
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ploying smoothing operator to initial condition. As an application of convection-diffusion
equations, proposed compact scheme is adopted to solve PDE governing price of Asian
options. It is shown that proposed compact scheme is accurate for Asian option PDE
also.

We considered compact schemes based on different temporal semi-discretizations for
solving PIDE and LCP governing European and American option prices respectively
under jump-diffusion models. Consistency and stability of proposed compact schemes are
also proved. As an extension to jump-diffusion models, we proposed compact schemes
to solve coupled PIDEs and LCPs for pricing European and American options under
regime-switching jump-diffusion models (RSJDM). Numerical illustrations are presented
to demonstrate the accuracy and efficiency of proposed compact schemes.

Considering the fact that local mesh refinement helps to achieve high-order conver-
gence rate, we proposed a wavelet optimized compact scheme (WOCS) to solve PDEs
using diffusion wavelet. Solution of PDEs using WOCS is obtained on adaptive grid,
which implies more grid points are added near singularity and grid points are removed
where solution is smooth. Thus, proposed WOCS automatically takes care of local mesh
refinement and it is shown that proposed WOCS is extremely efficient. As an application
in option pricing, Black-Scholes PDE for barrier options is solved using proposed WOCS.

In order to validate the applicability of compact approximations for fractional deriva-
tives, we derived a fourth order compact approximation for space fractional Riemann-
Liouville derivative. Using this approximation, fourth-order compact schemes are pro-
posed to solve space fractional convection-diffusion equations in one and two dimensions.
As an application in option pricing, space fractional Black-Scholes equation is solved using
proposed compact scheme. Fourier analysis of differencing errors for fractional derivatives
is presented which may be considered to illustrate resolution characteristics of compact

approximations rather than its truncation errors.
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